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Preface
The idea for a reference book on the mathematical foundations of quantitative …nance has been with me throughout my career in this …eld. But the
urge to begin writing it didn’t materialize until shortly after completing my
…rst book, Introduction to Quantitative Finance: A Math Tool Kit, in 2010.
The one goal I had for this reference book was that it would be complete
and detailed in the development of the many materials one …nds referenced
in the various areas of quantitative …nance. The one constraint I realized
from the beginning was that I could not accomplish this goal, plus write a
complete survey of the quantitative …nance applications of these materials,
in the 700 or so pages that I budgeted for myself for my …rst book. Little
did I know at the time that this project would require a multiple of this
initial page count budget even without detailed …nance applications.
I was never concerned about the omission of the details on applications
to quantitative …nance because there are already a great many books in
this area that develop these applications very well. The one shortcoming
I perceived many such books to have is that they are written at a level of
mathematical sophistication that requires a reader to have signi…cant formal
training in mathematics, as well as the time and energy to …ll in omitted
details. While such a task would provide a challenging and perhaps welcome
exercise for more advanced graduate students in this …eld, it is likely to
be less welcome to many other students and practitioners. It is also the
case that quantitative …nance has grown to utilize advanced mathematical
theories from a number of …elds. While there are also a great many very
good references on these subjects, most are again written at a level that
does not in my experience characterize the backgrounds of most students
and practitioners of quantitative …nance.
So over the past several years I have been drafting this reference book,
accumulating the mathematical theories I have encountered in my work in
this …eld, and then attempting to integrate them into a coherent collection
of books that develops the necessary ideas in some detail. My target readers
would be quantitatively literate to the extent of familiarity, indeed comfort,
with the materials and formal developments in my …rst book, and su¢ ciently
motivated to identify and then navigate the details of the materials they were
attempting to master. Unfortunately, adding these details supports learning
but also increases the lengths of the various developments. But this book was
never intended to provide a “cover-to-cover”reading challenge, but rather to
be a reference book in which one could …nd detailed foundational materials
in a variety of areas that support further studies in quantitative …nance.
ix

x

Preface

Over these past years, one volume turned into two, which then became a
work not likely publishable in the traditional channels given its unforgiving
size and likely limited target audience. So I have instead decided to selfpublish this work, converting the original chapters into stand-alone books, of
which there are now nine. My goal is to …nalize each book over the coming
year or two.
I hope these books serve you well.
I am grateful for the support of my family: Lisa, Michael, David, and
Je¤rey, as well as the support of friends and colleagues at Brandeis International Business School.
Robert R. Reitano
Brandeis International Business School

to Michael, David, and
Je¤rey

xi

Introduction
This is the third book in a series of several that will be self-published
under the collective title of Foundations of Quantitative Finance. Each
book in the series is intended to build from the materials in earlier books,
with the …rst several alternating between books with a more foundational
mathematical perspective, which was the case with the …rst and now this
third book, and books which develop probability theory and some
quantitative applications to …nance, the focus of the second book and soon
the fourth. But while providing many of the foundational theories
underlying quantitative …nance, this series of books does not provide a
detailed development of these …nancial applications. Instead this series is
intended to be used as a reference work for researchers and practitioners of
quantitative …nance who already have other sources for these detailed
…nancial applications but …nd that such sources are written at a level
which assumes signi…cant mathematical expertise, which if not possessed
can be di¢ cult to supplement.
Because the goal of many books in quantitative …nance is to develop …nancial applications from an advanced point of view, it is often the case that
advanced foundational materials from mathematics and probability theory
are introduced and summarized but without a complete and formal development that would take the respective authors too far astray from their
intended objectives. And while there are a great many excellent books on
mathematics and probability theory, a number of which are cited in the
references, such books typically develop materials with a eye to comprehensiveness in the subject matter, and not with an eye toward e¢ ciently
curating and developing the theory needed for applications in quantitative
…nance.
Thus the goal of this series is to introduce and develop in some detail
a number of the foundational theories underlying quantitative …nance, with
topics curated from a vast mathematical and probability literature for the
xiii
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INTRODUCTION

express purpose of supporting applications in quantitative …nance. In addition, the development of these topics will be found to be at a much greater
level of detail than in most advanced quantitative …nance books, and certainly in more detail that most advanced mathematics texts.
The title of this third book, The Integrals of Lebesgue and (Riemann) Stieltjes, re‡ects my objective of developing two models for integration
which in di¤erent ways expand the ideas and approach of Riemann integration. The Lebesgue integration (and di¤erentiation) theory will be seen
to generalize familiar Riemann results using the measure theoretic tools of
book 1, and will provide an introduction to the measure theoretical approach
to integration that will see its fullest realization for this series in book 5.
On the other hand, the Stieltjes modi…cation of the Riemann integral, producing what is now known as the Riemann-Stieltjes integral, generalizes the
Riemann integral by changing the "length" of an interval (a; b] from b a; as
seen in the Riemann model; to F (b) F (a) for a properly speci…ed increasing
function F (x): This theory will be useful in book 4 when we return to probability theory and expectations of random variables, where F (x) will then
be a distribution function. Thus this book is very much a bridge between
the prior and forthcoming volumes.
Chapter 1 begins with a discussion of the Riemann integral, leaving its
formal development to the Reitano reference and others, and instead focuses
on both positive and somewhat anomalous results related to existence of
the Riemann integral, as well as results on how this integral behaves when
applied to a sequence of functions. As will be seen, neither the existence of
the integral of the limit function, nor the convergence of integrals is assured
within this theory outside of one special result which through examples will
be see to be di¢ cult to generalize.
With that introduction, chapter 2 then sets out to develop the Lebesgue
approach to the integral of a measurable function, and this development
will follow a traditional and well regarded step-by-step approach. In this
approach we …rst de…ne this integral and study its properties on so-called
simple functions, then bounded, then nonnegative, and …nally general measurable functions. Except for notation, dimension plays no role in this theory
in this book and thus the development takes place in Rn : The matter of dimension does play a role when one investigates the relationship between an
integral over Rn and the associated "iterated" integrals over lower dimensional spaces. For that investigation, both integrability and value of integrals
must be studied. Since the development of these ideas within the Lebesgue
setting is nearly as di¢ cult as for the general development, we defer this
theory to the general context of book 5.

xv
Each step of the Lebesgue development in chapter 2 will reveal interesting results on this integral and provide the necessary tools for the next
step. For this study the tools from the Lebesgue measure theory of book
1 play a prominent role and will be frequently referenced. Along the way
the connection between Riemann and Lebesgue integrability, and the value
of the respective integrals, will be studied. At each step after the …rst, results related to integrating function sequences will be developed, echoing
the chapter 1 examples. The …nal section of chapter 2 summarizes these
function sequence results and then returns to an analysis of the examples in
chapter 1.
Chapter 3 then turns to di¤erentiation theory within the context of measurable functions with the goal of developing Lebesgue counterparts to the
two versions of the fundamental theorem of calculus. These classical results
relate di¤erentiation and Riemann integration in two ways, one providing
a result on the integral of a derivative, one a result on the di¤erentiability
of a de…nite integral with variable upper limit of integration. Naturally,
we must of necessity have more modest goals for the Lebesgue counterparts
since measurable functions need not be di¤erentiable, but at the same time
we will see that di¤erentiability almost everywhere is often enough for a
useful result.
The …nal chapter 4 switches directions a bit, and essentially leaves the
measure-theoretic Lebesgue model behind, returning to the classical Riemann approach but with a novel way of measuring the length of an interval
(a; b]; and instead of using b a as for Riemann integrals, Stieltjes used
F (b) F (a) on R: Analogously a more general notion was used for integrals
in Rn : The reader of book 1 will recognize that the …rst idea was called
F -length in that book’s chapter 5, while the second general model will be
reminiscent of results from that book’s chapter 8. In those chapters it was
seen that with a properly restricted function that such de…nitions could ultimately be the basis for de…ning a Borel measure on R or Rn : As it turns
out, this logic path will result in what is known as the Lebesgue-Stieltjes
integrals of book 5.
For the current chapter 4 the Riemann-Stieltjes approach is not truly
measure-theoretic. Instead the tools and approach of Riemann integration
will be seen to apply. On R; useful results are possible when F (x) is increasing, with important applications to the distribution functions of probability
theory, as well as when F (x) is a function of bounded variation, a notion
that also appears in chapter 3. Similar results will be true on Rn ; with the
notions of "increasing" and "of bounded variation" appropriately generalized.

Chapter 1

Discussion of the Riemann
Integral
In this chapter we review some of the properties of the Riemann integral to
set the stage for the following chapter on the development of the Lebesgue
integral and its properties.

1.1

Weakness in the De…nition of Existence

Rb
A short review of the de…nition of the Riemann integral a f (x)dx for
bounded [a; b] is presented in section R1.1 of book 1, and the reader likely
1
recalls that the improper integral a f (x)dx is de…ned as the limit:
Z

a

1

f (x)dx

lim

Z

b!1 a

b

f (x)dx;

Rb
if a f (x)dx exists for all b > a and this limit is well de…ned. Improper
Rb
R1
integrals 1 f (x)dx and 1 f (x)dx are de…ned analogously.

The Lebesgue existence theorem for the Riemann integral, named
for Henri Lebesgue (1875 –1941) who …rst proved it, states that a bounded
function f (x) is Riemann integrable over a compact interval [a; b] if and only
if it is continuous almost everywhere, meaning continuous except on a
set of Lebesgue measure zero. Recall that a set E has
S Lebesgue
P measure 0 if
for any > 0 there exists intervals fIn g with E
I
and
n m (In ) < :
n n
Here m denotes Lebesgue measure and m (In ) = bn an if In = han ; bn i is
an open, closed or semi-closed interval. While every countable set of points
1
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has Lebesgue measure 0; this result does not require that the set of discontinuities be countable, only that it has measure 0. Also that f (x) is bounded
means m f (x) M on this interval. The proof of this result can be found
in chapter 10 of the Reitano reference, and elsewhere.
Remark 1.1 It is with some embarrassment that I note the error in chapter
10 of the Reitano reference where this result is called the Riemann existence theorem and attributed to Bernhard Riemann (1826 – 1866).
There is indeed a Riemann existence theorem but it is a result in a
di¤ erent area of mathematics and not a result on Riemann integration. Apparently and in retrospect quite logically, Lebesgue’s existence result came
some time after Riemann, and used his newly developed tools.
For integrals of bounded, almost everywhere continuous functions
on
Rb
compact intervals it is possible to prove that the existence of a f (x)dx
assures that:
Rb
1. a jf (x)j dx exists;
Rc
Rb
2. If a < c < b; then a f (x)dx and c f (x)dx exist, and
Z b
Z c
Z b
f (x)dx =
f (x)dx +
f (x)dx;
a

3. If [c; d]

[a; b] then

a

Rd
c

4. For disjoint union E
de…ned and :
Z

c

f (x)dx exists;
R
S
[cj ; dj ] [a; b]; the integral E f (x)dx is well
f (x)dx =

XZ

di

f (x)dx:

ci

E

The proof of 1 follows from the observation that a continuity point of
f must be a continuity point of jf j ; so jf j is also bounded and continuous
almost everywhere. The proofs of 2 4 are based on the observation that the
integral over a subinterval can be de…ned in terms of the original integral.
For example:
Z d
Z b
f (x)dx =
[c;d] (x)f (x)dx;
c

where

a

[c;d] (x) is the characteristic function of [c; d] and de…ned:
8
< 1; x 2 [c; d];
(x)
[c;d]
: 0; x 2
= [c; d]:

(1.1)

1.2 SOME POSITIVE RESULTS ON FUNCTION LIMITS

3

Then [c;d] (x)f (x) is bounded and has at most two more discontinuities
than does f (x) on [a; b], so the Lebesgue existence theorem for the Riemann
integral again applies.
However, when f (x) is not bounded or the interval is not compact, the
seemingly natural properties 1 4 above are no longer necessarily valid.
Rb
Rb
Example 1.2 a f (x)dx exists, but a jf (x)j dx need not exist: By the
Lebesgue existence theorem for the Riemann integral, any such example with
almost everywhere continuous f must be an example where f is unbounded
or the interval is unbounded. Then the integral of f (x) only exists due to
cancellations on subintervals. The situation here is reminiscent of examples
of conditionally convergent series which are not absolutely convergent. For
example, de…ne f (x) on [0; 1) by:
8
< ( 1)n+1 =n; n 1 x < n;
f (x) =
:
0;
elsewhere.

Then f (x) is bounded
on the positive integers, a set
R 1 and continuous
P1 except
n+1
of measure 0; and 0 f (x)dx = n=1 ( 1)
=n is well de…ned and …nite,
and in fact equal to Rln 2 as is veri…ed
by
the
Taylor series expansion for
P
1
1=n,
the harmonic series, which
ln(1 + x): However, 0 jf (x)j dx = 1
n=1
diverges.
Exercise 1.3 Develop a function f (x) on the compact interval [0; 1] that
is Riemann integrable but where jf (x)j is not. Hint: ConsiderRa countable
1
partition of [0; 1] and de…ne f (x) = an on each interval so that 0 f (x)dx is
the alternating harmonic series.
While properties 2 3 hold for these examples with bounded subintervals,
an important corollary of such examples is thatSproperty 4 fails. That is,
in both cases
there exists a disjoint union E
[cj ; dj ] [a; b] so that the
R
integral E f (x)dx is not de…ned. See exercise 2.27 below.

1.2

Some Positive Results on Function Limits

An important question that often arises in mathematics is related to a
sequence of functions, ffn (x)g; which are known to converge in some sense
to a function f (x). If each function in the sequence is known to have a
certain property, can it then be concluded that f (x) will also have this

4 CHAPTER 1 DISCUSSION OF THE RIEMANN INTEGRAL
property? In the typical application the functions in the sequence are
simple in some way so it is possible to directly establish that they have the
identi…ed property. The question of whether we can infer that this
desirable property is also then shared by f (x) is important because it
might be very di¢ cult to establish this conclusion directly.
For example, in proposition 3.47 of book 1 is proved that Lebesgue measurability is preserved under pointwise convergence of Lebesgue measurable fn (x) to f (x) on a Lebesgue measurable set E, and this generalizes
to measurability de…ned with respect to any measure. On the other hand,
it is known that continuity is a property that does not transfer well under
pointwise convergence. Recall that by "pointwise" convergence is meant:
De…nition 1.4 (Pointwise convergence) A sequence of functions ffn (x)g
converges pointwise to f (x) on a set E if for any x 2 E and any > 0
there is an N = N (x; ) so that jfn (x) f (x)j < for all n N:
For pointwise convergence it is possible that each function in the sequence
is continuous, yet f (x) is not.
Example 1.5 De…ne the functions:
8
>
>
1;
x 0;
>
<
fn (x) = 1 nx; 0 < x n1 ;
>
>
>
: 0;
x > n1 ;

8
< 1; x 0;
f (x) =
: 0; x > 0:

Although fn (x) ! f (x) for every x; the continuity of fn (x) is lost at x = 0
because the convergence is increasingly "slow" as x approaches 0. That is,
for given 0 < x < 1 and > 0; jfn (x) f (x)j < for n N ' (1
) =x;
and thus N increases without bound as x ! 0:
The speed of convergence observation from this example also reveals a
potential solution to the transfer problem for continuity. That is, if fn (x) !
f (x) uniformly, or with "speed" that is independent of x; continuity will be
preserved.
De…nition 1.6 (Uniform convergence) A sequence of functions ffn (x)g
converges uniformly to f (x) on a set E if for any > 0 there is an
N = N ( ) so that jfn (x) f (x)j < for all n N and all x 2 E:

5

1.2 SOME POSITIVE RESULTS ON FUNCTION LIMITS
When ffn (x)g are continuous, the continuity of f follows from uniform
convergence because by the triangle inequality and n …xed:
jf (x)

f (y)j

jf (x)

fn (x)j + jfn (x)

fn (y)j + jfn (y)

f (y)j :

The middle term can then be made small for jx yj < by continuity of
fn ; while the …rst and third terms can simultaneously be made small for
n N by uniform convergence.
In addition to the property of continuity, we are also interested in whether
the property of integrability is transferred from the functions fn (x) to the
function f (x); and if so transferred, whether the values of the integrals converge as well.
Example 1.7 Although pointwise convergence did not preserve continuity
in example 1.5, it did preserve both Riemann integrability over bounded intervals, [ 1; 1] say, as well as the convergence of these integrals. For example:
Z 1
Z 1
1
fn (x)dx = 1 +
!
f (x)dx:
2n
1
1
Returning to the general question, if fn (x) is Riemann integrable over
Rb
[a; b] for all n and fn (x) ! f (x) pointwise, will it be the case that f (x)dx
a

exists as a Riemann integral, and if so does:
Z b
Z b
fn (x)dx !
f (x)dx?
a

a

If not, what kind(s) of convergence of Riemann integrable functions will
assure Riemann integrability of f (x) and the convergence of integral values,
and over what intervals will these results apply?
One important a¢ rmative answer is given next.
Proposition 1.8 If ffn (x)g is a sequence of continuous functions on a
closed and bounded interval [a; b]; and there is a function f (x) so that fn (x) !
f (x) uniformly on this interval, then f (x) is Riemann integrable on [a; b]
and:
Z
Z
b

a

b

fn (x)dx !

f (x)dx:

a

(1.2)

Rb
Proof. That a fn (x)dx exists for all n follows by the Lebesgue existence
theorem for the Riemann integral because these functions are continuous and
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the interval is closed and bounded. Also, uniform convergence assures the
continuity of f (x) as proved above, and hence also proves the existence of
Rb
a f (x)dx; so the only question remaining is that of convergence of the values
of the integrals in 1.2. By linearity of the integral this equivalent to proving
that
Z
b

[fn (x)

a

f (x)] dx ! 0:

By uniform convergence, given > 0 there is an N so that jfn (x) f (x)j <
for all x for n N . Hence for any partition, a = x0 < x1 <
< xn = b;
and points x
ej 2 [xj+1 xj ]; the associated Riemann sum of fn (x) f (x) is
bounded for n N :
X
X
[fn (e
xj ) f (e
xj )] [xj+1 xj ]
jfn (e
xj ) f (e
xj )j [xj+1 xj ]
j
j
X
<
[xj+1 xj ]
j

= (b

Consequently,

Rb
a

[fn (x)

a):

f (x)] dx ! 0 and 1.2 is proved.

This result can be generalized in that the assumption of continuity of
fn (x) can be relaxed to the assumption that these functions are bounded and
Riemann integrability. By the Lebesgue existence theorem for the Riemann
integral this is equivalent to assuming that these functions are bounded
and continuous except on sets of measure zero. In the continuous case
boundedness did not have to be speci…ed since every continuous function in
fact attains its maximum and minimum value on every closed and bounded,
i.e., compact, interval [a; b]:
Proposition 1.9 If ffn (x)g is a sequence of bounded Riemann integrable
functions on a closed and bounded interval [a; b]; and there is a function f (x)
so that fn (x) ! f (x) uniformly, then f (x) is Riemann integrable and 1.2
holds.
Proof. To prove that such f (x) is Riemann integrable it is enough to prove
that f (x) is bounded and continuous except on a set of measure zero and
then apply the Lebesgue existence theorem for the Riemann integral. To
this end let En denote the set of discontinuity points of
S fn (x); where each
has measure 0 by Lebesgue’s theorem, and let E =
En . ThenSE has
measure
0
since
for
each
n
there
exists
intervals
fI
g
with
En
n;m m
m In;m
P
S
n
and m m (In;m ) < =2 ; and thus E
n;m In;m and
Pby subadditivity of
Lebesgue measure on these potentially nondisjoint sets n;m m (In;m ) < :

1.3 COUNTEREXAMPLES TO GENERALIZING POSITIVE RESULTS7
We next show that f (x) is continuous outside E, but note that f (x)
may in general also be continuous on many, perhaps all of the points in E:
But this cannot be assured and in any case is not needed for the desired
conclusion. Given > 0 it follows by uniform convergence that there is
N = N ( ) so that jf (y) fn (y)j < for all y 2 [a; b] and all n
N.
Let x 2 [a; b] E; then since fN (x) is continuous at x there is a N so
that jfN (x) fN (y)j < if jx yj < N . By the triangle inequality, if
jx yj < N :
jf (x)

f (y)j

jf (x)

< 3 ;

fN (x)j + jfN (x)

fN (y)j + jf (y)

fN (y)j

and so f (x) is continuous outside E; a set of measure 0. Boundedness of
f (x) also follows from uniform convergence and the boundedness of fN (x)
since:
jf (x)j

<

jf (x)

+ CN :

fN (x)j + jfN (x)j

To prove convergence of integrals in 1.2, uniform continuity implies that
for all x 2 [a; b] and n N :
< f (x)
which implies that for n
(b

N:
Z b
a) <
[f (x)

fn (x) < ;

fn (x)] dx < (b

a):

a

As

1.3

is arbitrary, 1.2 is proved.

Counterexamples to Generalizing Positive Results

The above results provide a positive conclusion that uniform convergence
of bounded Riemann integrable functions on [a; b] implies Riemann
integrability of the limit function and the convergence of integrals.
However it is apparent that uniform convergence is not a necessary
condition for this conclusion given the earlier example 1.5 of only pointwise
convergence. That said, the following examples demonstrate the di¢ culty
in generalizing any of the assumptions in these propositions.
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Example 1.10
1. Pointwise convergence of continuous fn (x) on
a bounded interval [a; b] with f (x) integrable.
(a) Integrals converge: The above examples 1.5 and 1.7 showed
continuous fn (x) converging pointwise to discontinuous f (x); but
where f (x) was integrable and the sequence of integrals converged
in the sense of 1.2.
(b) Integrals do not converge: De…ne almost everywhere continuous fn (x) on [0; 1] for n 1:
8
< 2n ; 1=2n x 1=2n 1 ;
fn (x) =
: 0;
elsewhere:

Then fn (x) converges pointwise but not uniformly on [0; 1] to the
continuous function, f (x) 0 . Also, for all n :
Z 1
Z 1
fn (x)dx = 1 6=
f (x)dx:
0

0

Consequently, pointwise convergence of almost everywhere continuous functions on a compact interval to an integrable function
does not assure convergence of integrals.
Exercise 1.11 Generalize the result in 1.b. to make fn (x) continuous
functions with fn (x) ! 0 pointwise on [0; 1]; but again where the integrals do not converge. Hint: Make fn (x) continuous on [1=2n+1 ; 1=2n 2 ];
with integrals …xed to equal 1.
2. Uniform convergence of continuous fn (x) on an unbounded
interval [a; 1) with f (x) integrable.
(a) Integrals converge: De…ne fn (x) on [1; 1) for n
fn (x) = x

(n+1)

1:

=n:

Then since 0
fn (x)
1=n for all x
1; this continuous
function sequence converges uniformly to the continuous function
fR (x) 0. In addition, the improper integrals are well de…ned and
1
2
1 fn (x)dx = 1=n : Consequently,
Z 1
Z 1
fn (x)dx ! 0 =
f (x)dx:
1

1
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(b) Integrals do not converge: Changing example 2.a. de…ne
fn (x) on [1; 1) for n 1 :
fn (x) = x

(n+1)=n

=n:

Then each fn (x) is again continuous and bounded, fn (x) ! f (x)
0 uniformly
on [1; 1); and the improper integrals are well de…ned
R1
with 1 fn (x)dx = 1: Consequently,
Z 1
Z 1
f (x)dx:
fn (x)dx = 1 6=
1

1

3. Pointwise convergence of Riemann integrable fn (x) with f (x)
not integrable.
(a) Convergence on a bounded interval [a; b] : For any ordering
of the rational numbers in [0; 1], frj g1
j=1 , de…ne fn (x) on [0; 1]:
8
< 1; x = rj ; 1 j n;
fn (x) =
: 1=n;
elsewhere:
Then fn (x) is bounded and continuous
except at n points and
R1
hence is Riemann integrable with 0 fn (x)dx = 1=n. However,
fn (x) ! f (x) pointwise where:
8
< 1; x rational,
f (x) =
: 0; x irrational,

which is bounded but nowhere continuous and hence not Riemann
integrable.
(b) Convergence on an unbounded interval [a; 1): For any
ordering of the rational numbers on [1; 1), frj g1
j=1 , de…ne fn (x)
:
8
<
1;
x = rj ; 1 j n;
fn (x) =
: x (n+1) ;
elsewhere.
fn (x) is bounded and continuous except at n points and
RThen
1
f
(x)dx
= 1=n. However, fn (x) ! f (x) pointwise where:
n
1
8
< 1; x rational, x 1;
f (x) =
: 0; x irrational, x 1;

which is nowhere continuous and hence not Riemann integrable.
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Remark 1.12 We will return to discuss these examples in the context of
the Lebesgue integral. See section 2.6.2 in the next chapter.

Chapter 2

Lebesgue Integration
The approach to integration developed in this chapter was introduced by
Henri Lebesgue (1875–1941) in 1904 and was informally introduced in
chapter 1 of book 1. In this chapter we develop some of the existence
theory for the Lebesgue integral using the standard sequential approach,
moving from the Lebesgue integral of simple functions to bounded
functions, then positive functions, then …nally to general measurable
functions.
Remark 2.1 For the development that follows the reader will be periodically
referred to results from book 1 which were explicitly developed for the 1dimensional Lebesgue measure space. However as was generally noted there,
these results remain true in n-dimensional Lebesgue measure spaces as well
as often in more general measure spaces. The justi…cation for such extensions is that the proofs of the results referenced will be seen to re‡ect only
standard properties of sigma algebras and measurable functions, and thus
by simply re-imagining the notation to refer to the more general situation
one produces a more general proof. One limitation in such generalizations
is that some of the book 1 results depended on the completeness of the 1dimensional Lebesgue measure space. Thus while these results generalize
well to n-dimensional Lebesgue measure spaces which are also complete, such
results will typically not be valid in more general settings without completeness.

2.1

Integrating Simple Functions

Lebesgue integration theory begins with the explicit de…nition of the
Lebesgue integral for the simplest measurable functions imaginable, which
11

12
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are thus called "simple functions." Once this de…nition is proved to be
consistent and some properties developed, the remaining the steps in this
chapter are completed by showing that this de…nition extends in a
well-de…ned way to more general classes of functions. While the standard
Riemann development often does not explicitly re‡ect this approach, the
following section illustrates that the standard approach can be naturally
recast in this light. This is in fact the approach taken in some books on
the subject.

2.1.1

Riemann Integral via Step Functions

In 1-Dimension
The theory of Riemann integration was introduced in 1868 by Bernhard
Riemann (1826–1866) and begins with an arbitrary partition of the
interval [a; b] into subintervals [xi 1 ; xi ]:
a = x0 < x1 <
with mesh size

< xn

1

< xn = b;

(2.1)

1 g.

(2.2)

de…ned:
max fxi

1 i n

xi

The Riemann integral of f (x) is estimated with a Riemann sum, and is
then bounded using an approach introduced by Jean-Gaston Darboux
(1842–1917):
Xn
Xn
Xn
m(b a)
m i xi
f (e
xi ) xi
Mi xi M (b a):
i=1
i=1
i=1
(2.3)
In this expression mi denotes the greatest lower bound or in…mum of
f (x), and Mi the least least upper bound or supremum of f (x); both
de…ned on the subinterval [xi 1 ; xi ], while m and M are similarly de…ned
with respect to [a; b]: The summation in the middle is the Riemann sum,
while the upper an lower summations are called the upper and lower
Darboux sums.
De…nition 2.2 (Riemann integral over [a; b]) If the upper and lower Darboux sums in 2.3 agree in the limit as the mesh size of the partition de…ned
in 2.2 converges to 0, the Riemann integral is de…ned:
Z b
Xn
(R)
f (x)dx = lim
f (e
xi ) xi ;
(2.4)
a

!0

i=1

2.1 INTEGRATING SIMPLE FUNCTIONS
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with arbitrary x
ei 2 [xi 1 ; xi ]: The function f (x) is called the integrand, and
the constants a and b the limits of integration, of the Riemann integral.
Remark 2.3 The limit in 2.4 exists and is independent of the choice of
x
ei 2 [xi 1 ; xi ] since for any such choice, mi f (e
xi ) Mi .

These Darboux sums can also be interpreted as the Riemann integrals
of upper and lower step functions. For example, given the partition in 2.1
and Ai (xi 1 ; xi ] for 1 i n; let Ai (x) be de…ned as in 1.1. The step
function:
Xn
ai Ai (x)
(2.5)
'(x) =
i=1

then has a Riemann integral that is well de…ned by the above approach and:
Z b
Xn
(R) '(x)dx =
ai jAi j ;
a

i=1

(2.6)

with jAi j xi xi 1 : That this "de…ned" value of the Riemann integral of
'(x) is consistent with the limits obtained by upper and lower Darboux sums
follows because any such step function has only …nitely many discontinuities,
say N of them. Hence given any partition of the interval [a; b] into n > N
subintervals, there will be at most N terms in the Darboux sums for which
mi 6= Mi : So as n ! 1 and the mesh size ! 0; these exceptional N terms
will converge to 0 and the upper and lower limits will converge to the result
in 2.6.
Remark 2.4 Since the union of such step function intervals is (a; b]; to be
formal we should say that the resulting integral is the integral of f (x) over
(a; b]: Since jA0 j = 0 for the interval A0 = [a; a]; this is a technicality here
and we could equally well call this the integral of f (x) over [a; b]: But this
distinction will be more important in chapter 4.
The above step function can also be de…ned relative to disjoint semiclosed intervals [xi 1 ; xi ) and then produce the integral of f (x) over [a; b).
But as above this distinction is a techncality here.
But thinking ahead, what if we did not have the general formulation of
de…nition 2.2 for the Riemann integral of a function which unambiguously
yielded the value of the integral of a step function in 2.6? As will be seen in
the Lebesgue development below, if we simply de…ne the integral of a step
function to be the result in 2.6, it is necessary to ensure that this result is

14
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well de…ned. Speci…cally, it must be checked that if '(x) is also expressed
as
Xm
a0j A0j (x)
'(x) =
j=1

using a di¤erent partition:

a = x00 < x01 <

< x0m

< x0m = b;

1

that the Riemann integral
Z b
Xm
a0j A0j
(R) '(x)dx =
j=1

a

has the same value as that given above where A0j = (x0j 1 ; x0j ].
To prove this consider the combined partition including both fxi g and
fx0i g and associated disjoint intervals Bij = Ai \ A0j ; where many such intervals will be empty. De…ne:
Xm Xn
'(x) =
bij Bij (x);
j=1

i=1

where on any non-empty Bij ; let bij = ai = a0j : Thus by 2.6:
Z b
Xm Xn
(R) '(x)dx =
bij jBij j :
a

S

j=1

i=1

S

But Ai = j Bij P
and A0j = i Bij obtains
Pn by …nite additivity of interval
m
0
length that jAi j = j=1 jBij j and jAi j = i=1 jBij j : This double summation
can then be re-ordered to conclude that:
Xm Xn
Xm
Xn
bij jBij j =
a0j A0j =
ai jAi j :
j=1

j=1

i=1

i=1

Consequently, the Riemann integral of a step function is well-de…ned by 2.6.
Now that the Riemann integral of such step functions is proved to be
well-de…ned, it is possible to recast the above de…nition of the Riemann
integral of a general function f (x) on [a; b] as follows. This de…nition will
initially appear to be weaker than that above as discussed in remark 2.6,
but will ultimately seen to be equivalent in chapter 4. The motivation
for recasting the Riemann integral in this way is to make the forthcoming
Lebesgue development appear more natural.
De…nition 2.5 (Riemann integral over [a; b]) If f is a bounded function de…ned on [a; b] with:
Z b
Z b
lim sup
' (x)dx = lim inf
(x)dx = I;
(2.7)
!0 '

f

a

!0 f

a
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where ' (x);
(x) denote step functions de…ned relative to arbitrary partitions of [a; b] of mesh size ; de…ne the Riemann integral of f (x) over
[a; b]:
Z b
(R) f (x)dx = I:
(2.8)
a

If the limits in 2.7 do not exist, or are unequal, the Riemann integral of f (x)
over [a; b] does not exist.

Remark 2.6
1. The purpose of the supremum and in…mum in 2.7 despite the presence of the limit as ! 0 is to ensure that in addition
to '
f
; it is also the case that ' (x) and
(x) approximate
f (x) as well as possible. Otherwise, there can be no hope that the limits
will be equal as ! 0 or will even exist.

Thus in 2.7 the supremum and in…mum are de…ned over all partitions
of mesh size , and all step functions de…ned over such partitions.
f
:
Alternatively, given partitions and arbitrary '
' (x)

Xn

i=1

ai

Ai (x);

(x)

Xm

j=1

a0j

A0j (x);

one can without loss of generality replace ' with L and
L (x)

Xn

i=1

mi

Ai (x);

U (x)

Xm

j=1

Mj

with U :

A0j (x);

(2.9)
0

where as above mi infff (x)jx 2 Ai g, Mj
supff (x)jx 2 Aj g; and
A denotes the closure of the interval A: This is because L and U are
apparently the "best" lower and upper approximating step functions for
the given partitions.
Thus sup' f and inf f
of the integrals in 2.7 can then be replaced
by supL and inf U of these integrals, where now these extrema are
de…ned only with respect to the partitions of mesh size : The associated integrals of these special step functions then become the lower and
upper Darboux sums, respectively, as referenced in de…nition 2.2.
2. It will be seen in remark 2.26 that lim !0 supL produces the same
result as supL where the supremum is over all L and all : Similarly,
lim !0 inf U produces the same result as inf U : In other words, these
extrema are necessarily acheived as the mesh size decreases to zero.
This same statement then applies to lim !0 sup' f ; that the same
result is obtained by sup' f ; and similarly for lim !0 inf f
; that

16
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the same result is obtained by inf f : These latter expressions will be
seen again in the Lebesgue context in de…nition 2.30.
3. As noted above, de…nition 2.5 appears to present a far weaker criterion
for the existence of the Riemann integral than does de…nition 2.2. This
latter de…nition simply requires that there exist sequences of partitions
Z b
Z b
U (x)dx can be made arbitrarily close.
L (x)dx and
for which
a

a

Indeed, see proposition 2.24. On the other hand, the earlier de…nition
requires that these integrals will be arbitrarily
Z close for every sequence
of partitions for which

! 0: Thus if (R)

f (x)dx exists by de…nition

R

2.2, it follows as in 2.4:
Z b
Xn
(R)
f (x)dx = lim
f (e
xi ) xi ;
i=1

!0

a

where x
ei 2 Ai is arbitrary, since for any such choice, mi

f (e
xi )

Mi :

There is no reason to believe that in general "some sequence of partitions" implies "every sequence of partitions," and thus this question
requires further investigation. In chapter 4 these two notions of integrability will be seen again in de…nitions 4.7 and 4.10 in the more
general context of the Riemann-Stieltjes integral. Then in remark 4.23
we will collect results proven and be able to conclude that for the Riemann integral, de…nition 2.5 implies de…nition 2.2, at least for integrands f (x) of bounded variation. And this conclusion will extend
to certain Riemann-Stieltjes integrals, but not all as will be seen by
example 4.16.
In n-Dimensions
When f : Rn !QR; the development of the Riemann integral of f over a
n
rectangle R
j=1 [aj ; bj ] follows the above program with only minimal
modi…cations. Each interval [aj ; bj ] is partitioned as in 2.1:
aj = xj;0 < xj;1 <
with mesh size

< xj;mj

1

< xj;mj = bj ;

of these n partitions now de…ned by:
maxfxj;i

xj;i

1 g,

(2.10)

where the maximum is de…ned over 1 j n and 1 i mj : These
interval partitions lead to a partition of R in a natural way, given a

2.1 INTEGRATING SIMPLE FUNCTIONS
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convention on the semi-closed subintervals. For example, with
Aj;i (xj;i 1 ; xj;i ] :
[ Qn

j=1 Aj;ij

I

= R0

Qn

j=1 (aj ; bj ];

where I = f(i1 ; i2 ; :::; in )j1 ij mj g is the index set which identi…es the
Q
n
j=1 mj subrectangles induced by this partition.

A bounded function '(x) de…ned on R0 is a step function if there exists
a partition on R as above so that:
X
'(x) =
aJ AJ (x);
J2I

where the summation is over all J (i1 ; i2 ; :::; in ) 2 I: Given a step function
'; the Riemann integral over R0 is de…ned by:
Z
X
(R) '(x)dx =
aJ jAJ j ;
(2.11)
J2I

R0

where
jAJ j

Qn

j=1 (xj;ij

xj;ij

1)

denotes the "volume" of the rectangle AJ for J
(i1 ; i2 ; :::; in ): This de…nition also coincides with the result that would be obtained with upper
and lower Darboux sums de…ned as in 2.3 but generalized to Rn with xi
replaced by jAJ j :
Remark 2.7 That this de…nition of the integral of a step function is well
de…ned again requires a proof that if f has an alternative representation:
X
0 (x);
'(x) =
a0
0 J AJ
J2I

then:

X

J2I

aJ jAJ j =

X

J2I 0

a0J A0J :

The proof is the same as that for n = 1, …rst de…ning the combined partition.
Details are left as an exercise.
The de…nition of the Riemann integral of a function f can now be stated
in the context of a generalized de…nition 2.2, or alternatively as a generalization of de…nition 2.5.
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De…nition 2.8 (Riemann
Qn integral over rectangle R) If f is a bounded
function de…ned on R
j=1 [aj ; bj ] with:
Z
Z
(x)dx = I;
(2.12)
lim sup
' (x)dx = lim inf
!0 '

f

!0 f

R0

R0

where ' (x) and
(x) denote step functions de…ned relative to arbitrary
partitions of R of mesh size
f
; de…ne the Riemann
Qn with '
0
integral of f (x) over R
j=1 (aj ; bj ],
Z
(2.13)
(R) f (x)dx = I:
R0

If the limits in 2.12 do not exist, or are unequal, the Riemann integral of
f (x) over R0 does not exist.
Remark 2.9 As in remark 2.6, the supremum and in…mum in 2.12 are
de…ned over all partitions of mesh size , and all step functions de…ned over
such partitions. But again given any partitions of mesh size and arbitrary
f
:
'
X
X
0 (x);
(x)
' (x)
aJ AJ (x);
b
0 J AJ
J2I

J2I

one can without loss of generality replace ' with L and
with U :
X
X
L (x)
mJ AJ (x); U (x)
MJ A0J (x);
(2.14)
0
J2I

J2I

0

where mJ infff (x)jx 2 AJ g, MJ supff (x)jx 2 AJ g and A denotes the
closure of the rectangle A:
The sup' f and inf f
of the integrals in 2.12 can then be replaced
with the supL and inf U of these integrals, where now these extrema are de…ned only relative to the partitions of mesh size : The associated integrals
then become the lower and upper Darboux sums, respectively, as would be referenced in a generalized de…nition 2.2. As was the case in remark 2.6, it will
be seen in remark 2.26 that lim !0 supL produces the same result as supL
where the supremum is over all L and all : Similarly, lim !0 inf U produces
the same result as inf U : These statements then extend to lim !0 sup' and
lim !0 inf :
Again as in remark 2.6 the criterion for existence in de…nition 2.8 is
apparently weaker than the criterion
Z that would be stated generalizing de…nition 2.2. In the case where (R)

f (x)dx exists by this stronger criterion,

R0
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it can be de…ned as in 2.4:
Z
X
(R) f (x)dx = lim
R0

!0

J2I

f (e
xJ ) jAJ j ;

(2.15)

where x
eJ 2 AJ is arbitrary since for any such choice, mJ
f (e
x J ) MJ :
This is not assured by de…nition 2.8, since Zthe criterion there
is
simply
that
Z
U (x)dx can

L (x)dx and

there exists sequences of partitions so that

R0

R0

be made arbitrarily close. As was the case for n = 1; this apparently weaker
criterion implies the stronger one for the Riemann integral.
Finally, for a bounded function f (x) de…ned on R; the integral over R
equals the integral over R0 using an approach discussed next.
To generalize the above de…nition of Riemann integral over R0 to be
an integral over Rn follows the same approach as for n = 1; where the
"improper integral" is de…ned as in 2.29. On the other hand, generalizing
this de…nition over R0 to an arbitrary set E Rn is in general quite di¢ cult
and requires restrictions on the nature of E: The most general approach
requires E to be a Jordan region, named for Camille Jordan (1838 –
1922) who introduced the notion of the Jordan measurability of E:
De…ne the boundary of a bounded set E :
@E
Equivalently,
@E

e
fx 2 Rn jx is a limit point of E and Eg:

e 6= ;g;
fx 2 Rn jfor all r > 0; Br (x) \ E 6= ; and Br (x) \ E

where the open "ball" about x is de…ned Br (x) = fyj jy xj < rg:
Then E is de…ned to be a Jordan region if for
S any > 0 there
P exists a
collection of rectangles fAJ gJ2I so that @E
J2I AJ and
J2I jAJ j <
: InZ other words, E has an arbitrarily "thin" boundary. For such sets,
(R)

f (x)dx can be de…ned much the same way as was the integral over

E

a rectangle R0 : First f is rede…ned to equal 0 outside E; then the upper
and lower bounding step functions are de…ned with respect to rectangles for
which AJ \ E 6= ;.

Qn
Exercise 2.10 Prove that bounded rectangles R
j=1 [aj ; bj ] are Jordan
regions, and that neither the collection of irrationals in R nor the collection
of rationals in R is a Jordan region.
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Prove that as a consequence of the approach of the above paragraph that
for a bounded function de…ned on such R;
Z
Z
(R) f (x)dx = (R) f (x)dx:
(2.16)
R0

R

2.1.2

Lebesgue Integral of Simple Functions

In the following sections the step function approach to the Riemann
integral above will to a large extent be followed for the Lebesgue integral
of measurable functions. If we only sought to de…ne Lebesgue integrals
over intervals [a; b] we could proceed as in the Riemann case, using step
functions. This is because by the proof of proposition 3.49 of book 1;
Lebesgue measurable functions can be well approximated by step functions
on bounded intervals. But since we also want to be able to contemplate
the integral of a measurable function over a more general measurable set
E; we instead use approximations with simple functions.
One of the striking things about the following development of Lebesgue
integration theory is that it is e¤ectively dimensionless. That is, until we
get to the di¤erentiation theory of the next chapter which is restricted to
n = 1; the integration theory itself can be developed with the same steps
without committing other than notationally, whether the sets and functions
are de…ned on R or de…ned on Rn : Indeed, the development below can
largely be transplanted to take place in a general measure space. As this
would introduce a level of abstraction not needed at this point, this general
development is deferred to book 5:
Recall that (Rn ; MnL , mn ) denotes the n-dimensional Lebesgue measure
space as developed in chapter 7 of book 1; and that this measure space is
complete. It is hoped that the extra notation needed to re‡ect Rn will not
be much of an added burden on the reader compared with unnecessarily
restricting the development to n = 1:
De…nition 2.11 (Simple function) A simple function f de…ned on (Rn ; MnL ,
mn ) is a bounded function given by:
f (x) =
where:
1. ai 6= 0 for all i;

Xm

i=1

ai

Ai (x);

(2.17)
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2. fAi gm
i=1
1;
3.

MnL are disjoint Lebesgue measurable sets with mn (
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i=1 Ai )

is the characteristic function or indicator function for
Ai ; de…ned in 1.1.
Ai (x)

Remark 2.12 As will be seen shortly in corollary 2.17, it is not necessary
to assume that fAi gm
i=1 are disjoint, but it is convenient at this point to
simplify proofs. Also, while in theory there is no reason to require that all
such ai 6= 0; nothing is gained in the above de…nition by allowing ai = 0:
On the other hand some results (see for example proposition 2.15) would be
pointlessly complicated to allow ai = 0; and thus the restriction.
Next we de…ne the Lebesgue integral of a simple function:
De…nition 2.13 Given the simple function de…ned in 2.17, the Lebesgue
integral of f (x) is de…ned as:
Z
Xm
(L) f (x)dx =
ai mn (Ai ):
(2.18)
i=1

Notation 2.14 In much of this chapter Lebesgue integrals will be denoted
as in 2.18, with a dx di¤ erential and an (L)-modi…er preceeding the integral
sign. This is standard notation, especially in a development which seeks
to explore relationships between this integral and the Riemann counterpart.
However, one will also commonly see the following notational convention:
Z
Z
(L) f (x)dx
f (x)dmn ;
in which the Lebesgue measure mn underlying this integral is highlighted.
This latter notational convention will be used in later chapters in which
integrals with respect to other measures are developed, and the notation d
replaces dmn :
As was the case for step functions, it must be veri…ed that this de…nition
is well de…ned. However, from 2.18 it follows that simple function representations can be allowed to di¤er on sets of Lebesgue measure 0. So in the following proposition we require only that m [Ai [A0j = m [A0j [Ai = 0

for two such representations, rather than [Ai = [A0j : To accomodate this
slightly more general setting, we prove that given simple functions with

<
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f (x) = g(x) a.e., meaning almost everywhere or outside a set of Lebesgue
measure zero, then
Z
Z
(L) f (x)dx = (L) g(x)dx:
Proposition 2.15 Assume that the simple function g(x) is given:
g(x) =

Xm0

j=1

a0j

A0j (x);

0

with disjoint Lebesgue measurable fA0j gm
j=1 ; and that f (x) = g(x) a.e. where
f (x) is given in 2.17. Then:
[
[
[
[
mn
Ai
A0j = mn
A0j
Ai = 0;
((*))
i

and

j

Xm0

j=1

j

a0j mn (A0j ) =

Xm

i=1

i

ai mn (Ai ):

Hence, the Lebesgue integral of a simple function is well de…ned by 2.18,
and this integral is unchanged by simple function rede…nitions on sets of
Lebesgue measure zero.
S
Proof. First, because f (x) = 0 exactly on ( i Ai )c and g(x) = 0 exactly on
S 0 c
; where B c is the complement of B; ( ) follows from f (x) = g(x)
j Aj
a.e. (recall remark 2.12). Then because mn [A0j

< 1 and mn ([Ai ) <

1 by de…nition, it follows from ( ) that mn [A0j

= mn ([Ai ) by …nite

additivity of m. As above de…ne Lebesgue measurable Bij = Ai \ A0j and
h(x) =

Xm0 Xm
j=1

i=1

bij

Bij (x):

Because fBij g are disjoint, on any Bij with mn (Bij ) > 0 it follows from
f (x) = g(x) a.e. that ai = a0j and thus let bij = ai = a0j : While it need not be
the case that Ai = [j Bij ; the sets Ai [j Bij and [j Bij Ai have measure
zero by ( ), and so by …nite additivity of mn :
X
mn (Ai ) = mn ([j Bij ) =
mn (Bij );
j

with a similar expression for mn (A0j ): Hence:
Xm0

j=1

a0j mn (A0j ) =

Xm0 Xm
j=1

i=1

bij mn (Bij ) =

Xm

i=1

ai mn (Ai ):
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Thus given two respresentations of a simple function, so f (x) = g(x)
above, the integral of f (x) is well de…ned by 2.18. More generally for
f (x) = g(x) a.e., the value of this integral is unchanged by simple function rede…nitions on sets of Lebesgue measure zero.
We now record two simple properties of the Lebesgue integral of simple
functions.
Proposition 2.16 Let f (x) and g(x) be simple functions. Then suppressing
the (L)-notation:
1. If f (x)

g(x) except on a set of Lebesgue measure 0, then:
Z
Z
f (x)dx
g(x)dx:

2. For any real constants a and b :
Z
Z
Z
[af (x) + bg(x)]dx = a f (x)dx + b g(x)dx;

(2.19)

(2.20)

and this generalizes to any …nite summation by induction.
Proof. Left as an exercise.
Corollary 2.17 The de…nition of the Lebesgue integral of a simple function is well de…ned even if the de…ning measurable collection fAi gm
i=1 is not
disjoint.
Proof. Noting that fi (x)
ai Ai (x) is a simple function for each i; and
applying 2.20,
Z
Z
Xm
Xm
f (x)dx =
ai
ai mn (Ai ):
Ai (x)dx =
i=1

i=1

If f is given by another representation as in proposition 2.15, then this same
identity applies to this representation, as well as the representation of f in
terms of the collection fBij g; and the proof of proposition 2.15 follows in
this case.

Lastly for this section we introduce the de…nition of the Lebesgue integral
of simple function over a Lebesgue measurable set E: This de…nition will
apply generally below, so it is stated here in that general context despite
the open question currently of the existence of such integrals beyond simple
functions.

24

CHAPTER 2 LEBESGUE INTEGRATION

De…nition 2.18 If E 2 MnL is a Lebesgue measurable set and f (x) a
Lebesgue measurable function, then when the integral on the right exists
de…ne:
Z
Z
(2.21)
(L) f (x)dx (L)
E (x)f (x)dx;
E

where

E (x)

denotes the characteristic function of E:

Notation 2.19 When n = 1 and E = [a; b] it is customary to use the
notation of Riemann integration:
Z b
Z
(L) f (x)dx = (L) f (x)dx:
a

E

Remark 2.20 The existence of the integral on the right in 2.21 is assumed
in this de…nition. But note that if f (x) is the simple function in 2.17, then
the integral on the right does indeed exist because E (x)f (x) is also a simple
function. Speci…cally:
Xm
(x)f
(x)
=
ai Ai \E (x);
E
i=1

and thus by 2.18:

(L)

Z

f (x)dx =

E

Xm

i=1

ai mn (Ai \ E):

(2.22)

Example 2.21 De…ne E
[0; 1] by E = fxjx is irrationalg; which is
Lebesgue measurable with m(E) = 1: De…ne the simple function:
f (x) =
where Ij = [(j

In addition,

Xm

j=1

j
m

Ij (x);

1)=m; j=m]: Then

Z 1
Xm
(L) f (x)dx =

(L)

0

j=1

Z

Z

f (x)dx = (L)

E

j
m(Ij ) = (m + 1)=2m:
m

0
Xm

1 Xm

j=1

j
m

Ij \E (x)dx

j
m(Ij \ E)
j=1 m
= (m + 1)=2m:
=
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One the other hand, with E 0

[0; 1] E :
Z
(L) f (x)dx = 0;
E0

since m(Ij \ E 0 ) = 0 for all j:

2.2
2.2.1

Integrating More General Functions - A Discussion
Riemann Integration

For Riemann integration, de…nitions 2.5 and 2.8 cite the needed criterion
Z b
Z
for the existence of (R) f (x)dx; or more generally (R) f (x)dx for
a
R
Q
R = nj=1 [aj ; bj ]: Recalling exercise 2.10 we have in the general case of
2.12 that it is required that:
Z
Z
lim sup
' (x)dx = lim inf
(x)dx;
!0 '

f

!0 f

R0

R0

where ' (x) and
(x) denote arbitrary step functions de…ned relative to
all partitions of R of mesh size ; and '
f
.
By remark 2.9, this de…nition of the existence of a Riemann integral can
be reformulated in this general case as:
Z
Z
lim sup L (x)dx = lim inf U (x)dx;
(2.23)
!0 L

!0 U

R

R

where given a partition of mesh size ; L (x) and U (x) denote the step functions in 2.14 which when integrated produce the lower and upper Darboux
sums: The in…mum and supremum are then de…ned over all such partitions
of mesh size :
While providing a de…nition, this statement is not that useful in its
current formulation for identifying functions f which satisfy this criterion.
More useful is the result of proposition 2.24 which follows; but for which a
de…nition is needed.
Q
De…nition 2.22 Given R = nj=1 [aj ; bj ]; a partition fBK gK2I 0 of R is a
re…nement of a partition fAJ gJ2I if for any K 2 I 0 there is a J 2 I so
that BK
AJ : Equivalently, if fBK gK2I 0 is de…ned by the interval points
n
nj
mj n
fyj;i gi=0
and fAJ gJ2I de…ned by fxj;i gi=0
; then fBK gK2I 0 is a
j=1
j=1
m

j
re…nement of fAJ gJ2I if fxj;i gi=0

n

j
fyj;i gi=0
for each j:
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Remark 2.23 To perhaps state the obvious, every partition is a re…nement
of itself and thus any statement about re…nements also applies to the original
partition:
The signi…cance of the next result is that it provides a simple criterion
for Riemann integrability in terms of a test for which the same partition can
be used for L(x) and U (x):
Proposition 2.24 A bounded function f is Riemann integrable on a rectangle R if and only for any > 0 there is a partition P fAJ gJ2I of R so
that:
Z
Z
U (x)dx
L(x)dx < ;
(2.24)
0
with L(x)

X

J2I

R

mJ

AJ (x);

R

X

U (x)

J2I

MJ

AJ (x)

, mJ

infff (x)jx 2

AJ g and MJ supff (x)jx 2 AJ g:
Further, if 2.24 is satis…ed for P it is also satis…ed for every re…nement
of P:
Proof. First,
Z given any Ztwo partitions fAJ gJ2I and fBK gK2I 0 of R; we
prove that

LA (x)dx

UB (x)dx where the subscripts here denote that

R

R

L is de…ned relative to the A-partition, and U is de…ned relative to the Bpartition. To see this create a new partition C with all the points of the
mj
original two partitions. Speci…cally, if for each j, A is de…ned by fxj;i gi=0
nj
mj
nj
and B de…ned by fyj;i gi=0 ; de…ne C by fxj;i gi=0 [ fyj;i gi=0 and thus C is a
re…nement of both A and B: Denoting by LC and UC the lower and upper
step functions de…ned with respect to C; we show that:
Z
Z
Z
Z
LA (x)dx
LC (x)dx
UC (x)dx
UB (x)dx:
(2.25)
R

R

R

R

Thus re…nements increase the integral of L and decrease the integral of U:
Since the middle inequality is true by de…nition, to prove 2.25 it is by induction enough to prove the outer inequalities when C is de…ned with a
single extra point in a single component j: For example with j = 1, if
m1
1
fx1;i gm
i=0 de…nes A; assume that C is de…ned with fx1;i gi=0 [ fzg where
say x1;0 < z < x1;1 ; and that both A and C have the same partition points
mj
fxj;i gi=0
for j > 1: Then the …rst and third inequalities in 2.25 follow from a
simple observation. If AJ is any subrectangle of A with …rst interval component [x1;0 ; x1;1 ] and mJ and MJ denote the assocated bounds for f (x) on AJ ;
then mJ min(m0J ; m00J ) and max(MJ0 ; MJ00 ) MJ where m0J and m00J denote
the in…ma of f (x) on the two rectangles in C that union to AJ ; and MJ0 and
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MJ00 are similarly de…ned in terms of suprema. The remaining details are
left as an exercise.
Now given > 0; if 2.24 is satis…ed it follows by 2.25 and the de…nition
of in…mum and supremum that for such P :
Z
Z
Z
Z
U (x)dx;
L(x)dx supL L(x)dx inf U U (x)dx
R

and thus:
0

Z

inf U

R

R

R

U (x)dx

R

supL

Z

L(x)dx < :

R

Since this is true for all it follows by de…nition that f is Riemann integrable
on R:
Conversely, if f is Riemann integrable and > 0 is given, then again
by de…nition of in…mum and supremum there exists partitions P1 and P2 so
that:
Z
Z
0 <
UP1 (x)dx
f (x)dx < =2;
ZR
Z R
0 <
f (x)dx
LP2 (x)dx < =2;
R

and thus
0<

Z

R

UP1 (x)dx

R

Z

LP2 (x)dx < :

R

De…ning P as the common re…nement of P1 and P2 it follows from 2.25
that this last set of inequalities is satis…ed with both U (x) and L(x) de…ned
relative to P; and this is 2.24.
Finally, by the same logic as the previous sentence, if 2.24 satis…ed for
P it is also satis…ed for every re…nement of P:
Corollary 2.25 If f is continuous on R then f is Riemann integrable on
R: Further, for any > 0 there is a so that for every partition fAJ gJ2I of
R with mesh size
:
Z
Z
0
U (x)dx
L(x)dx < ;
(2.26)
R

with L(x)

X

J2I

mJ

AJ (x);

R

U (x)

X

J2I

MJ

AJ (x)

, mJ

infff (x)jx 2

AJ g and MJ supff (x)jx 2 AJ g:
Proof. It is left as an exercise to show that 2.24 is satis…ed for continuous
f , and in fact the much stronger version as stated in 2.26 is satis…ed. Hint:
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Note that such f is in fact uniformly continuous on closed and bounded (i.e.,
compact) R; so MJ mJ can be made arbitrarily small if the partition is
…ne enough. Recall that a function f (x) is uniformly continuous on a
set D if given > 0 there is a so that:
f (x0 )

f (x) <

whenever x0

x < :

Remark 2.26 As noted in remarks 2.6 and 2.9, the use of lim !0 in the
respective de…nitions of Riemann integrability as summarized in 2.23 can be
eliminated by rede…ning the in…ma and suprema to also re‡ect all mesh sizes
: It is not necessary to "direct" ! 0 in this de…nition since it will always
be the case that reducing increases the lower Darboux sum and decreases
the upper sum by 2.25.
To see this, it follows by 2.25 that if:
L( )

supL

Z

L (x)dx;

R

with supremum over all partitions of …xed mesh size ; then
L( 2 ) L( 1 ): Thus
supL

Z

L(x)dx = lim sup
!0 L

R

Z

1

<

2

obtains

L (x)dx;

R

where the supremum on the left is de…ned over all partitions: Similarly, if
U( )

inf U

Z

U (x)dx;

R

then

1

<

2

obtains U (
inf U

1)

Z

U(

2)

and thus

U (x)dx = lim inf
!0 U

R

Z

U (x)dx:

R

This, f is Riemann integrable on R if and only if:
supL

Z

R

L (x)dx = inf U

Z

R

U (x)dx:

(2.27)
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Improper Intergals
For n = 1 an integral such as

Z

1

f (x)dx is called an improper integral

0

and is de…ned to exist when the limit of integrals over bounded intervals
[0; N ] exists as N ! 1; and in this case we de…ne:
(R)

Z

1

f (x)dx

0

lim

Z

N

f (x)dx:

N !1 0

(2.28)

Similarly, when the double limit exists,
Z
(R)

1

f (x)dx

1

lim

M;N !1

Z

N

f (x)dx;

(2.29)

M

and these de…nitions also apply for variously de…ned improper integrals in
Rn :
However, such integrals may converge only because of cancellations in
the integrand, and the associated absolute integral:
(R)

Z

0

1

jf (x)j dx

lim

Z

N !1 0

N

jf (x)j dx;

may diverge. The examples discussed in chapter 1 illustrated that this can
occur for bounded functions on unbounded domains, but can also occur on
bounded domains, though necessarily with unbounded functions.

2.2.2

Lebesgue Integration

It will be seen below that Lebesgue integrals can also be de…ned for
unbounded measurable functions and/or on unbounded measurable
domains, and thus also allow cancellations in the calculation of these
integrals.
However, in contrast to Riemann integration,
the integral
R
R
(L) E f (x)dx will only be de…ned to exist if (L) E jf (x)j dx exists. In
other words, f (x) will be de…ned to be Lebesgue integrable only when f (x)
Z N
f (x)dx exists as a
is absolutely Lebesgue integrable. For example 1.2,
0

Riemann integral and will exist as a Lebesgue integral for every N; and by
proposition 2.31Zbelow these integrals agree. But as a matter of de…nition
1

the integral (L)
f (x)dx does not exist because the integral
0
Z 1
(L)
jf (x)j dx is not …nite.
0
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A powerful motivation for de…ning a general measurable function to
be Lebesgue integrable only in cases where the function is also absolutely
Lebesgue integrable is the desire to be able to decompose the domains of
such integrals in an arbitrary way, and preserve integrability.
Speci…cally,
S
when fEj g are disjoint Lebesgue measurable sets with j Ej
E, then if
Z
the integral of f (x) exists over E we would like to be sure that
f (x)dx
is well de…ned, and further:
Z
X Z
f (x)dx =
f (x)dx:
j

[Ej

[Ej

Ej

Unfortunately, in the case of example 1.2 such an identity cannot be satis…ed.
Exercise 2.27 Given the function f (x) of example 1.2 de…ned to equal
( 1)n+1 =n on En = [n 1; n); de…ne In to equal the integral of f (x) over
En : Prove that even though with E [Ej :
Z
X1
f (x)dx =
In = ln 2;
n=1

E

that by:

Reordering this series, or,
Selecting a subseries in index order,
that any positive or negative number is achievable by this summation, as
are 1: In other words, prove that we can choose fEj0 g by either approach
and it is possible to have:
X Z
f (x)dx = !;
j

Ej

for any extended real number !:
Further, prove that this problem is unrelated to E having in…nite measure by demonstrating that the same problem occurs with E = [0; 1] and the
function constructed in exercise 1.11.

Remark 2.28 The …rst part of this exercise is the Riemann series theorem, proved by Bernhard Riemann (1826 –1866), and this result applies
to every convergent series which is not absolutely convergent. When absolutely convergent the value of the sum of a series is independent of the
series ordering. See the Reitano reference for example.
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When f (x) is Lebesgue measurable and bounded, jf (x)j
M; and E
n
is Lebesgue measurable and …nite, m (E) < 1; one never encounters the
anomalous situation of exercise 2.27 above since it will be clear in the next
section that
Z
jf (x)j dx M mn (E) < 1:
(L)
E

Hence the potential problem of cancellations will be ignored in the next
section which develops the theory under these restrictions. But once we
begin to generalize either or both assumptions, more care must be taken.
The approach followed below to the development of the general Lebesgue
theory starts with the de…nition of the integral of simple functions accomplished above. The next steps are then:
1. Generalize to the Lebesgue integral of bounded measurable functions which equal 0 outside sets of …nite measure. These integrals
will be de…ned in terms of the Lebesgue integrals of dominant and
subordinate simple functions.
2. Develop a general theory for nonnegative Lebesgue measurable
functions, f (x)
0; using the integrals from step 1 of subordinate
bounded functions which equal 0 outside sets of …nite measure:
3. Express a general measurable function as the sum of a "positive"
and "negative" part and extend the results in 2 to this situation. A
consequence of this approach is that for a general measurable function
to be Lebesgue integrable, both the positive and the negative parts of
the function must be integrable and as will be seen, this assures the
integrability of the absolute value of the function.

2.3
2.3.1

Integrating Bounded Measurable Functions
De…nition of the Lebesgue Integral

For bounded f (x) and mn (E) < 1; where by bounded is meant
jf (x)j M for x 2 E; we approximate f (x) by subordinate and dominant
simple functions:
'(x) f (x)
(x);
andRinvestigate "limits." Speci…cally, we investigate
R the in…mum of all such
(L) E (x)dx; and the supremum of all such (L) E '(x)dx; and determine
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when these agree. In cases where these limits agree it follows by de…nition
that there exists sequences f'n (x)g and f n (x)g so that
'n (x)

f (x)

n (x);

and dropping the (L) :
lim

Z

m (x)dx

m!1 E

The integral (L)

R

E

Z

= lim

m!1 E

'm (x)dx:

f (x)dx is then de…ned by this common limit.

The following result showsRthat in the case of bounded f (x) and mn (E) <
1; the Lebesgue integral (L) E f (x)dx exists if and only if f (x) is Lebesgue
measurable. In other words, Lebesgue measurable functions are exactly right
as integrands in order to de…ning the integral of a bounded function over a
…nite measurable domain in terms of the integrals of simple functions.
Proposition 2.29 Let f (x) be de…ned and bounded on a measurable set
E 2 MnL with mn (E) < 1; Then
Z
Z
inf
(x)dx = sup
'(x)dx
(2.30)
f

' f

E

E

if and only if f (x) is Lebesgue measurable.
Proof. If f (x) is measurable and bounded, jf (x)j
m de…ne the level sets Ej for m j m by:
Ej = fxj(j
Note that fEj gm
j=
simple functions:

m

1)M=m < f (x)

= M=m

'm (x) = M=m

' f

E

jM=mg

T

E:

are measurable, disjoint, and satisfy [Ej = E: De…ne

m (x)

and note that 'm (x)
Z
inf
(x)dx
f E
Z
sup
'(x)dx

M; then for given

f (x)
Z
ZE
E

Xm

j= m
Xm

j= m

m (x).
m (x)dx

j

Ej (x);

(j

1)

Ej (x):

In addition:

= M=m

'm (x)dx = M=m

Xm

j= m

Xm

j= m

jmn (Ej );
(j

1)mn (Ej ):
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Thus by …nite additivity:
0

inf

f

Z

(x)dx

sup
' f

E

M=m

Xm

j= m
n

Z

'(x)dx

E

mn (Ej )

= (M=m) m (E);
and letting m ! 1 2.30 is veri…ed.
To show that 2.30 implies the measurability of f (x); note that this identity implies the existence of simple function sequences f'm (x)g and f m (x)g
with 'm (x) f (x)
m (x) and:
Z
Z
lim
(x)dx
=
lim
'm (x)dx:
m
m!1 E

m!1 E

Select subsequences and renumber so that for all m :
Z
Z
'm (x)dx < 1=m:
0<
m (x)dx
E

(2.31)

E

From proposition 3.47 of book 1, applicable without modi…cation in the current multi-variate context, (x)
inf m (x) and '(x)
sup 'm (x) are
measurable, and:
'(x) f (x)
(x):
We will prove that f (x) is measurable by proving that '(x) = (x) almost
everywhere, meaning outside a set of Lebesgue measure 0, and thus f (x) =
'(x) = (x) mn -a:e: Measurability of f (x) then follows by proposition 3.16
of book 1; since (Rn ; MnL ; mn ) is a complete measure space.
To this end, note that
[
fxj'(x) < (x)g =
Ek ;
k

where now Ek fxj'(x) < (x) 1=kg: But the condition '(x) < (x) 1=k
along with 'm (x) '(x) and (x)
m (x) implies that for any k and all
m:
Ek fxj'm (x) < m (x) 1=kg Em;k :
By 2.31 and 2.20 and the fact that 0 <
Z
Z
1=m >
( m (x) 'm (x)) dx
(
E

Em;k

m (x)
m (x)

'm (x) :
'm (x)) dx

mn (Em;k )=k:
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Thus
mn (Ek )

mn (Em;k )

k=m;

mn (Ek )

and hence is
= 0 since m is arbitrary. Consequently, mn fxj'(x) <
(x)g = 0 so '(x) = (x) almost everywhere and f (x) is Lebesgue measurable.
This proposition shows that for a bounded measurable function f (x)
de…ned on a …nite measurable set E; the Lebesgue integral can be de…ned in
terms of either the in…mum of simple functions (x) with f (x)
(x); or
the supremum of simple functions '(x) with '(x) f (x): In the following we
will choose whichever approach is more convenient for the given application.
De…nition 2.30 If f (x) is a bounded Lebesgue measurable function de…ned
on a Lebesgue measurable set E 2 MnL with mn (E) < 1; the Lebesgue
integral of f (x) over E is de…ned by either:
Z
Z
(L)
f (x)dx = inf
(x)dx;
(2.32)
E

or
(L)

Z

f

f (x)dx = sup

E

' f

E

Z

'(x)dx;

(2.33)

E

where

and ' are simple functions with integrals de…ned by 2.22.

2.3.2

Riemann Implies Lebesgue on Rectangles

In this section we show
Qn that a bounded function which is Riemann
integrable on R
j=1 [aj ; bj ] is in fact measurable and Lebesgue
integrable, and the values of the integrals agree. Consequently, at least for
bounded functions on closed rectangles, Lebesgue integration is a
generalization of Riemann integration. For a generalization of this result,
see section 2.5.3 below, Absolute Riemann Implies Lebesgue on Rn :
Qn
Proposition 2.31 Let f (x) be a bounded function de…ned on R
j=1 [aj ; bj ]
which is Riemann integrable. Then f (x) is Lebesgue integrable and hence
measurable, and
Z
Z
(L)

f (x)dx = (R)

R

f (x)dx:

(2.34)

R

Proof. As noted in section 2.1.1 above the de…nition of Riemann integral
can be expressed in terms of equality of the in…mum of the Riemann integrals
of step functions e f; and the supremum of the Riemann integrals of step
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functions '
e f: Since every step function is a simple function this implies
that with ' and denoting simple functions:
Z
Z
Z
(R)
f (x)dx = sup
'
e (x)dx sup
'(x)dx;
'
e f

R

but also

inf

f

Z

(x)dx

R

inf

e f

Z

R

Consequently, because by de…nition:
Z
sup
'(x)dx
' f

' f

R

R

e (x)dx = (R)
inf

f

Z

R

Z

f (x)dx:

R

(x)dx;

R

it follows that
inf

f

Z

R

(x)dx = sup
' f

Z

R

'(x)dx = (R)

Z

f (x)dx:

R

That is, f (x) is Lebesgue integrable and 2.34 is satis…ed. By proposition
2.29 f (x) is Lebesgue measurable
Remark 2.32 For n = 1 the conclusion of this proposition is often thought
to be essentially trivial, but necessarily due to a somewhat careless reading
of prior results. From the theory of Riemann integration, the Lebesgue
existence theorem for the Riemann integral states:
Proposition (Riemann Integrable) If f (x) is a bounded function on
Rb
the interval [a; b]; then (R) a f (x)dx exists if and only if f (x) is continuous
except on a set of measure 0:
From proposition 2.29 above:
Proposition (Lebesgue Integrable) If f (x) is Za bounded function on
Lebesgue measurable set E with m(E) < 1; then (L)

f (x)dx exists if and

E

only if f (x) is Lebesgue measurable.
Finally, combining results proved about Lebesgue measurable functions
in book 1:
Proposition (Continuous vs. Measurable)
1. If f (x) is continuous on a Lebesgue measurable set E; then it is
Lebesgue measurable on E (proposition 3.11).
2. If f (x) is Lebesgue measurable on a Lebesgue measurable set E; and
g(x) = f (x) almost everywhere, i.e., except on a set of measure 0, then g(x)
is Lebesgue measurable (proposition 3.16).

36

CHAPTER 2 LEBESGUE INTEGRATION

The "careless" reading of these results is:
Erroneous Conclusion If f (x) is bounded and Riemann integrable on
[a; b] then it is continuous except on a set of measure zero. But if f (x)
is continuous except on a set of measure zero, then f (x) = g(x) almost
everywhere for g(x) continuous, and hence f (x) is Lebesgue measurable and
Lebesgue integrable.
Discussion The logic in this conclusion is faulty. The problem arises
in the careless identi…cation of two similar-sounding notions discussed in
remark 3.19 of book 1 and shown to be independent and thus neither implies
the other. The …rst notion is that underlying the Riemann result, that f (x)
is continuous except on a set of measure 0. Unfortunately, this does not
imply the second notion, that there is a continuous functions g(x) so that
f (x) = g(x) except on a set of measure 0. Thus the Lebesgue measurability
of f (x) does not follow from this argument.
Conclusion The fact that bounded Riemann integrable implies Lebesgue
measurable and Lebesgue integrable is not derivable from early results and
requires a separate direct proof. The key was to show that Riemann integrable implied Lebesgue integrable, and then the Lebesgue measurability result
followed from proposition 2.29.

2.3.3

Properties of the Lebesgue Integral

Continuing to restrict the discussion to the Lebesgue integral of bounded
Lebesgue measurable functions on a Lebesgue measurable set E with
mn (E) < 1; we identify a number of results which are reminiscent of
results in the Riemann integration context. In cases 2 and 3 below,
however, one must be careful since altering a Riemann integrable function
on a set of measure 0 can make it no longer integrable. However, if we
assume both f (x) and g(x) are Riemann integrable, then the counterparts
to 2 and 3 remain valid in the Riemann context.
Proposition 2.33 If f (x) and g(x) are bounded Lebesgue measurable functions de…ned on Lebesgue measurable set E 2 MnL with mn (E) < 1; then
suppressing the (L) notation:
1. For any a; b 2 R;
Z

E

[af (x) + bg(x)]dx = a

Z

E

Z
f (x)dx + b g(x)dx:
E
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2. If f (x) = g(x) a.e. then
Z

Z

g(x)dx:

Z

g(x)dx:

Z

jf (x)j dx:

f (x)dx =

E

E

3. If f (x)

g(x) a.e. then
Z

f (x)dx

E

E

4. The triangle inequality:
Z
f (x)dx
E

5. If C1

f (x)

E

(2.35)

C2 a.e., then
mn (E)C1

Z

f (x)dx

C2 mn (E):

E

6. If E1 and E2 are disjoint Lebesgue measurable sets of …nite measure,
then
Z
Z
Z
f (x)dx =
f (x)dx +
f (x)dx;
E1 [E2

E1

E2

and this is then true for any …nite disjoint union.

Proof. We prove these results in turn. Recall that the integral of f (x) over
a measurable set E is de…ned in 2.21 to equal the integral of f (x) E (x): To
simplify notation it is often convenient to suppress the E (x) function, but
with the understanding that a statement such as '(x) f (x) for simple '
means that this inequality is valid on E:
1. Perhaps surprisingly, this …rst demonstration is the most subtle. First,
af (x) + bg(x) is bounded, and measurable by proposition 3.33 of book
1, so its Lebesgue integral is well-de…ned. Given simple functions
af (x) and bg (x) bg(x) obtains af (x)+ bg (x) af (x)+
af (x)
bg(x) and so by de…nition 2.30:
Z
Z
[af (x) + bg(x)]dx =
inf
(x)dx
af +bg E
E
Z
[ af (x) + bg (x)]dx
ZE
Z
=
af (x)dx +
bg (x)dx;
E

E
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the last equality applying 2.20. This inequality remains valid after
taking the in…mum of the right hand side, producing
Z
Z
Z
af (x)dx + bg(x)dx:
[af (x) + bg(x)]dx
E

E

E

On the other hand, given simple functions 'af (x) af (x) and 'bg (x)
bg(x) obtains 'af (x)+'Zbg (x) af (x)+bg(x) and
Z the same Zlogic using
supremums proves that
and hence:

[af (x)+bg(x)]dx

af (x)dx+

E

Z

E

[af (x) + bg(x)]dx =

Z

af (x)dx +

Z

bg(x)dx:

E

E

E

bg(x)dx

E

For the last step of factoring out the constants a and b from these
integrals, we illustrate a and consider the cases a > 0 and a < 0 separately, as the case a = 0 needs no discussion. First note that we
can identify bounding simple functions of af (x) and f (x) by af (x) =
a f (x); meaning if f (x) approximates f (x) then a af (x) approximates af (x); and conversely. If a > 0 then af (x)
af (x) if and
only if f (x) f (x) and so by proposition 2.16:
Z
Z
inf
(x)dx
=
a
inf
af
f (x)dx;
and hence

Z

af

af

E

af (x)dx = a

E

Z

f

f

E

f (x)dx: When a < 0 this identi…cation

E
af (x)

leads to the conclusion that
af (x) if and only if
and so the same conclusion follows from
Z
Z
inf
af (x)dx = a sup
f (x)dx:
af

af

2. By assumption, f
(x) with:

E

f

f

f (x)

f (x)

E

g = 0 a.e., and so given simple functions '(x) and
'(x)

f (x)

g(x)

(x);

it
Z follows that '(x) Z 0 a.e. and (x) 0 a.e. Thus by de…nition 2.13
(x)dx 0 and
'(x)dx 0: But since bounded and measurable
E

E

f g is Lebesgue integrable by proposition 2.29 and 2.30 assures that
the in…mum of the (x) integrals
equals the supremum of the '(x)
Z
integrals. This obtains that
follows from part 1:

[f (x)

E

g(x)]dx = 0 and the result now
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3. Here g
f (x)

f

0 a.e., and so for any simple function
(x) with g(x)
Z
(x)dx 0 by de…(x) it follows that (x) 0 a.e. and
E

nition 2.13. Hence the
Z in…mum of such integrals is also non-negative,
but this in…mum is
[g(x) f (x)]dx by the measurability and inteE

grability of f
1:

g and proposition 2.29. The …nal step follows by part

4. Since f (x) Z jf (x)j everywhere,
which is stronger than a.e., we conZ
jf (x)j dx by part 3. Similarly, f (x)
f (x)dx
clude that
E
Z
ZE
jf (x)j and
f (x)dx
jf (x)j dx; and hence 2.35.
E

E

5. The bounding simple functions de…ned by '0 (x) = C1 E (x) and 0 (x) =
C2 E (x) satisfy '0 (x) f (x)
0 (x); and thus by de…nition of the
integral:
Z
Z
Z
Z
f (x)dx
f (x)dx
'0 (x)dx:
0 (x)dx;
E

E

The result follows since

E

Z

E

C

E (x)dx

E

= Cmn (E) for all C:

6. The …nal result follows from 1 and from the observation that by disjointness, E1 [E2 (x) = E1 (x) + E2 (x); and so:
Z
Z
f (x)dx =
E1 (x)f (x) + E2 (x)f (x) dx:
E1 [E2

2.3.4

Bounded Convergence Theorem

The …nal question of this section relates to the Lebesgue integrability of a
function f (x) which is the pointwise limit of a sequence of bounded
Lebesgue measurable functions ffm (x)g; all de…ned on a Lebesgue
measurable set E with mn (E) < 1: In the case where the integral of f (x)
exists, we seek the relationship between this integral’s value and the values
of the associated integral sequence. The proposition below states an
a¢ rmative result on integrability, and will be generalized later along with
the generalization of the de…nition of the Lebesgue integral beyond
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bounded functions. In all cases we will assume more than just that each
fm (x) is bounded, instead assuming that the collection ffm (x)g is
uniformly bounded:
De…nition 2.34 A sequence of functions ffm (x)g is uniformly bounded
on a set E if there exists M < 1 so that jfm (x)j M for all m and for
all x 2 E:
To motivate the need for uniform boundedness:
Exercise 2.35 Produce an example of a pointwise convergent sequence of
bounded measurable functions on …nite measurable E for which the the conclusion of the convergence of integrals in 2.36 below is false. Hint: Of necessity this sequence cannot be uniformly bounded, so in this case can f 0
and all fm have integral 1 say?
The proof below requires a technical result from proposition 4.5 and
its corollary 4.6 in book 1 which state that if a measurable function sequence converges pointwise almost everywhere to a measurable function on
a bounded set E, then it converges "almost" uniformly.
Corollary 4.6 (Book 1): Let ffm (x)g be a sequence of real-valued
Lebesgue measurable functions de…ned on a Lebesgue measurable set E with
mn (E) < 1; and let f (x) be a real valued function so that fm (x) ! f (x)
almost everywhere for x 2 E: Then given > 0 and
> 0 there is a
measurable set A E with mn (A) < ; and an N so that for all x 2 E A
and all n N;
jfm (x) f (x)j < :
Notation 2.36 For this result, recall that convergence fm (x) ! f (x) for
given x0 means that given any > 0 there is an N so that jfm (x0 ) f (x0 )j <
for m
N: When fm (x) ! f (x) for each x 2 E; or all x 2 E outside
a set of measure 0; respectively, we say that fm (x) converges pointwise
to f (x) on E; or converges pointwise almost everywhere to f (x) on
E; respectively. If it is the case that given > 0 there is an N so that
jfm (x) f (x)j < for all m
N and for all x 2 E; we say that fm (x)
converges uniformly to f (x) on E:
We now state and prove an important …rst result on the Lebesgue integrability of the pointwise limit of a sequence of measurable functions, known
as the Bounded Convergence theorem.
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Proposition 2.37 (Bounded Convergence theorem) Let ffm (x)g be a
uniformly bounded sequence of Lebesgue measurable functions de…ned on a
Lebesgue measurable set E 2 MnL with mn (E) < 1: If fm (x) ! f (x) almost
everywhere for x 2 E; then:
Z
Z
fm (x)dx:
(2.36)
f (x)dx = lim
m!1 E

E

Proof. First note that f (x) is Lebesgue measurable by corollary 3.48 of book
1, and by de…nition jf (x)j
M . Hence f (x) and all fm (x) are Lebesgue
integrable by proposition 2.29. By corollary 4.6 (book 1), for any > 0 and
> 0 there is a measurable set A
E with m(A) < ; and an N so that
jfm (x) f (x)j < for all x 2 E A and all m N: By the properties of
proposition 2.33,
Z

Z

A

Now jfm (x)
m N:

fm (x)dx

E

ZE

=

jfm (x)

f (x)j dx

jfm (x)

f (x)j dx +

fm (x)dx

and

Z

E A

on E

E

Since

f (x)dx

E

f (x)j <
Z

Z

Z

jfm (x)

A; and jfm (x)

f (x)j dx:

f (x)j

2M + mn (E

f (x)dx

2M on A; so for

A)

E

2M + mn (E):

can be chosen arbitrarily we obtain that as m ! 1;
Z

E

fm (x)dx

Z

E

f (x)dx ! 0;

which is 2.36.
While the de…nition of the Lebesgue integral

Z

E

f (x)dx in 2.32 and 2.33

re‡ects uncountably many simple functions in the in…mum and supremum
calculations, the bounded convergence theorem gives a more practical and
useful way to evaluate the Lebesgue integral of a bounded function.
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Corollary 2.38 Let f (x) be a bounded function on a Lebesgue measurable
set E 2 MnL with mn (E) < 1: If ffm (x)g is any sequence of uniformly
bounded Lebesgue measurable simple functions de…ned on E with fm (x) !
f (x) almost everywhere for x 2 E; then:
Z
Z
f (x)dx = lim
fm (x)dx:
m!1 E

E

Proof. Immediate from the above result.
Example 2.39 Let f (x) be measurable and bounded, jf (x)j
M; on a
n
n
Lebesgue measurable set E 2 ML with m (E) < 1: Recalling the construction in the proof of proposition 2.29, for given m de…ne the level sets Ej for
m j m by:
T
Ej = fxj(j 1)M=m < f (x) jM=mg E:
The sets fEj gm
j=
simple functions:

m

are measurable, disjoint, and satisfy [Ej = E: The

m (x) = M=m

'm (x) = M=m
satisfy

Xm

j= m

Xm

'm (x)

j= m

f (x)

j

Ej (x);

(j

1)

Ej (x);

m (x)

and
'm (x) ! f (x);
Thus using the
Z

m (x)

! f (x):

sequence:

f (x)dx = lim M=m
m!1

E

m (x)

Xm

j= m

jmn (Ej );

with a similar expression using the 'm (x) sequence. Because:
Z
Z
'm (x)dx (M=m) mn (E);
m (x)dx
E

E

the error in the approximation:
Z
Xm
f (x)dx = M=m
E

diminishes with 1=m:

j= m

jmn (Ej );

(2.37)
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2.4

Integrating Nonnegative Measurable Functions

In this section we continue the process of generalizing the de…nition of
Lebesgue integral beyond bounded f (x) and sets E with …nite measure,
mn (E) < 1: To do so we …rst take one step back, requiring f (x) to be
nonnegative, but take two steps forward by eliminating the restriction on
mn (E) and the boundedness requirement for f (x): In the …nal section we
remove the nonnegativity assumption on f .

2.4.1

De…nition and Properties of the Lebesgue Integral

We begin with a natural de…nition of the Lebesgue integral of nonnegative
f (x) in light of the previous section.
De…nition 2.40 If f (x) is a nonnegative Lebesgue measurable function de…ned on a Lebesgue measurable set E 2 MnL ; de…ne:
Z
Z
(L) f (x)dx = sup h(x)dx;
(2.38)
h f

E

E

where h(x) is Lebesgue measurable and bounded and mn fxjh(x) 6= 0g < 1:
The function f will be said to be Lebesgue integrable if this supremum
is
Z

f (x)dx =

…nite. When the supremum is in…nite f will be said to have (L)

E

1; but deemed not Lebesgue integrable.
Z
By the previous section
h(x)dx exists for all such Lebesgue meaE

surable functions because we assume both that h(x) is bounded and that
E = fxjh(x) 6= 0g has …nite measure. If f (x) is also bounded and E has
…nite measure then by the bounded convergence
theorem the supremum in
Z
2.38 exists and is …nite, and equals (L)

f (x)dx as de…ned in the previous

E

section. But note that in general this supremum need not be …nite, nor does
this de…nition require it.

Remark 2.41 While h(x) is not speci…ed to be nonnegative in de…nition
2.40, given h(x) f (x) we can de…ne g(x) = maxf0; h(x)g and then g(x)
is nonnegative and measurable, g(x) f (x) and
Z
Z
Z
h(x)dx
g(x)dx
f (x)dx:
E

E

E

So for the supremum in 2.38, there is no loss of generality in restricting to
only nonnegative h(x):
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Example 2.42
1. With f (x) = 1=x on [1; 1) let hn (x) = f (x) [1;n] (x):
Then the Lebesgue integral of hn (x) exists by proposition 2.29 and
equals the Riemann integral by
R proposition 2.31. Hence the supremum
in 2.38 is unbounded since hn (x)dx = ln n. The same conclusion
follows for this function de…ned on (0; 1] using the characteristic function of [1=n; 1]: Thus f (x) = 1=x is not Lebesgue integrable on either
(0; 1] or [1; 1); but is Lebesgue integrable by the same argument on all
compact [a; b] (0; 1):
2. If f (x) is Lebesgue integrable under the above de…nition and E 0 =
fxjf (x) = 1g; it must be the case that mn (E 0 ) = 0: If mn (E 0 ) > 0
then because f 0 and on E 0 we can de…ne the sequence hn (x) = n:
Z
Z
(L) f (x)dx (L)
f (x)dx = 1:
E0

E

Hence if mn (E 0 ) > 0, such a function f (x) can not be Lebesgue integrable. But m(E 0 ) = 0 does not assure Lebesgue integrability as
example 1 demonstrates.
3. Let f (x) = 1=x2 be de…ned on [1; 1): Then f (x) is Lebesgue integrable
over [1; n] by proposition 2.29 and the value of this integral equals that
of the associated Riemann integral by proposition 2.31:
Z n
(L)
f (x)dx = 1 1=n:
1

Clearly, if nonnegative h(x)

f (x) on [1; n] then

Z

n

h(x)dx

1 1=n;

1

so the functions hn (x) = f (x) [1;n] (x) provide the supremums over
each subinterval. The supremum over all Z
such intervals is …nite, and
1

hence f (x) is Lebesgue integrable with (L)

f (x)dx = 1:

1

We next state some useful properties of this integral and assign the
proofs as exercises using proposition 2.33. Note that because the integrals
are de…ned in terms of the supremum of integrals of subordinate functions,
the case where a supremum is in…nite must be considered.
Proposition 2.43 If f (x) and g(x) are nonnegative Lebesgue measurable
functions de…ned on a Lebesgue measurable set E 2 MnL ; then suppressing
the (L) notation:
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1. For any a > 0;

Z
af (x)dx = a f (x)dx:

Z

E

E

2.

Z

[f (x) + g(x)]dx =

3. If f (x) = g(x) a.e. then
Z

f (x)dx =

g(x) a.e. then
Z

Z

g(x)dx

E

Z

g(x)dx:

Z

g(x)dx:

E

E

f (x)dx

E

5. If E 0

f (x)dx +

E

E

4. If f (x)

Z

E

E is measurable, then
Z
f (x)dx
E0

Z

f (x)dx:

E

6. If E = E1 [ E2 ; a union of disjoint Lebesgue measurable sets, then
Z
Z
Z
f (x)dx =
f (x)dx +
f (x)dx;
E

E1

E2

and this is then true for any …nite disjoint union.
Proof. Left as an exercise.
Part 4 of this proposition provides an interesting corollary which in
essence states that every nonnegative Lebesgue integrable function can be
used as a test function to identify other Lebesgue integrable functions.
Corollary 2.44 If g(x) is a nonnegative Lebesgue measurable function which
is integrable on a Lebesgue measurable set E 2 MnL ; then any nonnegative
Lebesgue measurable function f (x) with f (x) g(x) is also Lebesgue integrable.
Proof. Immediate from part 4.
Remark 2.45 This corollary also has a more general application. If f (x)
is Lebesgue measurable then so too is jf (x)j and thus if jf (x)j
g(x) for
Lebesgue integrable g(x) then jf (x)j is Lebesgue integrable.
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Integrating Nonnegative Function Sequences

In this section we develop two key results of widespread application when
integrating nonnegative function sequences. As in remark 2.45 these results
apply to function sequences fjfm (x)jg for general measurable ffm (x)g:
Fatou’s Lemma
The …rst result is called Fatou’s lemma, and is the more general result in
its application but provides "only" an upper bound conclusion. It is
named for its discoverer Pierre Fatou (1878 –1929) and is known as a
"lemma" to distinguish it from Fatou’s theorem which is a result in
complex analysis. The primary application of this lemma is in cases where
the nonnegative functions fm (x)Z in the sequence are Lebesgue integrable
and the sequence of integrals

fm (x)dx

has a …nite limit in…mum. In

E

many applications the integral sequence actually has a …nite limit. In such
cases Fatou’s lemma assures the integrability of f (x) lim inf fm (x); or
the limit function when it exists, and while not in general providing the
value of this integral we are provided an upper bound for this value. This
result is sometimes stated as
Z
Z
[lim inf fm (x)]dx lim inf fm (x)dx:
(2.39)
E

E

This statement emphasizes that we are interchanging two limiting
processes: the limit in…mum, and the value of an integral which is de…ned
in terms of a supremum of the integrals of subordinate integrable functions.

Proposition 2.46 (Fatou’s lemma) If ffm (x)g is a sequence of nonnegative Lebesgue measurable functions and f (x) lim inf fm (x) almost everywhere on a Lebesgue measurable set E 2 MnL ; then:
Z
Z
f (x)dx lim inf fm (x)dx:
(2.40)
E

E

Proof. First note that f (x) is nonnegative by de…nition, and measurable by
propositions 3.16 and 3.47 of book 1. De…ne for m = 1; 2; :::;
gm (x) = inf j

m fj (x):

Then gm (x) is nonnegative and again measurable by proposition 3.47 of book
1, and gm (x) fm (x) for all m: So by proposition 2.43:
Z
Z
gm (x)dx
fm (x)dx;
E

E
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though the upper integral need not be …nite. Also, gm (x)
m; and by de…nition of limit inferior:
f (x)

gm+1 (x) for all

lim inf fm (x) = lim gm (x):

Given bounded and nonnegative measurable h(x) f (x) so that mn (E 0 ) <
1 for E 0
fx 2 Ejh(x) 6= 0g; de…ne hm (x) = minfgm (x); h(x)g: Then
hm (x) is measurable, equal to 0 outside E 0 ; and hm (x)
fm (x): Also,
0
hm (x) ! h(x) on E since gm (x) ! f (x) and h(x)
f (x): Hence since
E 0 E and hm (x) h(x) M assures uniform boundedness, the bounded
convergence theorem can be applied to fhm (x)g to obtain:
Z
Z
h(x)dx = lim
hm (x)dx:
m!1 E

E

But hm (x)

fm (x) for each m and thus:
Z
Z
hm (x)dx
fm (x)dx:
E

E

Now while the integral sequence on the left has a limit by the bounded convergence theorem, we cannot assert that the sequence on the right has a limit
since ffm (x)g need not be uniformly bounded. However, it must be the case
that the limit of the sequence on the left cannot exceed the smallest accumulation point of the sequence on the right as this would violate the term by
term inequalities. Hence:
Z
Z
lim
hm (x)dx lim inf fm (x)dx:
m!1 E

E

Combining results obtains that for all measurable h(x)
m(fx 2 Ejh(x) 6= 0g) < 1 :
Z
Z
h(x)dx lim inf fm (x)dx:
E

f (x) with

E

Finally, taking a supremum over all such h(x) completes the proof.
Remark 2.47 In cases where the function sequence ffm (x)gZconverges pointwise or pointwise a.e. to f (x); and/or the integral sequence

fm (x)dx has

E

a limit, Fatou’s lemma can be stated in terms of these limits instead of limits
inferior. But this result is all the more applicable because it does not require
the existence of such limits.
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Z

Also note that Fatou’s lemma provides for the exact value of f (x)dx in
E
Z
cases where lim inf fm (x)dx = 0 because by nonnegativity of ffm (x)g, it
EZ
Z
f (x)dx = 0:
f (x)dx 0; and thus for such cases,
must be the case that
E

E

Example 2.48 It is not di¢ cult to create an example for which strict inequality is obtained in the above result. With E = [0; 1) de…ne fm (x) = 1
on [m
Z 1; m] and 0 elsewhere. Then fm (x) ! f (x) for all x where f (x) 0,
fm (x)dx = 1 for all m, and hence:

but

E

0=

Z

E

f (x)dx < lim inf

Z

fm (x)dx = 1:

E

This example is readily generalized to Rn :
Lebesgue’s Monotone Convergence Theorem
The second result applicable to nonnegative function sequences is
Lebesgue’s Monotone Convergence theorem and named for Henri
Lebesgue (1875 - 1941), but also called Beppo Levi’s theorem and
named for Beppo Levi (1875 - 1961). For this result, by adding the
assumption that the function sequence is increasing, Fatou’s inequality is
strengthened to a conclusion of equality. This theorem does not assume
that the functions in the sequence are integrable, and thus when not
integrable, neither is the limit function.
But given an increasing sequence of nonnegative integrable functions,
which thus provides an increasing integral sequence, this theorem provides
two important applications:
1. If the integral sequence is bounded and hence has a …nite limit, then
the limit function can be concluded to be integrable with integral equal
to this limit.
2. If the integral sequence is unbounded, then the limit function is not
integrable.
The conclusion below is still valid under the assumption that there is
an N so that ffm (x)g is an increasing sequence of nonnegative Lebesgue
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measurable functions for m N: In other words, because this is a statement
about the limit function, the behavior of any …nite collection of functions in
the sequence can not alter the conclusion.
Remark 2.49 As was the case for Fatou’s lemma this result is sometimes
expressed as:
Z
Z
fm (x)dx;
(2.41)
lim fm (x)dx = lim
E m!1

m!1 E

to emphasize the interchanging of two limiting processes.
Proposition 2.50 (Lebesgue’s Monotone Convergence theorem) If ffm (x)g
is an increasing sequence of nonnegative Lebesgue measurable functions which
converge almost everywhere on a Lebesgue measurable set E 2 MnL to a
function f (x); then:
Z
Z
f (x)dx = lim
fm (x)dx:
(2.42)
m!1 E

E

Proof. As a limit of nonnegative Lebesgue measurable functions, f (x) is
also nonnegative and measurable. From Fatou’s lemma:
Z
Z
f (x)dx lim inf fm (x)dx:
E

E

But the assumption that ffm (x)g is an increasing sequence implies that for
all m;
Z
Z
fm (x)dx
f (x)dx;
E

and hence
lim sup

E

Z

E

fm (x)dx

Z

f (x)dx:

E

Since the limit superior cannot be smaller than the limit inferior, the above
two results imply that these limits are equal, and 2.42 follows.
Example 2.51 Perhaps quite surprisingly, Lebesgue’s monotone convergence theorem does not apply if ffm (x)g is a monotonically decreasing sequence of nonnegative Lebesgue measurable functions. Of course if
mn (E) < 1 and the functions of the sequence are uniformly bounded, 2.42
will be satis…ed because of the bounded convergence theorem, so any example
of this must violate that theorem’s assumptions.
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As a simple example on R de…ne fm (x) =

[m;1) :

Then

Z

R

fm (x)dx = 1

for all m but f (x) 0: Generalizing to Rn is straightforward.
On the other hand, if we assume that any one of the functions of this
monotonically decreasing sequence is integrable, then an a¢ rmative result is
again assured, now by Lebesgue’s dominated convergence theorem of
the next section.
Z
f (x)dx in 2.38 re‡ects potentially
While the de…nition of the integral
E

uncountably many bounded functions in the supremum calculation, each
of which is required to equal 0 outside a set of …nite measure, Lebesgue’s
monotone convergence theorem gives a more practical and useful way to
evaluate the Lebesgue integral of a nonnegative function.
Corollary 2.52 (Lebesgue’s Monotone Convergence theorem) If ffm (x)g
is any increasing sequence of nonnegative simple functions de…ned on a
Lebesgue measurable set E 2 MnL with fm (x) ! f (x) for almost all x 2 E,
then
Z
Z
f (x)dx = lim
fm (x)dx:
m!1 E

E

In other words, the Lebesgue integral can be evaluated using any such sequence of simple functions, the integrals of which are given in 2.18.
Proof. Immediate from the above result since simple functions are Lebesgue
measurable by de…nition..

Example 2.53 Given nonnegative measurable f (x) on a measurable domain E 2 MnL ; the proof of proposition 3.53 in book 1 provides a construction
of simple functions for which 'm (x) ! f (x) for all x 2 E: This construction
did not require f (x) to be bounded, nor E to be …nitely measurable:
(m)
For each m de…ne M
m2m + 1 Lebesgue measurable sets, fAj gM
j=1
by:
8
< fx 2 Ej(j 1)2 m f (x) < j2 m g; 1 j M 1;
(m)
Aj =
:
fx 2 Ejm f (x)g;
j = M;

and let:

'm (x) =

XM

j=1

(j

1)2

m

(m)

Aj

(x):

Then f'm (x)g1
m=1 is an increasing sequence of nonnegative simple functions,
with 'm (x) ! f (x) for all x 2 E:
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If mn fx 2 Ejf (x) = 1g > 0 then unsurprisingly f (x) is not integrable
since letting E 0 denote this exceptional set:
Z
Z
'm (x)dx m dx ! 1:
E0

E

Otherwise the conclusion from 2.18 is that:
Z
XM
(j 1)2
f (x)dx = lim
m!1

E

j=1

m

(m)

mn Aj

;

(2.43)

a limit which may be …nite or not.

We record next two additional important corollaries to the Lebesgue
monotone convergence theorem. The …rst applies to the integral of a function
series and provides a condition which allows the reversal of the two limiting
processes: summation and integration. The second allows the decomposition
of an integral into a countable number of disjoint domains, generalizing
property 6 of proposition 2.43.
Corollary 2.54 (Lebesgue’s Monotone Convergence theorem) If ffm (x)g
is a sequence of nonnegative Lebesgue measurable functions and f (x) =
X
1
fm (x) on Lebesgue measurable E 2 MnL , then:
m=1
Z
X1 Z
f (x)dx =
fm (x)dx:
(2.44)
m=1

E

Xm

E

Proof. De…ning gm (x) =
fk (x) it follows that gm (x) is nonnegative
k=1
and Lebesgue measurable, and the sequence fgm (x)g is increasing. Further,
f (x) = limm!1 gm (x); so by Lebesgue’s monotone convergence theorem,
Z
Z
f (x)dx = lim
gm (x)dx:
E

But by proposition 2.43,
Z

gm (x)dx =

E

and the result follows.

m!1 E

Xm Z
k=1

fk (x)dx;

E

Corollary 2.55 (Lebesgue’s Monotone Convergence theorem) If f (x)
is a nonnegative Lebesgue integrable function on Lebesgue measurable set
E 2 MnL ; and E = [Ej is a disjoint union of measurable sets, then:
Z
X1 Z
f (x)dx =
f (x)dx:
(2.45)
E

Proof. Left as an exercise.

j=1

Ej
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2.5

Integrating General Measurable Functions

2.5.1

De…nition and Properties of the Lebesgue Integral

The …nal step in the de…nition sequence for the Lebesgue integral is to
extend from nonnegative to general measurable functions, and this is easy
to do given the tools developed in the prior section. First we need to
formalize a decomposition of f (x):
De…nition 2.56 Given f (x); the positive part of f (x); denoted f + (x); is
de…ned by:
f + (x) = maxff (x); 0g;
(2.46)
and the negative part of f (x); denoted f (x); is de…ned by:
f (x) = maxf f (x); 0g:

(2.47)

Both the positive and negative parts of a function are nonnegative functions, and if f is measurable so too are these component parts and thus we
can apply the previous section’s results to either part. The original function
and its absolute value are then recovered by the formulas:
f (x) = f + (x)

jf (x)j = f + (x) + f (x):
(2.48)
Z
These identities will provide a basis for the de…nitions of
f (x)dx; as well
E
Z
jf (x)j dx to that already de…ned by the
as an alternative approach to
f (x);

E

previous section since jf (x)j 0:
As revealed in section 2.2.2, Integrating More General Functions - A
Discussion, the following will be of no surprise.

De…nition 2.57 A Lebesgue measurable function f (x) is said to be Lebesgue
integrable over a Lebesgue measurable set E 2 MnL if both f + (x) and f (x)
are integrable over E; and in this case we de…ne:
Z
Z
Z
(L) f (x)dx = (L) f + (x)dx (L) f (x)dx:
(2.49)
E

E

E

When f (x) is Lebesgue integrable over E, jf (x)j is also Lebesgue integrable
over E and we de…ne:
Z
Z
Z
+
(L) jf (x)j dx = (L) f (x)dx + (L) f (x)dx:
(2.50)
E

E

E
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If one of the functions f + (x) and f (x) is integrable and one is not, then
f (x) is said to
although it is then common
Z be not Lebesgue integrable
Z
to de…ne (L) f (x)dx = 1 or (L) f (x)dx = 1 as appropriate. If
E

E

neither function is Lebesgue
integrable then f (x) is said to be not Lebesgue
Z
integrable and (L) f (x)dx; which is formally 1 1, is unde…ned, while
E
Z
(L) jf (x)j dx = 1:
E

Z
Remark 2.58 Note that there is no con‡ict between the de…nition of (L) jf (x)j dx
E

in 2.50 and that which would be produced directly by the prior section as
applied to the nonnegative function jf (x)j : Indeed, for measurable f (x); if
jf (x)j is Lebesgue integrable by the prior section then since f + (x) jf (x)j
and f (x) jf (x)j ; both f + (x) and f (x) are Lebesgue integrable by corollary 2.44. Then since jf (x)j = f + (x) + f (x); 2.50 follows by additivity of
the integral in proposition 2.43.
Example 2.59 The function
8
>
>
1=x2 ; x > 0;
>
<
f (x) =
1; x = 0;
>
>
>
: 1=x2 ; x < 0;

Z
is Lebesgue integrable and (L) f (x)dx = 0: This follows from the fact that
R

f + (x) = 1=x2 for x > 0 and is 0 otherwise, while f (x) = 1=x2 for x < 0
and is 0 otherwise. Both are Lebesgue integrable as in example 2.42, and
Z
(L)

1

f + (x)dx = (L)

0

Z

0

f (x)dx = 1:
1

Consequently:
Z 1
(L)
f (x)dx = 0;
1
Z 1
jf (x)j dx = 2:
(L)
1
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Unlike what is true in the context of Riemann integration, by the de…nition above f (x) is integrable if and only if jf (x)j is integrable. Also,
generalizing the case for nonnegative Lebesgue integrable functions, if f (x)
is Lebesgue integrable then of necessity:
m(fxjf (x) =

1g) = 0:

This follows since if m(E [ E 0 ) > 0 then at least one of E = fxjf (x) =
1g or E 0 = fxjf (x) = 1g has positive measure. Hence at least one of
f + (x) and f (x) could not be integrable by example 2.42, and thus f (x)
could not be Lebesgue integrable. But m(E) = m(E 0 ) = 0 does not assure
Lebesgue integrability as the example f (x) = 1=x for x 6= 0 and f (0) = 1;
demonstrates.
We summarize the essential properties of the Lebesgue integral in the
following proposition. Note that we assume that both f (x) and g(x) are
Lebesgue integrable functions and not just Lebesgue measurable, to avoid
de…nitional problems. Speci…cally, if stated assuming only Lebesgue measurability then 2 and 6 below need not be true. For example, f (x)+g(x) may
be integrable, indeed identically 0; with both f (x) and g(x) not integrable.
For 6; recall example 2.27.
Proposition 2.60 If f (x) and g(x) are Lebesgue integrable functions de…ned on a Lebesgue measurable set E 2 MnL ; then suppressing the (L) notation:
1. For any real a;

Z

af (x)dx = a

E

Z

f (x)dx:

E

2. Arbitrarily de…ning f (x) + g(x) on the set of Lebesgue measure 0 for
which this sum may formally be equal to 1 1 or 1 + 1 :
Z
Z
Z
[f (x) + g(x)]dx = f (x)dx + g(x)dx:
E

E

3. If f (x) = g(x) a.e. then
Z

f (x)dx =

E

4. If f (x)

g(x) a.e. then
Z

E

E

Z

g(x)dx:

Z

g(x)dx:

E

f (x)dx

E
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5. If E 0

E is measurable, then
Z
f (x)dx
E0

Z

f (x)dx:

E

6. If E = [i Ei ; a union of disjoint Lebesgue measurable sets, then
Z
X Z
f (x)dx =
f (x)dx:
(2.51)
i

E

7. The triangle inequality:
Z
f (x)dx

Z

E

E

Ei

jf (x)j dx:

(2.52)

Proof. Part 1 follows from proposition 2.43 and 2.49.
For 2, …rst note that the integrability of f (x) and g(x); the triangle inequality, and parts 4 and 2 of proposition 2.43 imply the integrability of
f (x) + g(x); as well as this sum’s positive and negative parts. The subtlety
is that [f (x) + g(x)]+ need not, and in general will not, equal f + (x) + g + (x).
So we must investigate the implication of splitting f (x) + g(x) two ways into
positive and negative parts:
f (x) + g(x) = [f (x) + g(x)]+

[f (x) + g(x)] ;

which is the de…nitional approach, versus the approach provided by splitting
f (x) and g(x) separately:
f (x) + g(x) = [f + (x) + g + (x)]

[f (x) + g (x)]:

From these splittings we can then conclude that
[f (x) + g(x)]+ + [f (x) + g (x)] = [f + (x) + g + (x)] + [f (x) + g(x)] ;
and then integrating and applying proposition 2.43 conclude that
Z
Z
Z
Z
[f (x)+g(x)]+ dz+ [f (x)+g (x)]dz = [f + (x)+g + (x)]dz+ [f (x)+g(x)] dz;
E

E

E

E

or
Z

E

[f (x) + g(x)]dz =

Z

E

+

+

[f (x) + g (x)]dz

Z

[f (x) + g (x)]dz:

E

The …nal result follows from another application of proposition 2.43.
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For parts 3 and 4 we write
g(x) = f (x) + [g(x)

f (x)];

and apply part 2 and the fact that g(x) f (x) = 0 a.e. or g(x) f (x) 0
a.e., respectively. Part 5 follows from part 6 with E1 = E 0 and E2 = E E 0 ;
while for part 6, since E = i Ei for disjoint sets:
Z
Z
f (x) E (x)dx
f (x)dx =
E
ZE X
=
f (x) Ei (x)dx
E

=

i
Z X
E

+

f (x)

Ei (x)dx

i

Z X
E

f (x)

Ei (x)dx;

i

with the last step from an application of parts 2 and 1. The result now
follows from corollary 2.55.
Finally, part 7 follows from 4 and the observation that f (x) jf (x)j and
f (x) jf (x)j :

2.5.2

Lebesgue’s Dominated Convergence Theorem

This section presents the …nal limit theorem for measurable function
sequences, Lebesgue’s Dominated Convergence theorem named for
Henri Lebesgue (1875 –1941), as well as the associated corollaries. We
suppress the (L) notation.
Proposition 2.61 (Lebesgue’s Dominated Convergence theorem) Let
ffm (x)g be a sequence of Lebesgue measurable functions on a Lebesgue measurable set E 2 MnL ; and f (x) = limm!1 fm (x) except on a set of measure
0. If there is a Lebesgue measurable function g(x); integrable on E; so that
jfm (x)j

g(x) all m;

then f (x) is integrable on E and
Z
Z
f (x)dx = lim
fm (x)dx:
E

Further,

Z

E

jfm (x)

m!1 E

f (x)j dx ! 0; as m ! 1:

(2.53)

(2.54)
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Proof. The limit function f (x) is measurable by corollary 3.48 of book
1, and since jfm (x)j
g(x) implies that jf (x)j
g(x) it follows that
f (x) is Lebesgue integrable. Also, jfm (x) f (x)j
2g(x) obtains that
2g(x) jfm (x) f (x)j is nonnegative for all m and has pointwise limit 2g(x):
Applying Fatou’s lemma and 3.8 of book 1 provides:
Z
Z
2g(x)dx
lim inf [2g(x) jfm (x) f (x)j]dx
E
E
Z
Z
2g(x)dx + lim inf [ jfm (x) f (x)j]dx
=
ZE
ZE
jfm (x) f (x)j dx:
2g(x)dx lim sup
=
Subtracting …nite

Z

E

E

2g(x)dx obtains

E

lim sup

Z

E

jfm (x)

f (x)j dx

which is 2.54 since each integral is nonnegative.
By the triangle inequality 2.52:
Z
Z
[fm (x) f (x)]dx
jfm (x)
E

0;

f (x)j dx;

E

and so 2.54 implies 2.53.
Example
Z 2.62 Generalizing corollary 2.52, note that the de…nition of the
integral
f (x)dx in 2.49 contains the de…nition in 2.38, and thus re‡ects
E

uncountably many simple functions in each of the supremum calculations
implied by the component integrals. Lebesgue’s dominated convergence theorem gives a more practical and useful way to evaluate the Lebesgue integral
of a general measurable function. Speci…cally, if ffm (x)g is any sequence of
Lebesgue measurable functions de…ned on a Lebesgue measurable set E with
jfm (x)j
jg(x)j for all m for integrable g(x); then fm (x) ! f (x) almost
everywhere for x 2 E ensures that f (x) is integrable and
Z
Z
f (x)dx = lim
fm (x)dx:
E

m!1 E

In the case where it is known that f (x) is integrable, if ffm (x)g is a sequence
of simple functions with jfm (x)j jf (x)j for all m; the result again follows.
The simple function approximations of f + (x) and f (x) implied by example
2.53 provide such sequences when f is integrable.
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Corollary 2.63 (Lebesgue’s Dominated Convergence theorem) Let
fhj (x)g be a sequence of Lebesgue measurable
P functions on Lebesgue measurable set E 2 MnL ; and assume that f (x) = 1
j=1 hj (x) converges except on a
set of measure 0. If there is a Lebesgue measurable function g(x); integrable
on E; so that
Xm
hj (x)
g(x) for all m;
j=1

then f (x) is integrable on E and
Z
X1 Z
hj (x)dx:
f (x)dx =
j=1

E

Further,

Z

E

Proof. Let fm (x) =

2.5.3

X1

j=m

Pm

E

hj (x) dx ! 0 as m ! 1:

j=1 hj (x)

in proposition 2.61.

Absolute Riemann Implies Lebesgue on Rn

In this section we generalize proposition 2.31 which showed that a bounded
function
Qn which is Riemann integrable on a compact rectangle
R
j=1 [aj ; bj ] is measurable and Lebesgue integrable, and the values of
the integrals agree. Here we show that at least for functions which are
absolutely Riemann integrable on Rn ; that again the Riemann and
Lebesgue integrals agree.
Proposition 2.64 Let f (x) be a real-valued function de…ned on Rn which is
both Riemann integrable and absolutely Riemann integrable as an improper
integral de…ned in 2.29. Then f (x) is Lebesgue integrable and hence measurable, and:
Z
Z
(L)

f (x)dx = (R)

Rn

Proof. Given m; let R(m)
j that

(m)
aj

!

1 and

(m)
bj

Qn

f (x)dx:

(2.55)

Rn

(m) (m)
j=1 [aj ; bj ]

where we assume that for all

! 1 monotonically as m ! 1: De…ne:

8
>
f (x); x 2 R(m) and jf (x)j m;
>
>
>
>
>
< m; x 2 R(m) and f (x) > m;
fm (x) =
>
>
m; x 2 R(m) and f (x) < m;
>
>
>
>
: 0;
x2
= R(m) :

2.6 SUMMARY OF CONVERGENCE RESULTS
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Then fm (x) is bounded on R(m) and Riemann integrable since jfm (x)j
jf (x)j ; and thus by proposition 2.29 fm (x) is Lebesgue measurable, integrable
on R(m) , and:
Z
Z
(L)
fm (x)dx = (R)
fm (x)dx:
((*))
R(m)

R(m)

This identity also holds for jfm (x)j by the same argument, and by de…nition
of fm (x) as 0 outside R(m) ; these identities hold as integrals over Rn .
+ (x) as the positive part of f (x) and note that ff + (x)g is
De…ne fm
m
m
an increasing sequence of measurable functions that converges to f + (x) and
thus by Lebesgue’s monotone convergence theorem,
Z
Z
+
+
(L)
f (x)dx = lim (L)
fm
(x)dx:
m!1

Rn

Rn

However, because ( ) applies to fm (x) and jfm (x)j it also applies to f + (x) =
(fm (x) + jfm (x)j)=2; and thus since f (x) is absolutely Riemann integrable,
f + (x) is Riemann integrable which derives:
Z
Z
Z
+
(L)
f + (x)dx = lim (R)
fm
(x)dx = (R)
f + (x)dx:
Rn

m!1

Rn

Rn

The same argument applies to f (x) and 2.55 is proved.
Remark 2.65 Note that if f (x) is nonnegative (or nonpositive) and Riemann integrable on Rn ; it is apparently also absolutely integrable and the
above proposition assures that f (x) is also Lebesgue integrable and the integrals agree.

2.6

Summary of Convergence Results

Though requiring a bit of care from step to step, the development of the
existence and properties of the Lebesgue integral largely proceeded
without many surprises. The …nal accomplishment is that the Lebesgue
integral signi…cantly expands the class of functions that can be integrated,
but when a given function can be integrated in the Riemann sense, the
Lebesgue integral almost always gives the same value. The critical
exception to this rule has to do with the de…nitional constraint on a
Lebesgue integral. In order for f (x) to be de…ned as Lebesgue integrable,
it is required that jf (x)j be Lebesgue integrable, while no such restriction
is placed on Riemann integrability.
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This de…nitional restriction assures that if f (x) is Lebesgue integrable
over a given set E, of …nite or in…nite Lebesgue measure, then it is integrable
over any Lebesgue measurable subset Ej E; and further,if E = [Ej as a
disjoint union, then
Z
X Z
f (x)dx =
f (x)dx:
E

j

Ej

One simply does not have this ‡exibility in the Riemann theory as has been
seen in example 2.27 above.
But where the Lebesgue integration theory really
Z shines is in the realm of
limit theorems, which investigate what happens to

E

fm (x)dx when ffm (x)g

is a function sequence that in some manner converges to f (x): In the …rst
chapter of this book was illustrated several limitations in the Riemann theory, with two being fundamental:
1. fm (x) may be Riemann integrable for all m; converge pointwise to
f (x); and yet f (x) need not be Riemann integrable;
2. fm (x) may be Riemann integrable
to f (x) which
Z for all m; converge
Z
is Riemann integrable, and yet
fm (x)dx 9 f (x)dx:
E

E

As we have seen above, the Lebesgue theory is more powerful in both of
these respects, and we accumulate the results developed in this chapter.

2.6.1

The Limit Theorems of Lebesgue Theory

In this section we catalogue the various situations in which it can be
concluded that the pointwise limit function f (x) is integrable,Zand if so,

how the value of this integral relates to the integral sequence

fm (x)dx:

E

Such results are often categorized under the heading of "integration to the
limit." In book 5; as part of a more general development of integration
theory, yet another integration to the limit result will be developed which
re‡ects the notion of uniform integrability of a function sequence. This
notion will be introduced and will play an important role in the probability
theory of book 4:
1. (Bounded Convergence Theorem) Let ffm (x)g be a sequence of
Lebesgue measurable functions de…ned on a Lebesgue measurable set

2.6 SUMMARY OF CONVERGENCE RESULTS

61

E 2 MnL with mn (E) < 1; and which are uniformly bounded, i.e.,
there is an M so that jfm (x)j M for all m and all x 2 E: If fm (x) !
f (x) almost everywhere for x 2 E; then
Z
Z
fm (x)dx:
(2.56)
f (x)dx = lim
E

m!1 E

Remark 2.66 The Bounded Convergence Theorem requires uniformly bounded Lebesgue measurable functions, ffm (x)g; and a measurable set E of …nite measure, but then guarantees the integrability of
the limit function f (x) and the convergence of the sequence of integrals
to this value.
2. (Fatou’s Lemma) If ffm (x)g is a sequence of nonnegative Lebesgue
measurable functions, and f (x)
lim inf m!1 fm (x) almost everywhere on a Lebesgue measurable set E 2 MnL ; then
Z
Z
f (x)dx lim inf fm (x)dx:
(2.57)
E

E

Remark 2.67 Fatou’s Lemma requires nonnegative Lebesgue measurable functions, ffn (x)g; and then for arbitrary measurable E provides an upper bound for the integral of the limit inferior of these
functions in terms of the limit inferior of the integral sequence. But
note that:
(a) Fatou’s lemma does not in general guarantee that f (x) is integrable.
(b) If the limit inferior of the integral sequence is …nite, then f (x) is
integrable and has integral no bigger than this limit.
(c) If the limit inferior of the integral sequence
is 0; then by nonnegZ
ativity of f (x) we can conclude that
f (x)dx = 0:
E

(d) Limit inferiors can be replaced by limits if they exist.

(e) This result applies to the sequence fjfm (x)jg for arbitrary Lebesgue
measurable functions, ffm (x)g.
3. (Lebesgue’s Monotone Convergence theorem) If ffm (x)g is an
increasing sequence of nonnegative Lebesgue measurable functions on
Lebesgue measurable E 2 MnL and f (x) = limm!1 fm (x) almost
everywhere on E, then 2.56 holds.
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Remark 2.68 Lebesgue’s Monotone Convergence theorem again
requires nonnegative Lebesgue measurable functions ffm (x)g which are
monotonically increasing, fm (x)
fm+1 (x) all m; or at least for all
m
N for some N . But then for arbitrary measurable E the upper
bound in Fatou’s lemma can be replaced by an equality. Like Fatou’s
lemma, this result does not guarantee that f (x) is Lebesgue integrable,
but if the sequence of integrals has a limit then the integral of f (x)
exists and equals this limit.
Though restricted to nonnegative functions it again applies to the sequence fjfm (x)jg for arbitrary Lebesgue measurable functions ffm (x)g,
as long as this sequence is increasing.
4. (Lebesgue’s Dominated Convergence theorem) If ffm (x)g is a
sequence of Lebesgue measurable functions on Lebesgue measurable
set E 2 MnL with f (x) = limm!1 fm (x) almost everywhere on E,
and there is a Lebesgue integrable function g(x) on E so that
jfm (x)j

g(x) for all m

or at least for all m N for some N , then f (x) is integrable on E and
2.56 holds. Further,
Z
jfm (x) f (x)j dx ! 0 as m ! 1:
E

Remark 2.69 Lebesgue’s Dominated Convergence theorem applies to general Lebesgue measurable functions ffm (x)g de…ned on an
arbitrary measurable set E; and which are dominated by an integrable
function g(x): The assumption that these functions are dominated by
g(x) assures both that each fm (x) is Lebesgue integrable, but more
importantly assures that if this function sequence converges to f (x) almost everywhere, then f (x) g(x) and integrability of f (x) is assured:
In addition, the value of the integral of f (x) is then given by the limit
of the integral sequence.

2.6.2

The Riemann Integral: A Discussion

Returning to the …rst chapter we now analyze the earlier examples from
the perspective of the Lebesgue theory. This is justi…ed because each of
the examples used functions which are Lebesgue measurable as is readily
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veri…ed, and for which the Riemann and Lebesgue integrals agree when
they both exist. But …rst, recall that there are positive results for limits of
a function sequence in the Riemann theory which ensure that the limit
function f (x) is Riemann integrable, and that 2.56 is satis…ed. The more
general statement is:
If ffm (x)g is a sequence of bounded Riemann integrable functions on
a closed and bounded interval [a; b] and there is a function f (x) so that
fm (x) ! f (x) uniformly, then f (x) is Riemann integrable and 2.56 is
valid on E = [a; b]:
The more limited result assumes that ffm (x)g is a sequence of continuous
functions which of necessity satis…es this general criterion. This positive
result is then true within the Lebesgue theory because bounded Riemann
integrable implies Lebesgue integrable by proposition 2.31, and uniform
convergence assures uniform boundedness, so this result follows from the
bounded convergence theorem.
Turning to the other examples of the …rst chapter.
Example 2.70
1. Pointwise convergence of continuous fn (x) on
a bounded set [a; b] with f (x) integrable.
(a) Integrals converge: The example:
8
>
>
1;
x 0;
>
<
fn (x) = 1 nx; 0 < x n1 ;
>
>
>
: 0;
x > 1;
n

8
< 1; x 0;
f (x) =
: 0; x > 0;

shows continuous fn (x) converging pointwise to a discontinuous
f (x); but where f (x) is integrable over any compact [a; b] and the
series of Riemann integrals converges in the sense of 2.56.
The bounded convergence theorem applies to this example when
interpreted as Lebesgue integrals, as does the dominated convergence theorem with g(x) = f (x):

(b) Integrals do not converge: The sequence:
8
< 2n ; 1=2n x 1=2n
fn (x) =
: 0;
elsewhere;

1;
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converges pointwise but not uniformly on [0; 1] to a continuous
function f (x) 0, and for all n :
Z 1
Z 1
fn (x)dx = 1 6=
f (x)dx:
0

0

Consequently, pointwise convergence of piecewise continuous functions on a compact interval does not assure convergence of integrals.
Of course there cannot be any theorem in the Lebesgue theory
that predicts a result in con‡ict with the above conclusion, but it
is still instructive to investigate the potential applicability of this
theory. We can apply neither bounded convergence nor Lebesgue’s
monotone convergence theorem to this example since we lack boundedness and monotonicity. To investigate why Lebesgue’s dominated convergence theorem does not apply, note that there is
no integrable function X
g(x) that dominates all fn (x): The logical
guess would be g(x) =
fn (x); as this is the best possible upper
bound for all x: But it is easy to see that g(x) is not Lebesgue
integrable:
On the other hand we can apply Fatou’s lemma noting that f (x) =
lim inf n!1 fn (x) = 0 for all x: The Fatou conclusion is then,
Z 1
Z 1
0=
lim inf fn (x)dx lim inf
fn (x)dx = 1;
0

0

consistent with this example’s result of strict inequality.
1. Uniform convergence of continuous fn (x) on an unbounded
set [a; 1) with f (x) integrable.
(a) Integrals converge: De…ning fn (x) on [1; 1) for n
fn (x) = x

(n+1)

1:

=n;

provides a continuous function sequence that converges uniformly
to the continuous function f (x) 0 and:
Z 1
Z 1
fn (x)dx = 1=n2 ! 0 =
f (x)dx:
1

0

Because the set E = [1; 1) has in…nite measure we look to Fatou or one of Lebesgue’s theorems. The monotone convergence
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theorem does not apply because this sequence is decreasing, but
the dominated convergence theorem anticipates this positive result with g(x) = f1 (x):
(b) Integrals do not converge: Here:
fn (x) = x

(n+1)=n

=n:

Again fn (x) is continuous, fn (x) ! f (x)
0 uniformly
on
R1
[1; 1); and the inde…nite integrals are well de…ned with 0 fn (x)dx =
1=2n: However,
Z 1
Z 1
fn (x)dx ! 1 6=
f (x)dx:
1

1

Again there cannot be any theorem in the Lebesgue theory that
predicts a result in con‡ict with the above conclusion, but we
investigate nonetheless. The bounded convergence theorem does
not apply despite the fact that the function sequence is uniformly
bounded since E = [1; 1) does not have …nite measure. But as
a nonnegative measurable function sequence we can again apply
Fatou’s lemma, which as in example 1.b con…rms the possibility
of this example’s result of strict inequality.
Looking to Lebesgue’s theorems, neither applies. First, Lebesgue’s
monotone convergence theorem is inapplicable because this function sequence is not monotonically increasing. For x 2 [1; 1); the
coe¢ cient 1=n diminishes this function but the exponent increases
it. Using calculus applied to the function h(y) = x (y+1)=y =y obtains
that for each x > 1 this function has h0 (y) = 0 when y0 = ln x;
and h"(y0 ) < 0 indicating this is a maximum. Consequently, for
any x; the function sequence ffn (x)g increases until n
ln x;
then decreases to 0.
Finally, we look for an integrable function g(x) that dominates
this function sequence and could justify the application of Lebesgue’s
dominated convergence theorem. To have g(x) fn (x) for all x
and all n; it is clear that for x 2 [1; 1) that we need g(x)
x (n+1)=n =n for all n: Using the above analysis of the function
h(y) = x (y+1)=y =y; x > 1; we …nd that this bounding function
g(x) can be de…ned by g(x) = h(ln x): In other words, for x > 1;
g(x) =

1
x
x ln x

1= ln x

= (ex ln x)

1

:
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Since the Lebesgue and Riemann integrals of g(x) on the intervals
[1 + ; N ] agree and are unbounded, this shows that g(x) is not
Lebesgue integrable on (1; 1); and hence Lebesgue’s dominated
convergence theorem is not applicable as expected.
2. Pointwise convergence of Riemann integrable fn (x) with f (x)
not integrable.
(a) Convergence on a bounded set [a; b]: For any ordering of
the rational numbers in [0; 1], frj g1
j=1 , de…ne:
8
< 1; x = rj ; 1 j n;
fn (x) =
: 1=n;
elsewhere:

Then fn (x) is continuous except at n points and
1=n. However, fn (x) ! f (x) pointwise, where:
8
< 1; x rational,
f (x) =
: 0; x irrational;

R1
0

fn (x)dx =

which is nowhere continuous and hence not Riemann integrable.
Taken as Lebesgue integrals a positive result is achieved since f (x)
is Lebesgue integrable with integral 0, and this result is predicted
by either the bounded convergence theorem or Lebesgue’s dominated convergence theorem. Monotone convergence does not apply
because this function sequence is not monotonically increasing.

(b) Convergence on a unbounded set [a; 1): For any ordering
on the rational numbers in [1; 1), frj g1
j=1 , de…ne:
fn (x) =

8
<

:x

1;
(n+1) ;

x = rj ; 1

j

n;

elsewhere.

Then fn (x) is continuous except at n points and
1=n. However, fn (x) ! f (x) pointwise, where:
8
< 1; x rational, x 1;
f (x) =
: 0; x irrational, x 1;

R1
1

fn (x)dx =
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which is nowhere continuous and hence not Riemann integrable.
Again taken as Lebesgue integrals a positive result is achieved
since f (x) is Lebesgue integrable with integral 0. Because E =
[1; 1) has in…nite measure and this function sequence is not monotonically increasing, we can only attempt to apply Lebesgue’s dominated convergence theorem or Fatou’s lemma. While fn (x) is
not dominated by a Lebesgue integrable function, Fatou’s lemma
applies and states that:
Z 1
Z 1
fn (x)dx
f (x)dx
lim inf
1

1

= lim inff1=ng

= 0:
R1
Since f (x) 0 implies that 1 f (x)dx 0; Fatou’s lemma actually provides the positive result in 2.56 in this example.

Chapter 3

Lebesgue Integration and
Di¤erentiation
In this section we limit the discussion to the 1-dimensional Lebesgue
measure space (R; ML , m); and study the relationships between
di¤erentiation and integration de…ned in a Lebesgue context. As we have
seen in sections 2.3.2 and 2.5.3, the value of a Lebesgue integral of a
function equals the value of that function’s Riemann integral in virtually
any situation in which both are de…ned. Since there is an intimate
connection between integrals and derivatives in the Riemann theory when
n = 1, it is natural to investigate to what extent this connection continues
to exist in the Lebesgue theory. While the goal is to generalize the
well-known fundamental theorems of calculus which relate di¤erentiation
and Riemann integration, not surprisingly this generalization will require
many "almost everywhere" quali…cations. We begin with a review of the
Riemann theory.

3.1

FTCs of the Riemann Theory

Recall the two key results from the Riemann theory which are stated
without proof. Both results go by the name of the Fundamental Theorem
of Calculus, sometimes with the respective quali…ers of Version I and
Version II. Proofs can be found in the Reitano reference among others.
Proposition 3.1 (FTC Version I: Integral of a Derivative) Let f (x)
69
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be a di¤ erentiable function with f 0 (x) continuous on [a; b]: Then
Z b
(R) f 0 (x)dx = f (b) f (a):

(3.1)

a

Proposition 3.2 (FTC Version II: Derivative of an Integral) Let f (x)
be a continuous function on [a; b] and de…ne for arbitrary value F (a) :
Z x
F (x) = F (a) + (R) f (y)dy:
(3.2)
a

Then F (x) is di¤ erentiable on (a; b) and

F 0 (x) = f (x):

(3.3)

If f (x) is also Riemann integrable on ( 1; b] and F (x) de…ned in 3.2 with
a = 1; then 3.3 remains valid.
More generally, if f (x) is bounded and Riemann integrable on [a; b]; and
hence continuous except possibly on a set of measure 0, then F (x) in 3.2
is di¤ erentiable almost everywhere on (a; b); and 3.3 is satis…ed at each
continuity point of f (x):
Thinking ahead to potential Lebesgue counterparts to these results, recall that Lebesgue integration requires only measurability, and while measurable functions are "nearly" continuous by Lusin’s Theorem of proposition
3.51 of book 1, one predicts that the conclusion in 3.3 is more than can be
expected. Indeed, we know that the integrand f (y) can be changed on any
set of measure 0 without changing the value of this Lebesgue integral. So if
F (x) is di¤erentiable it can not be expected that F 0 (x) will reproduce such
an an arbitrarily de…ned f (x) everywhere. But we will see that for Lebesgue
integrable functions f (x); the conclusion of 3.3 that F 0 (x) = f (x) will be
seen to be true almost everywhere. This is parallel to the more general
Riemann result noted above when f (x) is not assumed to be continuous.
It turns out that generalizing 3.1 to a Lebesgue context is the more di¢ cult task. Indeed, it is even di¢ cult to generalize the Riemann result beyond
the stated case of continuously di¤erentiable f (x): Rewriting this statement
by substituting the notationally …xed b by the variable x; proposition 3.1
can be restated as follows.
Proposition 3.3 (FTC Version I: Integral of a Derivative) Every continuously di¤ erentiable function f (x) can be expressed as the Riemann integral of its derivative:
Z x
f (x) = f (a) + (R) f 0 (y)dy:
(3.4)
a
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In seeking a generalization of this result to the Lebesgue context we will
see that the collection of functions ff (x)g which allow such a representation
as Lebesgue integrals of their derivatives is not the class of all di¤erentiable
functions, but a well de…ned subset that needs to be identi…ed. Not surprisingly, this subset will contain all continuously di¤erentiable functions, but
will not be limited to the collection.
Notation 3.4 Note that the notation for version II of the fundamental theorem is di¤ erent from that of version I, and this is deliberate. In version I
we are given f (x) and f 0 (x) and the fundamental theorem relates these by
a Riemann integral as in 3.1 and 3.4. For version II we are given only the
integrand f (x); which is integrated to produce a new function F (x) for which
we have no a priori reason to suspect is related by di¤ erentiation to f (x).
The conclusion is that it is so related, and indeed F 0 (x) = f (x).

3.2

Derivative of a Lebesgue Integral

In this section we address the generalization of version II in 3.3 to a
Lebesgue context. To do so we will …rst investigate when a real-valued
function is di¤erentiable almost everywhere. Later in this section these
results will be applied to functions of the form:
Z x
F (x) = (L) f (y)dy;
a

in pursuit of situations for which F (x) so de…ned is di¤erentiable a.e., and
in addition, that F 0 (x) = f (x) almost everywhere. This will then provide a
Lebesgue version of version I of the fundamental theorem as in 3.3.

3.2.1

Monotonic Functions

The goal of this section is to prove that a monotonic function f (x); de…ned
on an interval [a; b]; is di¤erentiable almost everywhere. In addition, the
resulting derivative f 0 (x) is Lebesgue measurable and thus integrable on
[a; b]: And while not the objective of this section’s investigation, we will get
close to the version I result of 3.1. Speci…cally, f (b) f (a) will be seen to
be an upper bound for the integral of f 0 (x) for monotonically increasing
functions, and a lower bound for monotonically decreasing functions. We
will return to version I in section 3.3 and obtain equality under additional
restrictions on f (x).
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To prove the result that monotonic f (x) is di¤erentiable a.e., we need
a more re…ned set of quantities called derivates de…ned below. But …rst
recall the de…nition of the various one sided limits.
De…nition 3.5 Given f (x); the various one-sided limits are de…ned as follows:
1. Right limit at x:
lim f (y)

y!x+

lim

z!0; z>0

f (x + z):

(3.5)

2. Right limit superior at x:
lim sup f (y)
y!x+

lim [supff (y)jy 2 (x; x + h)g] :

h!0+

(3.6)

3. Right limit inferior at x:
lim inf f (y)
y!x+

lim [infff (y)jy 2 (x; x + h)g] :

h!0+

(3.7)

4. Left limit at x:
lim f (y)

y!x

lim

z!0; z<0

f (x + z):

(3.8)

5. Left limit superior at x:
lim sup f (y)
y!x

lim [supff (y)jy 2 (x

h; x)g] :

(3.9)

lim [infff (y)jy 2 (x

h; x)g] :

(3.10)

h!0+

6. Left limit inferior at x:
lim inf f (y)
y!x

h!0+

Remark 3.6 Note that the use of "limit" in the various lim sup and lim inf
de…nitions is justi…ed because the expressions in square brackets are monotonic
in h: For example, supff (y)jy 2 (x; x + h)g is monotonically decreasing
as h ! 0+ ; while infff (y)jy 2 (x h; x)g is monotonically increasing as
h ! 0+ . Thus given f and x the quantities in 2; 3; 5 and 6 always exist,
though need not be …nite. The quantities in 1 and 4 need not exist, and as
usual they exist if given > 0 there exists etc., etc. Finally, the left limits
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inferior and superior could have been equally well de…ned in terms of left
limits, for example:
lim sup f (y)

lim [supff (y)jy 2 (x + h; x)g] ;

h!0

y!x

but the above convention seems more natural notationally, keeping h > 0:
This convention will be seen again in de…nition 3.8.
Exercise 3.7 Prove that lim f (y) exists if and only if lim sup f (y) =
y!x+

y!x+

lim inf f (y); and similarly for the existence of lim f (y):
y!x+

y!x

De…nition 3.8 Given a real-valued function f (x); the four derivates at
x are de…ned as follows, noting that these values need not be …nite.
1. Right upper derivate:
D+ f (x) = lim sup
h!0+

f (x + h)
h

f (x)

f (x + h)
h

f (x)

(3.11)

2. Right lower derivate:
D+ f (x) = lim inf
h!0+

(3.12)

3. Left upper derivate:
D f (x) = lim sup

f (x)

f (x
h

h)

f (x)

f (x
h

h)

h!0+

(3.13)

4. Left lower derivate:
D f (x) = lim inf
h!0+

(3.14)

Remark 3.9 Recall that the derivative of a function is de…ned by the following limit, when it exists:
f (x + h)
h!0
h

f 0 (x) = lim

f (x)

:

In essence, the 4 derivates split this limit into two groups:
h < 0 provides the left derivates,

(3.15)
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h > 0 provides the right derivates,
and each is then split into the upper and lower derivates de…ned in terms
of the limits superior and inferior of these ratios as h ! 0: As noted above,
all de…nitions have been structured to maintain h > 0:
By de…nition of these limits,
D+ f (x)

D+ f (x); and D f (x)

D f (x);

(3.16)

and f 0 (x) exists if and only if all 4 derivates are equal. In general, however,
there are no other predictable relationships between these four values.
Exercise 3.10 Consider the function:
8
< x; x rational
f (x) =
: x; x irrational.

Show that D+ f (0) = D f (0) = 1; D+ f (0) = D f (0) = 1; and generalize
to a function for which all 4 derivates di¤ er. Evaluate the derivates of this
function for x 6= 0:
We state and prove below that if f (x) is monotonic on an open interval I;
then f 0 (x) exists almost everywhere, is a Lebesgue measurable function, and
thus has a Lebesgue integral over any interval [a; b] I: Further, the value
of this integral is bounded above by f (b) f (a) when f (x) is monotonically
increasing, and bounded below by this value when f (x) is monotonically
decreasing. For the proof of this theorem we require a technical result known
as the Vitali covering lemma, named for Giuseppe Vitali (August 1875
– 1932), although the version cited here is one of many which go by this
name. First a de…nition:
De…nition 3.11 A collection of intervals I fI g is said to cover a set
E in the sense of Vitali if for any x 2 E and > 0 there is an interval
I 2 I so that x 2 I and jIj < where jIj denotes interval length.
Remark
S 3.12 Note that I is indeed a covering of E since by de…nition
E
I : Note also that the subscript connotes that this collection need
not be countable.
The Vitali covering lemma states that given such a covering of E with
m (E) < 1, one can choose …nite disjoint subcollections of I for which
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i
h
SN
m E
j=1 Ij can be made arbitrarily small. Here m denotes Lebesgue
outer measure as de…ned in equation 2.4 of book 1: Equivalently,
subsets
of
i
T hSN
0
E can be identi…ed, and speci…cally de…ned by E
E
j=1 Ij ; with
outer measure arbitrarily close to the outer measure of E: In the proof that
f 0 (x) exists almost everywhere below we will de…ne such E-sets as well as
natural coverings in the sense of Vitali, and instrumental to the proof is
the selection of these …nite disjoint subcovers and the construction of the
associated E 0 -sets.
This proof must use m rather than m because at the outset we do
not know that the E-sets so de…ned are Lebesgue measurable, and thus
cannot use any of the earlier machinery of approximating such E-sets from
within and without by simpler sets as was obtained in proposition 2.42
of book 1. While Lebesgue outer measure allows approximations by open
supersets (corollary 2.30), there is no direct way to convert these results
to analogous results with subsets without the added assumption that the
E-sets are Lebesgue measurable. Thus is the power of this Vitali covering
lemma, that no assumption on E is needed other than this set has …nite
outer measure.
Proposition 3.13 (Vitali’s Covering Lemma) If E is a set with m (E) <
1 and I fI g a collection of intervals which cover E in the sense of Vitali,
then for any > 0 there is a …nite disjoint collection fIj gN
I so that:
j=1
m
or with E 0

E\

SN

j=1 Ij

:
m

h
E

i
I
< ;
j
j=1

SN

E 0 > m [E]

:

Proof. First, assume 3.17 has been proved. Expressing
hS
i[
hS
ic
N
N
E=E\
E\
j=1 Ij
j=1 Ij

(3.17)

(3.18)

e the complement of A; then since m is subadditive by propowhere Ac A
sition 2.29 of book 1 and E \ Ac E A; it follows from 3.17 that:
m [E] < m
which is 3.18.

E0 + ;
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To prove 3.17 assume that the intervals in I are closed since once the
…nite collection is selected the endpoints of the selected intervals will not
change the outer measure conclusion. More formally, replacing intervals in
I by their closures fI g; if fIj gN
j=1 is chosen which satis…es 3.17, then
SN

j=1 Ij

=

SN

j=1 Ij

[ Z;

S
SN
where Z = N
j=1 Ij
j=1 Ij is a …nite collection of endpoints and thus
m (Z) = 0 by proposition 2.29 of book 1. Now
i h
h
i
SN
SN
SN
c
I
\
Z
;
I
\
Z
[
E
I
=
E
E
j=1 j
j=1 j
j=1 j
and the monotonicity of m by proposition 2.28 of book 1 obtains that
i
h
SN
I
\
Z
= 0:
E
m
j=1 j
SN
c
Also, E
j=1 Ij \ Z = E
from proposition 2.29 of book 1,
m

E

SN

j=1 Ij

SN

j=1 Ij

m

and thus by subadditivity of m

E

SN

j=1 Ij

< ;

completing the proof of 3.17 with fIj gN
j=1 :
We now suppress the closure notation and assume that I is a collection
of closed intervals which cover E in the sense of Vitali. Because m (E) < 1
there exists an open set G with E G
S and m (G) < 1 by corollary 2.30 of
I ) < 1; for example by discarding
book 1. Also we can assume that m (
all intervals with jI j > m (E), noting thatSthis retains the Vitali covering
property. Thus it will be assumed that E
I
G:
Let > 0 be given. To choose a disjoint collection of intervals we use
induction, selecting any interval
as I1 and then assuming that I1 ; I2 ; :::; In
Sn
have been chosen. If E
j=1 Ij then the proof of 3.17 is complete. Otherwise recalling that m (I ) = jI j for all intervals by proposition 2.28 of
book 1; let
S
dn supfm (I ) j I \ nj=1 Ij = ;g:
S
Then dn m (G) which is …nite, so choose In+1 so that In+1 \ nj=1 Ij =
; and m (In+1 )
dn =2: This is possible since there is at least one such
interval by de…nition of supremum.
SN Proceeding in this way either the process
eventually stops because E
j=1 Ij for some N and thereby completing
the proof, or a countable collection of disjoint intervals fIj g1
j=1 is chosen.
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S
G and m (G) < 1, the monotonicity of m assures that
Since 1
j=1 Ij
S1
m
j=1 Ij < 1; while the assumption that these intervals are closed and
disjoint obtains by the de…nition of m that:
S1
P1
m
j=1 Ij =
j=1 m (Ij ) :
P1
As a convergent series choose N so that
j=N +1 m (Ij ) < =5 and
de…ne
SN
R=E
j=1 Ij :

The proof will be complete by showing that m (R) < ; and to this end let
x 2 R: Since I covers E in the sense of Vitali there exists I 2SI with x 2
I and m (I) < for any ; so choose small enough that I \ N
j=1 Ij = ;:
This is possible because the Ij -union is a closed set. Now by construction
dn
2mS(In+1 ) ! 0, and so choosing any n with dn < m (I) it must be
that I \ nj=1 Ij 6= ; or else I would have been included
S in the supremum
calculation: Thus by selection of I; n > N and I \ nj=N +1 Ij 6= ; ; so
choose
smallest m with N + 1 m n and I \ Im 6= ;: Because now
S the
1
I
= ;; the interval I was included in the supremum calculation for
I\ m
j
j=1
dm 1 ; and thus m (I) dm 1 2m (Im ) : So if ym denotes the midpoint
of Im :
jx ym j m (I) + 0:5m (Im ) 2:5m (Im ) :
This implies I
Jm where the interval Jm has the same centerpoint as Im
but …ve time the interval length. Thus m (Jm ) = 5m (Im ) :
Summarizing, for any x 2 R there are such intervals I and Jm with
x 2 I Jm ; and thus:
S
R
m N +1 Jm ;

where this union is over all such m N + 1 produced as above. As m is
subadditive by proposition 2.29 of book 1;
P
P
m (R)
5 1
j=N +1 m (Ij ) < :
m N +1 m (Jm )

Remark 3.14 In the second paragraph of the above proof was derived that
SN
SN
m E
m E
j=1 Ij
j=1 Ij ;
SN
but in fact these outer measures are equal. This is because E
j=1 Ij
SN
E
j=1 Ij and so by monotonicity of m by proposition 2.28 of book 1:
SN
SN
m E
m E
j=1 Ij
j=1 Ij :
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With the machinery of the Vitali covering lemma in hand, the proof that
monotonic functions are di¤erentiable almost everywhere is now possible,
even if a bit lengthy.
Proposition 3.15 Let f (x) be a real-valued monotonic function de…ned on
an open interval I: Then f 0 (x) exists almost everywhere.
Proof. It su¢ ces to prove the result for f (x) monotonically increasing
since then if f (x) is monotonically decreasing, f (x) is increasing and thus
f 0 (x) exists almost everywhere. The existence of f 0 (x) a.e. for monotonically increasing f (x) is proved by showing:
m fx 2 IjD+ f (x) > D f (x)g = m fx 2 IjD f (x) > D+ f (x)g = 0:
This implies that these sets are Lebesgue measurable with measure zero by
propositions 2.35 and 2.39 of book 1: The use of outer measure is required
here because it cannot be assumed a priori that these sets are Lebesgue measurable. Once proved this outer measure result then implies that:
D f (x)

D+ f (x) a.e., and D+ f (x)

D f (x) a.e.;

and this along with 3.16 above combine to prove that all 4 derivates are equal
a.e.
We prove that m fxjD+ f (x) > D f (x)g = 0 and leave the other demonstration as an exercise. To do this we show that if p and q are any rationals,
p > q; that m (Ep;q ) = 0 where
Ep;q

fx 2 IjD+ f (x) > p > q > D f (x)g:
(n)

And for this latter demonstration it is enough to focus on Ep;q de…ned for
all n 2 Z by:
(n)
Ep;q
Ep;q \ [n; n + 1];
(n)

proving that m (Ep;q ) = 0. Then because fx 2 IjD+ f (x) > D f (x)g is
(n)
a countable union of such Ep;q -sets over all p; q; n; the result follows by
the countable subadditivity of m : To simplify notation, we suppress the (n)
designation for the remainder of the proof.
Let > 0 be given, then because m (Ep;q ) 1 by monotonicity of m it
follows by corollary 2.30 of book 1 that there is an open set G with Ep;q G
and m [G]
m [Ep;q ] + : If x 2 Ep;q then by de…nition of D f (x) < q
there is a sequence hi (x) ! 0+ so that
f (x)

f (x

hi (x)) < qhi (x):
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Letting Ii (x)

[x

hi (x); x] and
I

fIi (x) j x 2 Ep;q and Ii (x)

Gg;

then I is a covering of Ep;q in the sense of Vitali and proposition 3.13
applies. Choose disjoint fIj gN
I so that with Ijo
xj hij (xj ); xj
j=1
S
N
0
o
0
and Ep;q Ep;q \ j=1 Ij we have m Ep;q > m [Ep;q ]
by 3.18 and the
discussion in remark 3.14. Then since Ij
xj hij (xj ); xj are disjoint
P
S
G; this proves N
and N
j=1 hij (x) < m [G] and:
j=1 Ij
PN

j=1 [f (xj )

PN

j=1 hij (x)

hik (x)] < q

f (xj

< q [m [Ep;q ] + ] :

0 then by de…nition of D + f (y) > p there is a sequence k (y) !
If y 2 Ep;q
i
so that
f (y + ki (y)) f (y) > pki (y):
SN o
Since y 2 j=1 Ij by de…nition it follows that for ki (y) small enough that
Ji (y) [y; y + ki (y)] Ij for some j. De…ne:

0+

I0

0
fJi (y) j y 2 Ep;q
and Ji (y)

Ij for some jg;

0 in the sense of Vitali and proposition 3.13 again
then I 0 is a covering of Ep;q
S
0 \ M J ; we
00
Ep;q
applies. Choose disjoint fJj gM
I 0 so that with Ep;q
j=1
j=1 j
0
have by 3.18 and the above bound for m Ep;q :

m

00
Ep;q
>m

0
Ep;q

> m [Ep;q ]

2 :
SM

00
Also, since Jj
yj kij (yj ); yj are disjoint and Ep;q
PM
00
and thus by the above bound:
that j=1 kij (x) > m Ep;q

PM

j=1

f (yj + kij (yj ))

f (yj ) > p

PM

j=1 Jj

it follows

j=1 kij (x)

> p [m [Ep;q ]

2 ]:

Now f (x) is increasing by assumption, and thus since each Jj
Ii for
some i;
PM
PN
f (yj )
f (xj hik (x)] ;
j=1 f (yj + kij (yj ))
j=1 [f (xj )
and combining with the above estimates yields:
p [m [Ep;q ]

2 ] < q [m [Ep;q ] + ] :

But q < p, so this inequality can only hold for all

> 0 if m [Ep;q ] = 0:
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With the aid of this important result on the di¤erentiability of monotonic
functions, we can now demonstrate that for such functions there is a predictable relationship between the Lebesgue integral of f 0 (x) and f (b) f (a)
as noted above. While this is not quite version I of the fundamental theorem
as in 3.1, it is an indication that these quantities are related when integration is de…ned in a Lebesgue context. More importantly presently, the next
proposition will play an important role in the development of the version II
results of this section.
Proposition 3.16 Let f (x) be a real-valued monotonic function de…ned on
an interval [a; b]: Then f 0 (x) is Lebesgue measurable, and
Z b
(L) f 0 (x)dx

f (b)

f (a);

(3.19)

f (a);

(3.20)

a

if f (x) is monotonically increasing, and,
Z b
(L) f 0 (x)dx

f (b)

a

if f (x) is monotonically decreasing.
Proof.
1. Measurability of f 0 (x) : Adding the endpoints a; b to the exceptional
set, proposition 3.15 obtains that for almost all x 2 [a; b]; f 0 (x) exists
and is given by 3.15. For notational ease let E
[a; b] denote the
set where f 0 (x) exists. For each positive integer n de…ne the function
gn (x) on [a; b] by:
gn (x) = n[f (x + 1=n)

f (x)];

where f (x + 1=n)
f (b) if x + 1=n > b: Since f (x) is monotonic
and thus measurable, gn (x) is measurable for all n. By proposition
3.16 of book 1 and the completeness of Lebesgue measure so too is
gn (x) measurable, here de…ned to equal gn (x) on E and 0 otherwise.
By proposition 3.15, gn (x) ! f00 (x) for all x where f00 (x) is de…ned
to equal f 0 (x) on E and 0 otherwise, and by proposition 3.47 of book
1 f00 (x) is measurable. Finally since f 0 (x) = f00 (x) a.e. it follows
again by completeness and proposition 3.16 of book 1 that f 0 (x) is
measurable.

3.2 DERIVATIVE OF A LEBESGUE INTEGRAL

81

2. Proof of 3.19: We provide the proof of the integral bound assuming
f (x) is monotonically increasing because the inequality in 3.20 then
follows from 3.19 applied to f (x): Since f (x) is increasing, gn (x) 0
when de…ned as above and so by Fatou’s lemma and suppressing the
(L) notation:
Z b
Z b
0
gn (x)dx:
f (x)dx lim inf
a

a

Although all integrals here are de…ned as Lebesgue integrals, the fact
that f (x) is increasing and di¤ erentiable almost everywhere means
that f (x) is bounded and continuous almost everywhere, and thus all
integrals can be manipulated as Riemann integrals. Recalling that
f (x) f (b) if x > b :
Z

Z

b

gn (x)dx =

a

b

n[f (x + 1=n)

f (x)]dx

a

= n

Z

b+1=n

f (x)dx

n

a+1=n

= n

Z

b

f (x)dx

a

b+1=n

f (x)dx

b

= f (b)

Z

n

Z

n

Z

a+1=n

f (x)dx

a

a+1=n

f (x)dx:

a

Since f (x) is an increasing function it can be bounded by step functions
to obtain:
f (a + 1=n)

n

Z

a+1=n

f (x)dx

f (a);

a

and so
lim inf
n

"

n

Z

a+1=n

f (x)dx

a

#

f (a):

Combining the pieces into Fatou’s lemma above:
(L)

Z

a

b

f 0 (x)dx

f (b)

f (a):
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Remark 3.17 Note that for a monotonic function it must be the case that
for any x for which f 0 (x) exists, that f 0 (x) 0 for monotonically increasing functions and f 0 (x)
0 for monotonically decreasing functions. This
follows from the assumed existence of the limit in 3.15. For example in the
increasing case f (x + h) f (x) for h > 0; and f (x + h) f (x) for h < 0;
so the di¤ erence quotient satis…es
[f (x + h)

f (x)] =h

0 for all h:

The same argument applies in the monotonically decreasing case.
Proposition 3.15 provides an important corollary result that integrals of
Lebesgue integrable functions with variable upper limits of integration are
di¤erentiable almost everywhere. This conclusion supports the hope that
version II of the fundamental theorem in 3.3 will be satis…ed once we …gure
out how to value such a derivative.
Proposition 3.18 If f (x) is a Lebesgue integrable function on [a; b], then
F (x) = (L)

Z

x

f (y)dy

a

is di¤ erentiable a.e. for x 2 [a; b]:
Proof. Since f (x) is Lebesgue integrable, by 2.49:
Z

x

f (y)dy =

a

Z

x

+

f (y)dy

a

Z

x

f (y)dy

F + (x)

F (x);

a

with f + (x) and f (x) nonnegative. For any interval [x; x + h]
application of proposition 2.60 obtains:
F (x + h)

F (x) =

Z

x+h

+

f (y)dy

x

= F + (x + h)

Z

[a; b] an

x+h

f (y)dy

x

F + (x)

F (x + h)

F (x) :

Since f + (x) 0 and f (x) 0; each integral is nonnegative for all x; h and
consequently F + (x + h)
F + (x) and F (x + h)
F (x) for all x; h:
+
Thus both F (x) and F (x) are monotonically increasing and di¤ erentiable
almost everywhere by proposition 3.15, and then so too is F (x) = F + (x)
F (x):
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Remark 3.19
1. We have proved that the property of monotonicity is
powerful enough to ensure that such a function is di¤ erentiable except
on a set of measure zero. Of course this implies that such functions
are also continuous almost everywhere:
lim [f (x + h)

h!0

f (x)] = lim

h!0

f (x + h)
h

f (x)

h = 0 a.e.;

because the bracketed term converges to the …nite limit f 0 (x) a.e.
That said, sets of measure zero can be anything but simple to characterize outside of the de…nitional requirement that they can be covered
by a collection of intervals of arbitrarily small total measure. Indeed,
in addition to singleton sets fxg; and …nite collections of singletons,
fxi gni=1 ; sets of measure zero can also be countably in…nite like the integers Z; but also countably in…nite and dense like the rationals Q and
even uncountable (see below).
Example 3.20 Let frn g1
n=1 be an arbitrary enumeration of the rationals in [0; 1] and de…ne the monotonically increasing function:

f (x) =

8
>
>
>
<X
>
>
>
:

0;
rn x

1;

x < 0;
1=2n ; 0

x

1;

(3.21)

x > 1:

In other words, for any x 2 [0; 1] we include in the summation every
term 1=2n for which there is a rational rn x: Apparently, this function is discontinuous at every rational x = rn ; at which point it has a
"jump" discontinuity. It is an exercise to show that f (x) discontinuous
from the left at every rational, but is continuous from the right.
This function is also continuous at every irrational x: This follows
from the observation that while any interval [x h; x + h] contains
in…nitely many rationals, any such interval has a "largest contributing"
rational, by which is meant, the rational rn with the smallest value of
n and hence the largest value of 1=2n : This largest contributor can also
be decreased by decreasing h: Given > 0; then because there are only
…nitely many rationals with associated contribution 1=2n
; choose
h so that the largest contributing rational in [x h; x + h] is 1=2N < .
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Then for y 2 [x

h; x + h];
jf (y)

f (x)j

X

x h rn <x+h
X1
n
n=N

1=2n

1=2 = 2 :

It is worth a moment of thought to understand why this demonstration
fails when x is rational.
The above proposition now asserts that this function is in fact di¤ erentiable except on a set of measure zero. To be sure, this exceptional
set must contain the rationals since di¤ erentiability implies continuity
and thus discontinuity implies nondi¤ erentiability. But it seems quite
di¢ cult to show directly that this function is di¤ erentiable anywhere,
since unlike the continuity analysis, di¤ erentiability requires not just
that jf (x + h) f (x)j is small when h is small, but that it is small
enough relative to h so that [f (x + h) f (x)] =h converges as h ! 0:
Even more generally a set of measure 0 need not be countable, an example being the Cantor set discussed below. This set was named for
Georg Cantor (1845 - 1918) who …rst recognized that there were in…nite sets of di¤ erent orders of magnitude. In his work, two sets are
deemed to have the same order of magnitude, or more formally the
same cardinality, if their elements can be put into a one-to-one correspondence or "paired" without missing elements or double counting
any elements. By this de…nition an uncountable set is one that cannot
be "paired" with the integers. Cantor discovered that while the rationals can be so paired, the reals could not and are hence "uncountable."
More surprising perhaps than the existence of an uncountable set is
Cantor’s discovery that an uncountable set can have measure 0!
2. The above results are initially surprising because of the inequalities in
3.19 and 3.20. Calculus reinforces the expectations that integrating
a derivative provides the function’s "displacement," f (b) f (a): In
physics, if f (t) denotes an object’s position at time t and we integrate
the object’s velocity, v(t)
f 0 (t) which is assumed to be continuous
over the given period, we obtain the distance the object has moved.
Further, this result does not require f (t) to be monotonic, and the
object can move left (say, f (t) decreasing) or right (say, f (t) increasing). This integration result works because over a short time period
f
v(t0 ) t where v(t0 ) is the velocity at the beginning of the time
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interval. By continuity, t can be chosen small enough so that with
any given degree of accuracy v(t) can be approximated over the interval
by v(t0 ): The summation of these f -terms is then a Riemann sum
which converges to the integral.
These expectations from calculus are fundamentally changed when we
move from the Riemann world of "continuously di¤ erentiable" to the
Lebesgue world of "di¤ erentiable almost everywhere."
Example 3.21 (a) On [0; 2] let f (x) = x on [0; 1) and x + 1 on
[1; 2]: Then f 0 (x) = 1 a.e., and de…ned as a Riemann or Lebesgue
integral:
Z 2
f 0 (x)dx = 2 < f (2) f (0) = 3:
0

Of course, changing the sign of f (x) produces a decreasing function and example for 3.20.

(b) On [0; n] de…ne F (x) = aj on [j; j + 1) for j = 0; 1; 2:::; n 1 and
F (n) = an : Then independent of the choice of faj gnj=0 it follows
Z n
0
that F (x) = 0 a.e. and so
F 0 (x)dx = 0 whether de…ned as a
0

Riemann or Lebesgue integral: Choosing faj g to be an increasing
sequence provides an example of strict inequality in 3.19, while
a decreasing sequence exempli…es 3.20. The increasing example
with aj = j=n is of course a discrete probability distribution for
which discrete probabilities are assigned to the integers fjgnj=1
de…ned by Pr[j] = 1=n: Then F (x) is the distribution function
of a rectangular probability measure introduced in book 2, here
de…ned on R by
X
F (x) =
Pr[j]:
j x

These last two examples are somewhat transparent because in both
cases the failure of 3.19 and 3.20 to be valid with equality is due to
jump discontinuities in the function. So it is natural to speculate that
except for this problem, perhaps version 1 of the fundamental theorem
of calculus would be true after all. But sadly, this is not the case.
There are even more surprising examples ahead in the next section
where it will be shown that there exist
Z continuous, increasing functions
for which f 0 (x) = 0 a.e. and thus

f 0 (x)dx = 0; but these increasing

E

functions will be seen to be continuous everywhere.
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The examples in the above remark also illustrate that for general funcZ b
tions which need not be monotonic, the value of
f 0 (x)dx can be entirely
a

unpredictable vis-a-vis the value of f (b) f (a): So if we are to have any
hope of recovering a version I fundamental theorem for Lebesgue integrals
that looks like 3.1, additional restrictions will be needed beyond the existence of f 0 (x) a.e. This will be pursued below in section 3.3. For the rest
of this section we continue the development of version II of the fundamental
theorem.

3.2.2

Functions Di¤erentiable a.e.

The prior section demonstrated that every monotonic real-valued function
n
is di¤erentiable a.e., and this naturally implies that if ff
j=1 is any
Pj (x)g
n
…nite collection of such functions on [a; b]; then f (x)
f
j=1 j (x) is
0
di¤erentiable a.e. This follows because f (x) exists outside the union of the
individual function’s exceptional sets, and this union then has measure 0.
In this general setting, however, we must abandon the proposition 3.16
Z b
results on the value of
f 0 (x)dx because in general such a sum will not
a

be monotonic and hence bounds for this integral’s value cannot be
predetermined from above results relative to the value of f (b) f (a):

But a moment’s thought reveals that this summation of monotonic functions can be characterized into 3 cases:
1. f (x) is increasing, which happens at least in cases when all fj (x) are
increasing;
2. f (x) is decreasing, which happens at least in cases when all fj (x) are
decreasing (and hence all fj (x) are increasing);
3.a. f (x) = I(x) + D(x); with I(x) increasing and D(x) decreasing, or
equivalently,
3.b. f (x) = I1 (x) I2 (x); with I1 (x) = I(x) and I2 (x) =

D(x) increasing.

Of course, case 3.b. can also be expressed as a di¤erence of decreasing
functions, f (x) = ( I2 (x)) ( I1 (x)); but the convention is to view this
case as a di¤erence of monotonically increasing functions. Also, case 3.b. is
the only conclusion actually needed for such sums of monotonic functions
since case 1 corresponds to I2 (x) = 0 and case 2 corresponds to I1 (x) = 0:
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Summary 3.22 Any …nite summation of monotonic functions produces a
function f (x) which is di¤ erentiable a.e. and which can be expressed as
f (x) = I1 (x) I2 (x); a di¤ erence of increasing functions.
In proposition 3.18 was proved the almost everywhere di¤erentiability of
functions F (x) of the form:
Z x
F (x) = (L) f (y)dy;
a

where f (x) is assumed Lebesgue integrable. And indeed we proved that
this function was di¤erentiable precisely because it could be expressed as
a di¤erence of monotonically increasing functions. So we will next study
functions of the form I2 (x) I2 (x) and attempt to characterize when a
given function can be expressed in this way since then any such function
will be di¤erentiable almost everywhere.
Quite remarkably, functions f (x) which can be represented as f (x) =
I1 (x) I2 (x) can be characterized by a property that will at …rst seem to
have nothing to do with the question at hand. In de…ning this property we
use the notational convention that given any expression X :
[X]+

max[X; 0];

[X]

max[ X; 0]:

(3.22)

De…nition 3.23 Given a real-valued function f (x) on an interval [a; b]; and
a partition = fx0 ; x1 ; :::; xn g of the interval with
a = x0 < x1 ::: < xn = b;
let:

Xn

v+

Xi=1
n

v

i=1

t
=
Then de…ne:

[f (xi )

f (xi

+
1 )] ;

[f (xi )

f (xi

1 )]

f (xi

1 )j :

v+ + v
Xn
i=1

jf (xi )

;

Positive Variation:

P = sup v + ;

Negative Variation:

N = sup v ;

Total Variation:

T = sup t;

where sup denotes the supremum over all such partitions.
We say that f (x) is of bounded variation, and abbreviated f 2 B:V:;
if T < 1:
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Notation 3.24 It is common to add various quali…ers to the above notation
when it is necessary to either identify the interval used, for example Tab ; or
the function, T (f ); or both, Tab (f ): Similarly, the notation f (x) 2 B:V:[a; b]
is common.
Example 3.25 It is easy to see that B:V:[a; b] contains all real-valued monotonic
functions. For example, if monotonically increasing, then v = 0 for every
partition, and since [f (xi ) f (xi 1 )]+ = f (xi ) f (xi 1 ) for such functions
it follows that v + = f (b) f (a) for any partition, and hence T = P =
f (b) f (a): It is shown below as corollary 3.29 that B:V:[a; b] is also a vector space over R, meaning that if f; g 2 B:V:[a; b] then so too are f + g and
cf for c 2 R:
The next result provides some tools in working with these variations
when T < 1.
Proposition 3.26 If f (x) is of bounded variation on [a; b]; then
P

N = f (b)

f (a);

(3.23)

P + N = T:
Proof. For any given partition
[f (xi )

f (xi

+
1 )]

(3.24)

;

[f (xi )

f (xi

1 )]

= f (xi )

f (xi

1 );

which obtains by summation that
v + = v + f (b)
Taking supremums on v

f (a):

then v + provides,
v+

N + f (b)

f (a);

P

N + f (b)

f (a):

Reversing roles of P and N we get N P + f (a) f (b): Since both P and
N are bounded by T and T < 1; subtraction is justi…ed producing:
f (b)

f (a)

P

N

f (b)

f (a);

which is 3.23.
For 3.24 …rst note that T P + N since any partition allowed in the T
calculation can be used for both P and N; but di¤ erent partitions can also
be used for the latter calculations. From the de…nition and 3.23:
T

v + + v = [v + f (b)

and taking supremums in v

f (a)] + v = 2v + P

provides T

N;

P + N and the result follows.
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Quite surprisingly as noted above, the following proposition states that
the class B:V: is identically the class of functions that can be expressed as
f (x) = I1 (x) I2 (x); and hence B:V: functions are di¤erentiable almost
everywhere.
Proposition 3.27 A function f (x) de…ned on [a; b] is of bounded variation
if and only if f (x) = I1 (x) I2 (x) for monotonically increasing real valued
functions I1 (x) and I2 (x):
Proof. If f (x) 2 B:V:[a; b] then f (x) 2 B:V:[a; x] for any x 2 [a; b] and so
by 3.23 applied to the interval [a; x] :
f (x) = f (a) + Pax

Nax :

The result then follows since both I1 (x)
f (a) + Pax and I2 (x)
Nax are
monotonically increasing by de…nition, and real-valued since bounded above
by f (a) + Tab and Tab ; respectively, and bounded below by f (a) and 0, respectively.
Conversely, if f (x) = I1 (x) I2 (x); then for any partition,
Xn
Xn
t =
[I1 (xi ) I1 (xi 1 )] +
[I2 (xi ) I2 (xi 1 )]
i=1

= I1 (b)

Thus T = I1 (b)

i=1

I1 (a) + I2 (b)

I1 (a) + I2 (b)

I2 (a):

I2 (a) and f (x) 2 B:V:[a; b]:

Remark 3.28 The decomposition of a function of bounded variation into
a di¤ erence of increasing functions is not unique because we can add any
given increasing function to the component functions to achieve a new decomposition. However, there are two "special" decompositions:
f (x) = f (a) + Pax

Nax ;

(3.25)

f (x) = f (a) + Tax

2Nax :

(3.26)

The …rst is given in the proof of proposition 3.27, and re‡ects the positive
and negative variation, while the second re‡ects the total variation, given as
in 3.24 as Tax = Pax + Nax :
Corollary
R; then
Pn 3.29 If fj (x) 2 B:V:[a; b] for j = 1; :::; n and faj g
f (x)
a
f
(x)
2
B:V:[a;
b]:
Thus
B:V:[a;
b]
is
a
vector
space
over R
i=1 j j
generated by monotonically increasing functions.
Proof. Using the triangle inequality and obvious notation, for any partition:
Xn
Xn
t
jaj j tj
jaj j Tj ;
i=1

i=1
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and so B:V:[a; b] is closed under …nite linear combinations and hence is a
vector space. That this vector space is generated by monotonically increasing
functions follows from the characterization of proposition 3.27.
Corollary 3.30 If f (x) 2 B:V:[a; b] then f 0 (x) exists almost everywhere.
Proof. Immediate from the representation that f (x) = I1 (x) I2 (x) and
proposition 3.15.
Remark 3.31 While f (x) 2 B:V:[a; b] is su¢ cient to ensure that f 0 (x)
exists almost everywhere, it is by no means necessary. An example on [0; ]
is:
f (x) = sin(1=x);
which is di¤ erentiable almost everywhere, indeed everywhere except at x = 0;
but is not of bounded variation on this interval.
Exercise 3.32 Prove that f (x) in remark 3.31 is not of bounded variation
on any interval [0; b]; but is of bounded variation on every interval [a; b] with
a > 0:

3.2.3

Derivative of an Integral

In this section we achieve the desired result regarding the generalization of
version II of the fundamental theorem in 3.2 to a Lebesgue context. The
…rst step is to show that for Lebesgue integrable functions f (x); the
associated integrals with variable upper limits are continuous and of
bounded variation. We already know from proposition 3.18 that such
integrals are di¤erentiable almost everywhere, and thus continuous almost
everywhere. We will then seek to prove that F 0 (x) = f (x) a.e.
Proposition 3.33 Let f (x) be Lebesgue integrable on [a; b]: Then the Lebesgue
integral,
Z
x

F (x) = (L)

f (y)dy;

(3.27)

a

is a continuous function of bounded variation with
Z b
b
Ta (L)
jf (y)j dy:

(3.28)

a

Proof. Since f (x) is Lebesgue integrable, then suppressing the (L) notation:
Z x
Z x
Z x
+
f (y)dy =
f (y)dy
f (y)dy;
((*))
a

a

a
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with f + (x) and f (x) nonnegative. Thus as in the proof of proposition 3.18,
F (x) is a di¤ erence of increasing functions and is of bounded variation by
proposition 3.27. Further, for any partition of [a; b] the triangle inequality
of proposition 2.60 provides:
Xn
jF (xi ) F (xi 1 )j
t =
i=1
X n Z xi
=
f (y)dy
i=1

Xn Z
i=1

=

Z

xi
xi

1

xi

1

jf (y)j dy

b

a

Taking supremums obtains T

jf (y)j dy:
Z

a

b

jf (y)j dy:

To prove continuity, by ( ) it is enough to prove the result for nonnegative
f (x). If [x; x + h] [a; b]; then by nonnegativity of f (x):
jF (x + h)

F (x)j =

Z

x+h

f (y)dy:

x

If f (x)
M , then by proposition 2.33 jF (x + h) F (x)j
M h and so
continuity follows. Otherwise, de…ne fn (x)
min[n; f (x)] and note that
for each x; ffn (x)g is monotonically increasing and fn (x) ! f (x). By
Lebesgue’s monotone convergence theorem:
Z b
Z b
Z b
fn (y)dy !
f (y)dy; and,
[f (y) fn (y)]dy ! 0:
a

So for any

a

a

> 0 there is an N such that for n N;
Z b
[f (y) fn (y)]dy < :
a

Finally,
Z x+h
x

f (y)dy =

Z

x

x+h

fN (y)dy +

Z

so choosing h < =N yields jF (x + h)
follows.

x+h

[f (y)

fN (y)]dy < N h + ;

x

F (x)j < 2 and continuity of F (x)
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Before turning to the main result of this section we need a technical
result. Recall
Z from proposition 2.60 that if measurable f (x) satis…es f (x) =
0 a.e. then

f (x)dx = 0 for any measurable set E: Our goal is to investigate
Z
the opposite conclusion: when does f (x)dx = 0 for some collection of sets
E

E

E imply f (x) = 0 a.e.? A single set E is clearly inadequate as f (x) = x
on
[ 1; 1] demonstrates. Similarly one can provide examples where
Z E
f (x)dx = 0 for a …nite collection of disjoint sets E and still the result

E

fails, considering for example the same function and the decomposition of
[ 1; 1] de…ned Ej = [(j 1) =n; j=n] [ [ j=n; (j 1) =n].
The following provides a su¢ cient condition for the desired conclusion.

Proposition 3.34 If f (x) is Lebesgue integrable on [a; b] and F (x) = 0 for
all x 2 [a; b]; where F (x) is de…ned in 3.27, then f (x) = 0 a.e.
Proof. Assume there is a set E of positive Lebesgue measure on which
f (x) > 0: The same argument applies if f (x) < 0 on E: Then by proposition
2.42 of book 1 there is a closed set F E [a; b] with positive measure, and
denoting I [a; b];
Z
Z
Z
0 = f (y)dy = f (y)dy +
f (y)dy:
I

F

I F

Now since Fe R F is open, it equals a union of disjoint open intervals,
R F = [k Jk ; andZ hence I F = [k Ik , a union of disjoint intervals, where
Ik I \ Jk : Now
f (y)dy > 0 by the assumption that f (x) > 0 on F , and
F

since fIk g are disjoint:
Z

f (y)dy =

I F

X Z
k

f (y)dy < 0:

Ik

Thus there is at least one interval Ik on which

Z

f (y)dy < 0: Let this

Ik

interval be Ik = hak ; bk i ; denoting that this interval can be open, closed or
semi-closed. Then since
Z ak
Z bk
f (y)dy =
f (y)dy = 0
((*))
a

by assumption, and
Z

a

bk

f (y)dy =

a

Z

a

ak

f (y)dy +

Z

Ik

f (y)dy;
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f (y)dy = 0, a contradiction. Hence, f (x) = 0 a.e.

Ik

Remark 3.35 Note that in contrast to many results in the Lebesgue theory
that the above proposition required that F (x) = 0 for all x 2 [a; b] and not
F (x) = 0 for almost all x 2 [a; b]: This was used in the second last sentence
to conclude that ( ) was valid no matter which Ik = hak ; bk i had the given
property. This result can be generalized to assume F (x) = 0 for a dense
set of x 2 [a; b]: Then by continuity
of this integral in its limits of integration
Z

it would also be the case that

Jk

F (ak + ) = F (bk

f (y)dy < 0 where Jk = hak + ; bk

i and

) = 0:

We …nally arrive at the goal of this section, to show that version II of
the fundamental theorem in proposition 3.3 is true a.e. for any Lebesgue
integrable function f (x) on [a; b]: As it is a long proof we …rst develop this
result for bounded measurable functions, then generalize.
Proposition 3.36 Let f (x) be a bounded Lebesgue measurable function de…ned on [a; b]; and de…ne for arbitrary F (a) :
Z x
F (x) = F (a) + (L) f (y)dy:
(3.29)
a

Then F 0 (x) exists almost everywhere on [a; b], and F 0 (x) = f (x) a.e.
Proof. The existence of F 0 (x) a.e. follows from corollary 3.30 because
F (x) 2 B:V:[a; b] by proposition 3.33: De…ne, again dropping the (L) notation:
Fn (x) = n [F (x + 1=n) F (x)]
Z x+1=n
= n
f (y)dy:
x

As f (x) is bounded, say jf (x)j
M; it follows that jFn (x)j
M and so
fFn (x)g are uniformly bounded on [a; b] and Fn (x) ! F 0 (x) everywhere
F 0 (x) exists, which is almost everywhere. To show that F 0 (x) = f (x) a.e.,
we prove that for all x 2 [a; b] that
Z x
Z x
f (y)dy =
F 0 (y)dy;
a

and apply proposition 3.34 to f (x)

a

F 0 (x):
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Because F (x) is continuous by proposition 3.33,

Z

x

F (y)dy exists for

a

all x, equals the associated Riemann integral, and thus we use change of
variables in this Riemann integral below: For any x, the bounded convergence
theorem obtains:
Z x
Z x
0
Fn (y)dy
F (y)dy = lim
n!1 a
a
Z x
Z x
= lim n F (y + 1=n)dy n F (y)dy
n!1
a
" Za
#
Z
x+1=n

= lim

n

n!1

a+1=n

F (y)dy

n

x

F (y)dy

a

= F (x) F (a)
Z x
f (y)dy:
a

The second to last step of this derivation used that F (x) is continuous.
Speci…cally, since F (x) achieves a maximum, Mn ; and a minimum, mn ;
on each interval of integration obtains for example:
Z a+1=n
mn n
F (y)dy Mn :
a

Since mn ! F (a) and Mn ! F (a) by continuity, the above result follows as
does the result for the integral over [x; x + 1=n]:
Hence for all x;
Z
x

and by proposition 3.34,

[F 0 (y)

a
F 0 (y)

f (y)]dy = 0;

= f (y) a.e.

The …nal step is the generalization to integrable f (x); removing the
boundedness assumption.
Proposition 3.37 (FTC Version II: Derivative of an Integral) Let f (x)
be a Lebesgue integrable function on [a; b]; and de…ne for arbitrary F (a) :
Z x
F (x) = F (a) + (L) f (y)dy:
(3.30)
a

Then

F 0 (x)

exists almost everywhere on [a; b], and
F 0 (x) = f (x); a.e.

(3.31)
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Proof. Because f (x) = f + (x) f (x) for nonnegative Lebesgue integrable
functions f + (x) and f (x); we can prove the result assuming that f (x)
is nonnegative. De…ne fn (x) = min[f (x); n]; then for each x the sequence
ffn (x)g is monotonically increasing and fn (x) ! f (x): Also, f (x) fn (x)
0 and so for all n,
Z
x

[f (y)

Fn (x)

fn (y)]dy

a

is a monotonically increasing function, di¤ erentiable a.e. by proposition
3.15, and:
Z x
fn (y)dy:
Fn (x) = F (x) F (a)
a

Fn0 (x)

By monotonicity and remark 3.17,
0 anywhere it exists, which is
almost everywhere. As fn (y) is bounded and measurable it is integrable by
proposition 2.29, and proposition 3.18 yields that
Z
d x
fn (y)dy = fn (x) a.e.
dx a
Thus
d
F (x) = [Fn (x) + F (a)] +
dx
fn (x) a.e.
0

0

Z

x

fn (y)dy

a

This inequality is true for all n; and so
F 0 (x)

f (x); a.e.

Integrating this inequality,
Z

b

0

F (y)dy

a

Z

b

f (y)dy

F (b)

F (a):

a

However, since f (x)
0 implies that F (x) is monotonically increasing,
proposition 3.16 obtains that
Z

b

F 0 (y)dy

F (b)

F (a);

a

and hence

Z

a

b

0

F (y)dy = F (b)

F (a) =

Z

a

b

f (y)dy:
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This implies that

Z

b

[F 0 (y)

f (y)]dy = 0;

a

but as F 0 (x)

f (x) a.e. as noted above, it follows that F 0 (x) = f (x) a.e.

Remark 3.38 Recall that the most general statement above in the Riemann context is that if f (x) is Riemann integrable on [a; b]; then the integral function F (x) in 3.2 is di¤ erentiable almost everywhere on (a; b);
and F 0 (x) = f (x) at each continuity point of f (x): Because Riemann integrable on [a; b] implies continuous except possibly on a set of measure 0,
the conclusion of the last statement can be expressed as F 0 (x) = f (x) almost
everywhere.
Hence the Lebesgue counterpart is a direct generalization of the Riemann
result. Under either Riemann or Lebesgue integrability of f (x), the associated integral function F (x) is di¤ erentiable a.e., and F 0 (x) = f (x) a.e. In
the Riemann case, however, we get the additional insight that F 0 (x) = f (x)
at all continuity points of f (x): Since a Lebesgue integrable function can be
discontinuous everywhere, for example the characteristic function of the irrationals in [0; 1]; such a characterization does not seem feasible. However
it is an exercise to show that for this example, F 0 (x) 1 on [0; 1] and thus
F 0 (x) = f (x) on the irrationals.

3.3

Lebesgue Integral of a Derivative

In this section we develop the somewhat more di¢ cult version I of the
fundamental theorem of calculus, and that is the representation of a
function as the inde…nite Lebesgue integral of its derivative as in 3.4 but
with (L) instead of (R). Speci…cally, we seek conditions on a function f (x)
de…ned on [a; b] say, so that f 0 (x) exists almost everywhere, is Lebesgue
integrable, and for at least almost all x 2 [a; b];
Z x
f (x) = f (a) + (L) f 0 (y)dy:
(3.32)
a

The next section exempli…es why this is so di¢ cult.

3.3.1

Examples of FTC Failure

Before we turn to the theoretical development of this section, we
investigate a variety of examples which provide insights as to why this
generalization of the Riemann result is such a challenge.
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Claim 3.39 Continuity of f (x) is necessary for 3.32 to hold.
This claim has its theoretical basis in proposition 3.33 which asserts that
if f 0 (x) is Lebesgue integrable,
which must be assumed if the above expression
Z
x

f 0 (y)dy is continuous and hence so too is f (x).

is to be meaningful, then

a

This necessary condition of continuity is also easy to appreciate with an
example. If f (x) is a step function on [a; b] then f 0 (x) = 0 almost everywhere
and thus the Lebesgue integral is 0 for all x: Hence 3.32 could only be true
in the simplest of cases where f (x) is the constant function, f (x) = f (a);
a very simple step function indeed. Of course such a simple demonstration
falls short with more complicated examples of discontinuity, and thus the
theoretical result of proposition 3.33 is needed.
Claim 3.40 Continuity of f (x) is not su¢ cient for 3.32 to hold.
That continuity is not su¢ cient may be a surprise since discontinuity was
at the heart of the examples of the prior section and above as to how f 0 (x)
might not integrate to f (x): Based on these examples it would be natural to
expect that by eliminating the "jumps" an a¢ rmative conclusion could be
reached. But these examples did not identify the major potential inadequacy
of continuity to ensure the desired result. The illustrated functions all had
well de…ned derivatives except at isolated points, and from these examples
it would be natural to think that continuity implies di¤ erentiability at least
almost everywhere.
And this was the belief of at least most mathematicians before 1872 when
Karl Weierstrass (1815 - 1897) discovered and published a continuous,
nowhere di¤ erentiable function, where by "nowhere" is meant, not
di¤ erentiable at any x: This function came to be called the Weierstrass
function.
Example 3.41 (Weierstrass function) With appropriate restrictions on
a; b; the Weierstrass function is given by:
X1
f (x) =
an cos(bn x):
(3.33)
n=0

For 0 < a < 1 this summation of continuous functions converges absolutely
since jcos(bn x)j 1; and uniformly since:
X1

n=0

an cos(bn x)

1
1

a

; for all x:

Consequently, this summation converges to a continuous function f (x): Proving that f (x) is di¤ erentiable nowhere is more of a challenge but the intuition
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is clear. Because the period of cos(x) is 2 ; meaning cos(x + 2 ) = cos(x)
for all x; the period of cos(bn x) is 2=bn ; so if b > 1 each additional summand provides more and more oscillation to f (x); and intuitively oscillates
too much for the di¤ erence quotient:
[f (x + h)

f (x)] =h;

to converge as h ! 0: To prove nondi¤ erentiability at a given x one can
prove a general statement about such limits, such as it does not exist for any
limit h ! 0; or a more limited statement, such as limits exist but di¤ er for
di¤ erent choices of h ! 0; or an even more limited statement, that the limit
does not exist for one carefully chosen sequence hn ! 0:
Since the introduction of Weierstrass’example many other examples have
been illustrated. In fact it is now known that di¤ erentiable functions are rare
in the space of continuous functions in a similar way that rational numbers
are rare in the space of real numbers. Speci…cally, on the space of real-valued
continuous functions de…ned on [0; 1] one can de…ne a measure so that the
collection of functions which are di¤ erentiable at even one point form a
subset of measure 0, just as the rationals are a subset of R of measure 0. We
will not pursue this since we have no use for this result beyond the existence
of such examples. But the intuition is accessible.
Continuity at x requires that f (x + h) f (x) ! 0 for any h ! 0;
and it is completely irrelevant how fast this di¤ erence converges. To be
di¤ erentiable requires that the speed of convergence is proportional to h; or
notationally, O(h): If the speed is slower that h; say equal to ha for 0 < a < 1;
then the di¤ erence quotient explodes, while if faster than h; say say ha for
a > 1; the quotient converges to 0. It can be shown that only constant
functions can have this very fast rate of convergence of a > 1 for all x: So
di¤ erentiability requires a very speci…c rate of convergence, and that is that
f (x + h) f (x) = O(h): But this alone is not su¢ cient as is seen with
f (x) = jxj at x = 0; where the speed of convergence is just right, but the
limit of the quotient depends on the sign of h:
Example 3.42 (McCarthy function) In exercise 3.43 below an example
introduced by John McCarthy in 1953 is developed in detail. Structurally,
the function f (x) is similar to the Weierstrass function in that there is a
damping factor, an ; which ensures uniform convergence to continuous f (x);
but a simpler periodic oscillatory function than cos(bn x); which makes the
proof of nondi¤ erentiability far easier, and perhaps easier than any example
yet illustrated.
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Speci…cally, the McCarthy function is given by:
f (x) =

X1

n=1

2

n

n

g(22 x);

(3.34)

where g(x) is de…ned on [ 2; 2] by:

g(x) =

8
< 1 + x;
:1

2

x; 0

x
x

0;
2;

and extended periodically to R with period 4: Thus g(x) is a piecewise linear
version of cos x on [ ; ]; scaled to [ 2; 2].
Unlike the Weierstrass oscillatory functions, the terms in this summation
n
n
are not di¤ erentiable everywhere. Speci…cally, g(22 x) has period 4=22 and
n
is not di¤ erentiable on the set En = f 2k=22 jk 2 Zg: Thus each summand
adds more and more non-di¤ erentiable points. But as a countable union
of countable sets is countable, the everywhere nondi¤ erentiability conclusion
is stronger than what can be explained by the En -points, so in this respect
the McCarthy function is similar to the Weierstrass function which has no
En -type points.
Exercise 3.43 Prove that for the McCarthy function in 3.34:
1. f (x) is continuous.
2. The nondi¤ erentiable exceptional points of each summand satisfy En
En+1 for all n:
3. The union [En is dense in R. Hint: If x = 2y >j 0; say, kwe need
j
j
fkj g so that 2kj =22 ! 2y as j ! 1: De…ne kj
2y 1+2 ; where
bxc denotes the "greatest integer function," de…ned by bxc = minfn 2
Zjn xg:
4. Prove that with gn (x)

n

g(22 x) and hk = 2

2k ;

that:

(a) gn (x hk ) gn (x) = 0 if n > k for either choice of
Recall that gn (x) is periodic.
(b) jgn (x

hn )

gn (x)j = 1 for at least one choice of

hk . Hint:
hn :
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(c)
k 1
X

[gn (x

hk )

gn (x)]

(k

1) max j[gn (x

(k

1)22

n=1

< 2k 2
for any choice of

n

k 1

2k

2

hk )

gn (x)]j

2k

1

hk :

5. From part 4 show that as k ! 1 that hk ! 0 and
f (x + hk )
hk

f (x)

! 1;

and hence f (x) is not di¤ erentiable at x:
Claim 3.44 If f (x) 2
= B:V:, 3.32 need not hold even if f 0 (x) exists
a.e.
This class of failures is caused by the lack of integrability of f 0 (x): For
example, if
8
< x2 sin 1=x2 ; 0 < x 1;
f (x) =
:
0;
x = 0;

then f (x) is di¤ erentiable a.e. with

f 0 (x) = 2x sin 1=x2

2 cos 1=x2 =x;

for 0 < x
1: However, f 0 (x) is not Lebesgue integrable on [0; 1] since
jf 0 (x)j is not integrable. So 3.32 fails on this interval because the integral is
not even de…ned.
To see this in more detail, note that by continuity that this integral can
be interpreted as a Riemann integral. Substituting y = 1=x2 obtains:
Z

0

1

f 0 (x)dx =

Z

1

1

sin y
y2

cos y
dy:
y

The …rst integral is …nite since (sin y)=y 2
1=y 2 which is integrable. Prove
as an exercise that (cos y) =y is not absolutely Riemann integrable, and hence
not Lebesgue integrable on [1; 1):
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That f (x) 2
= B:V follows by choosing the partition = fxj1=x2 2 f2n ;
=2 + 2n ; + 2n, 3 =2 + 2n j 1 n N gg: Then the total variation t is
given:
XN
XN
2= (3 =2 + 2n ) :
2= ( =2 + 2n ) +
t=
n=1

n=1

Thus t equals the variation between the maximums at 1=x2 = =2 + 2n
and zeros at 1=x2 = 2n ; plus the variation between the minimums at
1=x2 = 3 =2 + 2n and these zeros. This summation is unbounded, being
proportional to the sum of the harmonic series, and hence f (x) 2
= B:V::

Claim 3.45 If f (x) 2 B:V:; 3.32 need not hold even if f 0 (x) is Lebesgue
integrable.
This is an easy conclusion since B:V: does not imply continuous, so again
a step function is the counterexample.
Claim 3.46 If f (x) 2 B:V: and is continuous, 3.32 need not hold
even if f 0 (x) is Lebesgue integrable.
This is a very surprising result because the assumptions appear to have all
the right ingredients. Being of bounded variation assures that f 0 (x) exists almost everywhere, and Lebesgue integrability avoids the absolute convergence
problems exempli…ed above. In addition, continuity assures that 3.32 will
not fail because of the previously illustrated problem with jumps in f (x) that
cannot be replicated by the values of f 0 (x): The source of the problem, and
perhaps a problem even more surprising and remarkable than the existence
of Weierstrass-like functions, is as follows.
There exist continuous increasing functions, f (x); which of necessity are
of bounded variation, but with the property that f 0 (x) = 0 a.e. These are
called singular functions and once shown to exist, it will be clear that
3.32 must fail. Speci…cally, a singular function also satis…es f (b) > f (a) by
de…nition so the increase f (b) f (a) can not possibly be replicated by the
integral of f 0 (x) which is well de…ned but has value 0:
De…nition 3.47 A function f (x) is singular on the interval [a; b] if f (x)
is continuous, is monotonically increasing with f (b) > f (a); and f 0 (x) = 0
almost everywhere.
Recall that "monotonically increasing" means only that f (x)
f (y) if
x > y; while "strictly monotonically increasing" means that f (x) > f (y)
if x > y: So a singular function is allowed to have "‡at" spots for which
f (x) = f (y) for x > y, but the point is that it must strictly increase over the
interval [a; b]:
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Intuition seems to fail in grasping how a function can have f 0 (x) = 0
"almost everywhere," and yet truly increase between x = a and x = b in a
continuous way. The struggle in envisioning this behavior stems from the
combination of properties of continuity and that f (b) > f (a): Eliminating
either of these properties allows easy examples like a step function, which
lacks continuity, and constant functions, which lack a genuine increase. The
classic and original example of a singular function is the Cantor function, named for Georg Cantor (1845-1918), the discoverer of the Cantor
ternary set on which this function is de…ned.
Example 3.48 (Cantor ternary set) The Cantor ternary set, K; is a
subset of the interval [0; 1] and is constructed as the intersection of a countable number of closed sets, fFn g, for which Fn+1
Fn for all n: So K =
\n Fn and hence K is closed; but it is also Lebesgue measurable as the intersection of measurable sets. Each successive closed set is de…ned to equal the
prior set but with the open "middle third" intervals removed: For example:
F0 = [0; 1];
F1 = [0; 1]
F2 = F1
..
.

(1=3; 2=3) ;
f(1=9; 2=9) [ (7=9; 8=9)g ;

The total length of the open intervals removed is 1; the length of the
original interval [0; 1]: This can be derived by noting that in the …rst step
one interval of length one-third is removed, then two intervals of length oneninth, then four of length one-twenty-seventh, and so forth. The total length
of these intervals is then:
X1
1 X1
2n =3n+1 =
(2=3)n = 1:
n=0
n=0
3

This conclusion is justi…ed by the measurability of K and hence that of its
complement, and the measure of this complement is the sum of the measures
above by countable additivity. Because the complement of the Cantor ternary
set in [0; 1] has length 1; the Cantor ternary set is thus a set of measure 0 by
…nite additivity.
The Cantor ternary set is also uncountable, and this is demonstrated
using the base-3 expansion of numbers in the interval [0; 1]:
x(3) = 0:a1 a2 a3 a4 :::::
X1
aj =3j ; where aj = 0; 1; 2:
j=1
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Removal of the "middle thirds" at each step of the construction is equivalent
to eliminating all points with aj = 1 for some j; so the Cantor ternary set
is made up of all numbers in [0; 1] with base-3 expansions using only 0s
and 2s: This may at …rst appear counterintuitive because 1=3 2 K and yet
the base-3 expansion of 1=3 is simply 0:1(3) . The same is true for the left
endpoint of the each of the left-most intervals removed at each step, which
are all numbers of the form 1=3j : But these can all be rewritten as:
X1
2=3n ;
1=3j =
n=j+1

in the same way as in base-10; 0:1 = 0:09999::: Consequently, each x 2 K
has a base-3 expansion using only aj = 0; 2:
That K is uncountable now follows by identifying each x 2 K with a
unique real number b(x) 2 [0; 1]:
X1
X1
If x =
aj =3j 2 K, de…ne b(x) =
(aj =2) =2j :
j=1

j=1

It is left as an exercise to show that the mapping b : K ! [0; 1] is 1:1 and
onto, and hence K is uncountable.

De…nition 3.49 (Cantor function) The Cantor function is de…ned as
follows. If x(3) = 0:a1 a2 a3 a4 :::::an an+1 ::: and N is the …rst digit with
aN = 1; so aj = 0 or 2 for j N 1; let
XN 1
f (x(3) )
(aj =2) =2j + 1=2N :
(3.35)
j=1

If there is no such …rst digit, then de…ne N = 1:

Exercise 3.50 Check that if x has two expansions, which occurs exactly
when aj = 0 for j > N and thus:
x(3) = 0:a1 a2 a3 a4 :::::aN

1 1000:::

= 0:a1 a2 a3 a4 :::::aN

1 0222:::;

that f (x(3) ) is well de…ned by the last sentence. Also check that this last
sentence yields f (0) = 0 and f (1) = 1:
Proposition 3.51 De…ne the Cantor function f (x) as in de…nition 3.49.
Then f (x) is monotonically increasing on [0; 1] with f (0) = 0 and f (1) = 1;
is continuous, and f 0 (x) = 0 a.e.
Proof. Note that given digits a1 ; a2 ; a3 ; a4 ; :::; an ; with all aj = 0 or 2;
f (x(3) ) is de…ned to be constant within the interval:
0:a1 a2 a3 a4 :::::an 1

x(3)

0:a1 a2 a3 a4 :::::an 2;

((*))
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and for each n there are 2n such intervals. For example, when n = 0 the
one interval is 0:1 x(3) 0:2; which in decimal terms is 1=3 x 2=3:
For n = 1 the intervals are 0:01
x(3)
0:02 and 0:21
x(3)
0:22;
which in decimal terms are 1=9 x 2=9 and 7=9 x 8=9; and so forth.
These are exactly the closed versions of the "middle thirds" intervals removed
from [0; 1] in the construction of K: With this de…nition it is apparent that
f 0 (x) = 0 for all x in the union of these original intervals, which as noted
above has measure 1: In other words, f 0 (x) = 0 almost everywhere.
To verify that f (x) is monotonically increasing, noting f (0) = 0 and
f (1) = 1 by exercise 3.50, let:
x(3)

0:a1 a2 a3 a4 :::::an an+1 ::: < 0:b1 b2 b3 b4 :::::bn bn+1 :::

y(3) :

If x(3) = 0 and/or y(3) = 1 then f (0) = 0 and f (1) = 1 assure that if
x(3) < y(3) then f (x(3) ) < f (y(3) ): So given 0 < x(3) < y(3) < 1 there is
a …rst digit k so that ak < bk and ai = bi for i < k: We can assume that
ai ; bi 2 f0; 2g for i < k since if there is a …rst i < k with ai = bi = 1 then
f (x(3) ) = f (y(3) ) by 3.35: We can now explicitly evaluate that f (x(3) ) <
f (y(3) ) in the three cases with (ak ; bk ) 2 f(0; 1); (0; 2); (1; 2)g to con…rm that
f (x(3) ) < f (y(3) ) and thus f (x) is monotonically increasing.
For the continuity proof let x(3) ; y(3) be given. First assume that x(3) ; y(3) 2
K and using the above notation let k be the …rst digit so that ak 6= bk and
ai = bi for i < k: If ak > bk :
X1
x(3) y(3) = 2=3k +
(aj bj ) =3j 1=3k
j=k+1

since aj bj
2: The same lower bound is true for y(3) x(3) if ak < bk
and so x(3) y(3)
1=3k : Thus if x(3) y(3) < 1=3k then ai = bi at least
for i k and thus since jaj bj j 2 for other j:
f (x(3) )

f (y(3) )

X1

j=k+1

jaj

bj j =2j+1

1=2k :

Converting to the standard ; format it follows that f (x) is continuous on
K. Also f (x) is constant and hence continuous on the intervals in ( ) above;
the right end points of which are elements of K: Thus all that is left to prove
is that f (x) is left continuous at the left endpoints of such intervals.
To this end let x(3) = 0:a1 a2 a3 a4 :::::am 1 be such a left endpoint, where as
above each aj is 0 or 2: If yn < x(3) and yn ! x(3) we can assume in…nitely
many yn 2
= K since otherwise f (yn ) ! f (x(3) ) by the prior demonstration.
Thus each yn 2
= K has a …rst digit bnk = 1 with bni equal to 0 or 2 for ni <
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nk : Now yn < x(3) does not assure that nk m + 1 since with bnm+1 = 0 it
is possible for nk to be any value. To simplify the analysis, choose N so that
yn x(3) < 3 2m for n N: It then follows from yn < x(3) that for such n
that bnj = aj for all j m; and either bnm+1 = 1 or bnm+1 = 0: In the …rst
case f (x(3) ) = f (yn ) and there is nothing to prove. In the second case bnj
can be arbitrary for j > m + 1 and yn < x(3) will be satis…ed. Thus since
bnj = aj for all j m and bnm+1 = 0:
f (x(3) )

f (yn ) = 1=2m+1

Xnk

1

j=m+2

bnj =2j+1

1=2nk :

Then yn ! x(3) assures that nk ! 1 and bnj ! 2 for all j > m + 2 and
thus:
Xnk 1
1=2m+1
bnj =2j+1 1=2nk ! 0:
j=m+1

Corollary 3.52 The Cantor function is a singular function on [0; 1].
Proof. Immediate by proposition 3.51 and de…nition 3.47.
Remark 3.53 As a continuous function on a compact interval the Cantor
function is in fact uniformly continuous on [0; 1]:

3.3.2

The Lebesgue FTC - Version I

The above section’s examples compel the conclusion that if there is a
Lebesgue version I of the fundamental theorem of calculus of 3.4 in the
form of 3.32, the functions f (x) to which it applies will need to be
"special" in some way. Apparently none of the properties of continuity,
uniform continuity, monotonicity or bounded variation are adequate given
that the Cantor function has all four properties. So we return to an
investigation of properties of integrals of measurable functions:
Z x
F (x) = (L) f (y)dy;
a

seeking to identify this special property, and in particular a property that
the Cantor function does not possess.
So far we have identi…ed the following properties of such functions F (x)
when f (x) is Lebesgue integrable on [a; b] :
F (x) is continuous on [a; b]; and hence uniformly continuous,
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F (x) 2 B:V:[a; b];
F 0 (x) exists almost everywhere, and F 0 (x) = f (x) a.e.
It turns out that inde…nite integrals satisfy another property, stronger than
those above, and we will see below that for all functions with this property
that 3.32 holds. The property is called absolute continuity and is
de…ned as follows.
De…nition 3.54 A real-valued function f (x) de…ned on [a; b] is absolutely
continuous if for any > 0 there is a so that
Xn
f (xi ) f (x0i ) <
i=1

for any …nite collection of disjoint subintervals, f(x0i ; xi )g; with
Xn
xi x0i < :
i=1

Remark 3.55
1. Absolute continuity implies uniform continuity, because
the former with n = 1 is exactly the de…nition of the latter as noted in
de…nition 2.26.
2. Absolute continuity is a stronger condition than uniform continuity
because there is no limit on how many disjoint intervals can be used.
The Cantor function is continuous and hence uniformly continuous on
[0; 1] but it is not absolutely continuous. This is because this function is
constant on a set of measure 1; while on the Cantor set K of measure
zero this function increases from f (0) = 0 to f (1) = 1: So with su¢ ciently many small intervals which contain a subset of K;
can make
X
Xwe
n
n
0
jf (xi ) f (xi )j > and at the same time make
jxi x0i j
i=1
i=1
as small as we desire.
3. We will see in proposition 3.58 below that absolute continuity implies
bounded variation. Hence absolute continuity is also stronger than
bounded variation and as an example the Cantor function is B.V. but
not absolutely continuous as noted in 2.
4. If f (x) is continuously di¤ erentiable then f (x) is absolutely continuous
since then jf 0 (x)j
M on [a; b] for some M; and by the mean value
theorem,
Xn
Xn
f (xi ) f (x0i )
M
xi x0i :
i=1

i=1
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Hence for any

we choose
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= =M:

Thus absolute continuity is no stronger and possibly weaker than continuous di¤ erentiability. Proposition 3.58 below states that absolutely
continuous functions have derivatives almost everywhere, and by example we will see that such functions need not have more than this. So
absolute continuity is in fact weaker than continuous di¤ erentiability.
5. In the next proposition we prove that the integral of a Lebesgue integrable function is absolutely continuous, which by proposition 2.29
has as corollary that the integral of a bounded Lebesgue measurable
functions is absolutely continuous.
Exercise 3.56 By the triangle inequality prove
that a …nite linear combiP
nation of absolutely continuous functions, nj=1 aj fj (x); is absolutely continuous.
Proposition 3.57 Let f (x) be Lebesgue integrable on [a; b] and F (a) arbitrary, then
Z x
F (x) = F (a) + (L) f (y)dy
(3.36)
a

is absolutely continuous.
Proof. If jf (x)j
M then F (x) is absolutely continuous because if E
[nj=1 (xj ; yj )
[a; b]; a disjoint union with m(E) < ; then by proposition
2.33,
Xn
Xn Z yj
jf (y)j dy
[F (yj ) F (xj )]
j=1

j=1

xj

M :

So for any > 0 choose
In general, de…ne

= =M and the above de…nition is satis…ed.

fn (x) =

min[f (x); n];

f (x)

0;

max[f (x); n]; f (x)

0:

Then each fn (x) is bounded, jfn (x)j n; and fn (x) ! f (x) pointwise. Also,
jfn (x)j jf (x)j and f (x) integrable, so by Lebesgue’s dominated convergence
theorem,
Z b
Z b
Z b
fn (x)dx !
f (x)dx;
jf (x) fn (x)j dx ! 0:
a

a

a
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Thus for any > 0 there in an N with both:
Z b
Z b
Z b
f (x)dx < =2;
jf (x)
fN (x)dx
a

a

In addition, jf (x)

fN (x)j dx < =2:

a

fN (x)j

0 obtains that

Z

E

jf (x)

fN (x)j dx < =2 for

any measurable E [a; b]:
Let E
[nj=1 (xj ; yj ) [a; b]; a disjoint union with m(E) <
Then using the above result for bounded f (x) :
Xn Z yj
Xn
jf (y)j dy
[F (yj ) F (xj )]
j=1

j=1

Xn

=

Z

E

j=1

xj
yj

Z

xj

jf (x)

jf (y)

fN (x)j dy +

Xn

j=1

=2N:

Z

yj

xj

jfN (x)j dx

fN (x)j dx + N m(E)

< =2 + N m(E)
= :

We now investigate some properties of absolutely continuous functions,
the …rst one stating that such functions are of bounded variation and hence
di¤erentiable almost everywhere by corollary 3.30.
Proposition 3.58 If f (x) is absolutely continuous on [a; b] then f (x) 2
B:V:[a; b] and hence f 0 (x) exists a.e.
Proof. Given and associated in the de…nition of absolute continuity,
de…ne integer N (b a)= and intervals Ik = [a + (k 1) ; a + k ] so that
= fx0 ; x1 ; :::; xn g of the interval [a; b]
[a; b] [N
k=1 Ik : Given any partition
with:
a = x0 < x1 ::: < xn = b;
the de…nition of absolute continuity yields that for any k :
X
X
jf (xj+1 ) f (xj )j < since
jxj+1
fxj g2Ik

fxj g2Ik

xj j < :

On the other hand if say xj 2 Ik and xj+1 2 Ik+1 ; then since jxj+1 xj j <
2 there exists yj so that both jxj+1 yj j < and jyj xj j < ; and thus by
the triangle inequality:
jf (xj+1 )

f (xj )j

jf (xj+1 )

f (yj )j + jf (yj )

f (xj )j < 2 :
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Consequently:
t
and so T

X

j

jf (xj+1 )

f (xj )j < 3N ;

3N : Di¤ erentiability a.e. then follows from corollary 3.30.

To motivate the next result, recall from calculus that if a continuous
function on [a; b] is di¤erentiable everywhere on (a; b) and satis…es f 0 (x) = 0;
then f (x) is a constant function by an application of the mean value theorem.
If f (x) is only di¤erentiable a.e. the result can be quite di¤erent as step
functions exemplify, and the Cantor function exempli…es even with the added
assumption of continuity. However, while absolutely continuous functions
are only di¤erentiable a.e. in general, it turns out that these functions
cannot exhibit the singular behavior of the Cantor function. Speci…cally, for
an absolutely continuous function, if f 0 (x) = 0 a.e. then f (x) is again the
constant function.
In this respect absolutely continuous functions are seen to be "closer"
to di¤erentiable functions than to functions that are just continuous, of
bounded variation and di¤erentiable almost everywhere. And we will then
see below that they are close enough to di¤erentiable functions to ensure
that f (b) f (a) can be recovered from the Lebesgue integral of f 0 (x) on
[a; b]; which is 3.32.
Proposition 3.59 If f (x) is absolutely continuous on [a; b] and f 0 (x) = 0
a.e., then f (x) is a constant function.
Proof. We seek to prove that for c 2 [a; b] that f (c) = f (a): Because
f 0 (x) = 0 a.e., let E (a; c) be the set of measure m(E) = c a on which
f 0 (x) = 0: Then for arbitrary > 0 and any x 2 E there is an interval
(x hx ; x + hx ) [a; c] so that jf (x + k) f (x)j < k for all jkj hx : For
arbitrary > 0 let be chosen as in the de…nition of absolute continuity,
and choose a closed set F
E with m(E) m(F ) < , assured to exist
by proposition 2.42 of book 1. Since F is closed and bounded and hence
compact, and f(x hx ; x + hx )g is an open cover of E and hence F; there is
a …nite subcover of F which can be denoted f(xj hj ; xj + hj )gnj=1 : We can
make this collection disjoint by replacing with f(xj h0j ; xj + h00j )gnj=1 where
i
h
h0j ; h00j
hj ; so that now F
[nj=1 xj h0j ; xj + h00j : Relabelling disjoint
intervals f(yj ; zj )gnj=1 so that
z0

a

note that since F

y1 < z1

y2 < z2

[nj=1 [yj ; zj ]

:::

yn < zn

[a; c] , then m(E)

c

yn+1 ;
m(F ) <

implies
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[nj=1 (yj ; zj ) :

that for the collection of intervals de…ned as [a; c]
Xn
jyj+1 zj j < :

((*))

j=0

This follows because m(E) = c
m [E F ] :
m [a; c]

a; F

[nj=1 (yj ; zj ) and m(E) = m(F ) +

[nj=1 (yj ; zj ) = m E \ [nj=1 (yj ; zj )

c

m [E \ F c ]

= m [E

= m(E)

F]

m(F ):

Putting together results, by construction of f(yj ; zj )gnj=1 :
Xn
Xn
[f (zj ) f (yj )] <
(zj yj ) < (c a):
j=1

j=1

The assumption of absolute continuity of f (x) then allows the linking of
function values between these intervals because the total measure of these
sets is bounded by by ( ) so:
Xn
[f (yj+1 ) f (zj )] < :
j=0

Combining,
f (c)

f (a) =
<

and since

and

Xn

j=0

(c

[f (yj+1 )

a) + ;

f (zj )] +

Xn

j=1

[f (zj )

f (yj )]

were arbitrary, it follows that f (c) = f (a):

Remark 3.60 Note that almost all of this proof would have been possible
for an arbitrary function f (x) for which f 0 (x) = 0 a.e. In general we can always derive the estimates of jf (yj ) f (xj )j on the constructed collection of
disjoint intervals [nj=1 (yj ; zj ); and show these to be small because f 0 (x) = 0
a.e. This step can be implemented with a step function or the Cantor function for example. However, we must then be able to link these estimates with
estimates of jf (yj+1 ) f (zj )j ; "between" intervals, and this is not possible
for a general function
of bounded variation despite that fact that it will be
P
again true that
jyj+1 zj j < :
This is clearly seen with the Cantor function, whereby the intervals
(yj ; zj ) would be contained within the constant steps of f (x); but then the
intervals (zj ; yj+1 ) between steps cover the rises of this function, and on
these rises the sum of jf (yj+1 ) f (zj )j terms cannot be made small. This
problem is even more apparent with a step function.
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The property of absolute continuity is key to the desired result of version
I of a Lebesgue fundamental theorem of calculus.
Proposition 3.61 (FTC Version I: Integral of a Derivative) A function f (x) is de…ned by a Lebesgue integral on [a; b] if and only if it is absolutely continuous. Any such function is then equal to the integral of its
derivative:
Z
x

f (x) = f (a) + (L)

f 0 (y)dy;

(3.37)

f (a):

(3.38)

a

and thus also:
(L)

Z

b

f 0 (y)dy = f (b)

a

Proof. If f (x) is de…ned as an integral as in 3.37 with integrand g(x), which
by de…nition can be assumed to be Lebesgue integrable, then f (x) is absolutely
continuous by proposition 3.57, and by proposition 3.37 f 0 (x) exists almost
everywhere Zand f 0 (x) = Zg(x) almost everywhere. Thus f 0 (x) is Lebesgue
x

x

f 0 (y)dy =

integrable,

a

g(y)dy for all x by proposition 2.60, and f (x)

a

has represention as in 3.37.
Next assume f (x) is absolutely continuous, then f (x) 2 B:V: and so by
proposition 3.27 equals the di¤ erence of monotonically increasing functions,
f (x) = I1 (x) I2 (x): All three functions are di¤ erentiable a.e., and
f 0 (x)

I10 (x) + I20 (x):

So by proposition 3.16,
Z

b

f 0 (y) dy

I1 (b) + I2 (b)

I1 (a)

I2 (a);

a

and thus f 0 (x) is Lebesgue
integrable on [a; b]:
Z x
De…ne g(x) =
f 0 (y)dy; then g(x) is di¤ erentiable a.e. with g 0 (x) =
a

f 0 (x) a.e. by proposition 3.37. In addition, g(x) is absolutely continuous
and thus by exercise 3.56, f (x) g(x) is also absolutely continuous and
di¤ erentiable a.e. Since f 0 (x) g 0 (x) = 0 a.e., it follows that f (x) g(x) is
a constant by proposition 3.59, say f (x) g(x) = f (a); and 3.37 follows.
Finally, 3.38 is immediate from 3.37.
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3.4

Lebesgue Integration by Parts

Recall "integration by parts" for the Riemann integral, in which it is
assumed that f (x) and g(x) are continuously di¤erentiable functions, and
hence (f (x)g(x))0 is also continuous, and so by 3.1:

(R)

Zb

(f (x)g(x))0 dx = f (b)g(b)

f (a)g(a):

a

But then since (f (x)g(x))0 = f 0 (x)g(x) + f (x)g 0 (x); this formula can be
expressed as the familiar result:
Zb
(R) f 0 (x)g(x)dx = f (b)g(b)

f (a)g(a)

a

Zb
(R) f (x)g 0 (x)dx:

(3.39)

a

There is a similar development in the Lebesgue theory, but one based
on 3.38. To begin with, we will need to know that if f (x) and g(x) are
absolutely continuous on [a; b]; then so too is f (x)g(x):
Exercise 3.62 Prove that if f (x) and g(x) are absolutely continuous on
[a; b]; then so too is f (x)g(x) by expressing ni=1 jf (xi )g(xi ) f (x0i )g(x0i )j in
terms of the associated f (x) and g(x) di¤ erences, and recalling that each
function is continuous and hence bounded.
Given this, we have the following.
Proposition 3.63 (Lebesgue Integration by Parts) Let f (x) and g(x)
be absolutely continuous functions on [a; b]: Then:
Zb
(L) f 0 (x)g(x)dx = f (b)g(b)

f (a)g(a)

a

Zb
(L) f (x)g 0 (x)dx:

(3.40)

a

Proof. Since f (x)g(x) is an absolutely continuous function on [a; b] by
exercise 3.56; apply 3.38 to conclude:
Zb
f (b)g(b) = f (a)g(a) + (L) (f (x)g(x))0 dx:
a
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However, (f (x)g(x))0 exists almost everywhere, as do f 0 (x) and g 0 (x); and
thus for any x where all exist, which is almost everywhere,
(f (x)g(x))0 = f 0 (x)g(x) + f (x)g 0 (x):
Now since f (x) and g(x) are absolutely continuous they are of bounded variation by proposition 3.58, and each is a di¤ erence of monotonically increasing
functions so by proposition 3.16, f 0 (x) and g 0 (x) are each measurable. Thus
f 0 (x)g(x) and f (x)g 0 (x) are measurable, and by linearity the above integral
can be rewritten as 3.40.
Remark 3.64 In the next chapter we study an integration approach which
again generalizes the Riemann integral that is known as the Riemann-Stieltjes
integral, and will generalize Riemann integration by parts to this context.
And in book 5 we will generalize this Lebesgue result to Lebesgue-Stieltjes
integrals where such integrals are de…ned relative to Borel measures.

Chapter 4

Stieltjes Integration
The notion of a Stieltjes integral is named for Thomas Joannes
Stieltjes (1856 –1894) who introduced it in a paper published in 1894.
This paper was his 1886 thesis and written under two advisors, one of
whom was Jean-Gaston Darboux (1842–1917) who was introduced in
section 2.1.1. Stieltjes’original idea generalized Riemann’s integral
introduced in 1868, but preceded the measure-theoretic approach
underlying Lebesgue’s integral that was introduced in 1904. In the
historical development of ideas since that time, Stieltjes’original approach
has come to be known by the name Riemann-Stieltjes integration,
while a related notion which analogously generalizes the Lebesgue integral
has come to be known by the name Lebesgue-Stieltjes integration.
The Riemann-Stieltjes integral of a bounded function g(x) begins as
does the Riemann integral with an arbitrary partition P
fxi gni=0 of the
interval [a; b] into subintervals [xi 1 ; xi ] as in 2.1:
a = x0 < x1 <

< xn

1

< xn = b;

with mesh size
de…ned as in 2.2 by
max1 i n fxi xi 1 g. The
Riemann-Stieltjes integral of g(x) also requires an integrator function
F (x); and is initially estimated with a type of Riemann sum:
Xn
g(e
xi )(F (xi ) F (xi 1 ));
i=1

with subinterval tags x
ei 2 [xi 1 ; xi ]: When F (x) is an increasing function,
such estimates can be bounded with Darboux sums as in 2.3:
Xn
Xn
Xn
mi Fi
g(e
xi )(F (xi ) F (xi 1 ))
Mi Fi ;
(4.1)
i=1

i=1

i=1
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where Fi F (xi ) F (xi 1 ): Recalling 2.3, mi denotes the greatest lower
bound or in…mum of g(x), and Mi the least upper bound or supremum of g(x); both de…ned on the subinterval [xi 1 ; xi ]. When F (x) is an
increasing function and the limits of the upper and lower Darboux sums
agree as ! 0, the Riemann-Stieltjes integral is de…ned:
Z b
Xn
g(e
xi )(F (xi ) F (xi 1 )):
(4.2)
g(x)dF
lim
!0

a

i=1

This limit is then independent of the choices for f~
xi gni=1 since mi g(e
xi )
Mi for all choices:
This theory can be developed for more general integrators F (x); such
as for functions of bounded variation, but then the above approach needs
to be modi…ed since 4.1 fails to be satis…ed when F (xi ) F (xi 1 ) is no
longer assumed nonnegative. We develop some of this general theory below.
But thinking ahead to the distribution functions of probability theory, the
primary application of the development below is to the case where F (x) is
an increasing function. In this case the Riemann-Stieltjes integral becomes
in e¤ect a Riemann integral but where the measure of the "length" of an
interval [xi 1 ; xi ] is generalized from xi
xi xi 1 to Fi
F (xi )
F (xi 1 ): Besides providing the necessary machinery for probability theory,
the results on increasing integrator functions will also provide results on
integrators of bounded variation since from proposition 3.27, functions of
bounded variation can be expressed as a di¤erence of increasing functions.
The central question of course is existence, or more speci…cally conditions on g(x) and F (x) which assure existence, and this is pursued below
along with the analogous development for the n-dimensional version of this
integral. The central applications of this integral will be found in the book 4
and 6 developments of probability theory where F (x) will be a distribution
function. This theory will also be recalled in the introductory discussions in
book 8 and there will motivate the need for a new integral, the stochastic
integral.
For completeness it is worthwhile to now also introduce the notion of
the Lebesgue-Stieltjes integral although the details of its development are
deferred to book 5: Focusing again on the case of an increasing integrator
function F (x) de…ned on R; but now also assumed to be right continuous,
recall the construction in chapter 5 of book 1 of a Borel measure F induced
by F (x): The measure F is "induced" in the sense that on the semi-algebra
of right semi-closed intervals, f(a; b]g; F is de…ned:
F

[(a; b]]

F (b)

F (a):
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Using an extension process this set measure de…nition is then extended to a
measure on the Borel sigma algebra B(R), and to a complete sigma algebra
M F (R) with B(R) M F (R).
As in de…nition 2.11, a simple function g(x) de…ned on measure spaces
(R, M F (R), F ) or (R, B(R), F ); respectively, is a bounded function given
by:
Xm
ai Ai (x);
g(x) =
i=1

where:

1. fAi gm
M F (R) or fAi gm
i=1
i=1
Sm B(R); respectively, and are disjoint
-measurable
sets
with
(
F
F
i=1 Ai ) < 1;
2.

Ai (x) is the characteristic function or indicator function for Ai de…ned
in 1.1.

Given a simple function g; the Lebesgue-Stieltjes integral is de…ned as in
de…nition 2.13:
Z
Xm
g(x)d F =
ai F (Ai ):
i=1

One then develops the theory for the integral of more general
F -measurable functions using a similar process to that deployed above for
the Lebesgue integral.
This Lebesgue-Stieltjes theory can also be developed on Rn using the
measure theory of chapter 8 of book 1; and this will also be pursued as
part of the general integration development of book 5: When n = 1 this
integration theory can also be generalized to right continuous integrator
functions F (x) of bounded variation, but then the induced F will in general
be a "signed" measure, meaning that it has all of the properties of a measure
except nonnegativity. Signed measures will also be studied in book 5:

4.1
4.1.1

Riemann-Stieltjes Integrals on R
Introduction and De…nition

Continuing from the introductory comments above, given a bounded
function g(x) and partition P fxi gni=0 of [a; b]; it would perhaps seem
natural to de…ne lower and upper bounding step functions as in 2.9:
Xn
Xn
L(x)
mi (xi 1 ;xi ] (x); U (x)
Mi (xi 1 ;xi ] (x);
i=1

i=1
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where mi inffg(x)jx 2 [xi 1 ; xi ]g and Mi supfg(x)jx 2 [xi 1 ; xi ]g:
Then if F (x) is an increasing function on [a; b]; meaning F (x) F (y) if
x < y; de…ne as in 2.6:
Z b
Z b
Xn
Xn
Mi (F (xi ) F (xi
mi (F (xi ) F (xi 1 ));
U (x)dF
L(x)dF
a

i=1

a

i=1

1 ));

and then investigate limits as ; the mesh size of P; converges to zero.

Instead, for Riemann-Stieltjes integrals on R it is conventional to suppress the framework of bounding step functions for g(x) and instead de…ne
as our elementary objects the implied Riemann-Stieltjes integrals of such
step functions.
Remark 4.1 This conventional approach avoids the technicality that was
addressed in remark 2.4, though we will return to this discussion in the
development of the Riemann-Stieltjes integral in Rn : A formal development
with such step functions would obtain that
Z b
Z
g(x)dF
g(x)dF;
a

(a;b]

an integral over a right semi-closed interval. This approach is then consistent
with chapter 5 of book 1 in which F (xi ) F (xi 1 ) is the F -measure of
(xi 1 ; xi ] when F is a right continuous, increasing function induced by some
Borel measure on R: For example, when F (x) is a distribution function from
probability theory, F (xi ) F (xi 1 ) is the F -measure of (xi 1 ; xi ]; which is
the probability that the underlying random variable X 2 (xi 1 ; xi ]:
Starting anew, given the compact interval [a; b] with partition P
fxi gni=0 :
a = x0 < x1 <
< xn 1 < xn = b;
(4.3)
a bounded function g(x) and an increasing function F (x) both de…ned
on [a; b]; we de…ne the upper and lower Riemann-Stieltjes-Darboux
sums:
Xn
Xn
L(g; P; F )
mi (F (xi ) F (xi 1 )); U (g; P; F )
Mi (F (xi ) F (xi
i=1
i=1
(4.4)
where mi
inffg(x)jx 2 [xi 1 ; xi ]g and Mi
supfg(x)jx 2 [xi 1 ; xi ]g:
When F (x)
x these are the familiar Darboux sums for the Riemann
integral in 2.3.

1 ));
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Notation 4.2 As will be seen below in proposition 4.15, the roles of g(x)
as integrand and F (x) as integrator are reversible. The motivation for capitalizing the integrator function is that for the primary applications of this
theory in these books, F (x) will be the distribution function of a random
variable de…ned on some probability space. In textbooks without such a "biased" point of view, both integrand and integrator functions may be lower
case, and also subject to other notational conventions.
Because the integrator function F (x) is assumed to be increasing, it is
apparent by de…nition that for any given partition P that:
L(g; P; F )

U (g; P; F );

but this relationship is less apparent when di¤erent partitions are used. The
following proposition clari…es this with an a¢ rmative result for the current
case of increasing F (x). But …rst a de…nition.
De…nition 4.3 (Re…nement) Given [a; b]; a partition P 0
fyj gm
j=0 of
n
n
[a; b] is a re…nement of a partition P fxi gi=0 if fxi gi=0 fyj gm
j=0 :
Remark 4.4 Note that for various stated results below that every partition
is a re…nement of itself.
Proposition 4.5 If g(x) is bounded and F (x) is increasing on [a; b]; then
for any partitions P1 and P2 :
L(g; P1 ; F )

U (g; P2 ; F ):

(4.5)

Proof. Let P be a partition of [a; b] de…ned by all the points of both P1 and
P2 , and thus P is a re…nement of both P1 and P2 : By de…nition L(g; P; F )
U (g; P; F ); so the proof will be complete by demonstrating that L(g; P1 ; F )
L(g; P; F ) and U (g; P; F ) U (g; P2 ; F ): By induction it is enough to prove
this assuming that P contains only one more point than P1 or P2 : To this
end, assume P1
fxi gni=0 and that P has an additional point y with say
x0 < y < x1 : Then with m00
inffg(x)jx 2 [x0 ; y]g, m01
inffg(x)jx 2
[y; x1 ]g, and m1 de…ned as above relative to [x0 ; x1 ]:
L(g; P; F )

L(g; P1 ; F ) = m00 (F (y)
=

m01

F (x0 )) + m01 (F (x1 )

m1 (F (x1 )

F (y)) +

m00

F (y))

m1 (F (x1 )

m1 (F (y)

By de…nition m1 = minfm00 ; m01 g and the result follows. That U (g; P; F )
U (g; P2 ; F ) is proved similarly.

F (x0 ))

F (x0 )):
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Corollary 4.6 If g(x) is bounded and F (x) is increasing on [a; b]; then for
any partitions P1 and P2 and arbitrary respective re…nements P10 and P20 :
L(g; P1 ; F )

L(g; P10 ; F )

U (g; P20 ; F )

U (g; P2 ; F ):

(4.6)

Proof. Immediate from the prior proof.
Thus as given partitions P1 and P2 are sequentially re…ned, L(g; P1 ; F )
increases and U (g; P2 ; F ) decreases. The following de…nition requires that
these numerical sequences converge to the same result, and do so independently of the starting partitions.
De…nition 4.7 (Riemann-Stieltjes integral) With the above notation let
g(x) be bounded and F (x) increasing on [a; b] and assume that:
lim supP L(g; P; F ) = lim inf P U (g; P; F ) = I < 1;
!0

!0

(4.7)

where the supremum and in…mum are taken over all partitions P of mesh
size : Then the Riemann-Stieltjes integral of g(x) with respect to
F (x) over [a; b] is de…ned by:
Z

b

g(x)dF = I:

(4.8)

a

If 4.7 is not satis…ed then we say that the Riemann-Stieltjes integral of g(x)
with respect to F (x) over [a; b] does not exist.
Notation 4.8 If g(x) is Riemann-Stieltjes integrable with respect to F (x);
one sometimes sees notation such as g 2 R(F ).
Remark 4.9 Except for notation, the Riemann-Stieltjes integrability criterion of 4.7 is equivalent to that of 2.7 for Riemann integrability when restated as in 2.23. This is to be expected since the Riemann-Stieltjes integral
is de…ned to equal the Riemann integral if F (x) = x.
Recalling remark 2.26, is it again the case that by virtue of 4.6 the intergability condition of 4.7 can be restated as:
supP L(g; P; F ) = inf P U (g; P; F ) = I;
where the extrema are de…ned over all partitions.

(4.9)
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When the integrator function F (x) is not increasing the above de…nition must be generalized since L(g; P; F ) and U (g; P; F ) as de…ned need not
bound the …nal limiting result. In this more general case we return to the
general Riemann-Stieltjes summations. When F is increasing, the following criterion for the existence of the Riemann-Stieltjes integral implies that
above. See proposition 4.14 for details.
De…nition 4.10 (Riemann-Stieltjes integral) Assume that g(x) is bounded
and F (x) de…ned on [a; b]: Given the partition P fxi gni=0 and subinterval
tags fe
xi gni=1 with x
ei 2 [xi ; xi 1 ] ; de…ne the Riemann-Stieltjes summation by:
Pn
xi )(F (xi ) F (xi 1 )):
(4.10)
R(g; P; F )
i=1 g(e
If

lim

!0 R(g; P; F )

= I < 1;

where the limit is taken over all partitions P of mesh size
tags, de…ne:
Z b
g(x)dF = I:

(4.11)
and arbitrary
(4.12)

a

If 4.11 is not satis…ed then we say that the Riemann-Stieltjes integral of g(x)
with respect to F (x) over [a; b] does not exist.
Remark 4.11 Note that the limit in 4.11 is de…ned to mean that for any
> 0 there is a so that:
jR(g; P; F )

Ij <

for all tagged partitions P of mesh size
: In other words, for all
partitions P of mesh size
, and all choices of tags fe
xi gni=1 for such
partitions. Thus de…nition 4.10 requires that Riemann-Stieltjes summations
converge uniformly to I as ! 0: When F (x) is increasing this requirement is at least as strong as that in de…nition 4.7 as demonstrated in proposition 4.14. See proposition 4.19 for examples of when these de…nitions are
equivalent for increasing F (x): See example 4.16 for an illustration with increasing F (x) where integrability exists by de…nition 4.7 but not by de…nition
4.10.
Notation 4.12 The collections fxi gni=0 and fe
xi gni=1 are sometimes collectively referred to as forming a tagged partition and denoted P (fxi gni=0 ; fe
xi gni=1 );
while the latter set of points are called the subinterval tags.
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Results on R-S Integrals

Existence of the R-S Integral
Beginning with the case of an increasing integrator function F (x); more
Rb
user-friendly criteria for the existence of a g(x)dF than 4.7 are provided
in the following propositions. The …rst result is reminiscent of proposition
2.24, while the second demonstrates that existence by de…nition 4.10
implies existence by de…nition 4.7 when F (x) is increasing. See proposition
4.22 for cases when existence by de…nition 4.7 implies existence by
de…nition 4.10.
Proposition 4.13 A bounded function g(x) is Riemann-Stieltjes integrable
with respect to increasing F (x) over [a; b] by de…nition 4.7 if and only if for
any > 0 there is a partition P so that with U (g; P; F ) and L(g; P; F ) given
in 4.4:
0 U (g; P; F ) L(g; P; F ) < :
(4.13)
Further, if 4.13 is satis…ed for P it is also satis…ed for every re…nement of
P:
Proof. With corollary 4.6 above, the proof that 4.13 is equivalent to the
de…nition 4.7 notion of Riemann-Stieltjes integrability is identical with the
proof of proposition 2.24 in the case of Riemann integration, and details
are left to the reader. The statement on re…nements is an application of
corollary 4.6.
The next result demonstrates that for increasing F (x); de…nition 4.10
implies de…nition 4.7.
Proposition 4.14 Given a bounded function g(x) and increasing function
F (x) on [a; b]; assume that with R(g; P; F ) de…ned in 4.10:
lim

!0 R(g; P; F )

= I;

(4.14)

where the limit is taken over all partitions P of mesh size and arbitrary
tags. Then g(x) is Riemann-Stieltjes integrable with respect to F (x) in the
sense of de…nition 4.7 and
Z b
I=
g(x)dF:
a

Proof. If 4.14 is satis…ed then by remark 4.11, for any > 0 there exists
so that jR(g; P; F ) Ij < for all tagged partitions P with mesh size
:
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Let P be such a partition, and R1 and R2 denote to-be-speci…ed RiemannStieltjes summations as in 4.10. Then by the triangle inequality:
U (g; P; F )

L(g; P; F )

jR1 (g; P; F )

Ij + jI

+ jU (g; P; F )

R2 (g; P; F )j

R1 (g; P; F )j

+ jR2 (g; P; F )

L(g; P; F )j :

The …rst two terms are bounded by as noted above for any tags, while the
second two terms can be bounded by by choosing all jg(e
xi ) Mi j < =(b a)
for R1 and all jg(e
xi ) mi j < =(b a) for R2 : This is possible by de…nition of
mi and Mi : Thus 4.13 is satis…ed with a 4 upper bound and by proposition
4.13 g(x) is Riemann-Stieltjes integrable.
Rb
That a g(x)dF = I follows again by the triangle inequality. For example:
jU (g; P; F )

Ij

jR1 (g; P; F )

and similarly for jL(g; P; F )

Ij + jU (g; P; F )

R1 (g; P; F )j ;

Ij :

The following result is quite remarkable initially, since there is nothing in
the de…nition of the Riemann-Stieltjes integral that suggests that the roles
of g(x) and F (x) are reversible. To highlight the symmetry of this result,
we temporarily abandon the notational convention discussed in notation 4.2
and represent both integrand and integrator functions in lower case. That
the result in 4.15 is an integration by parts formula, see remark 4.31 below.
Importantly, note that neither of the integrators is assumed to be increasing
and thus the notion of integrability is that of de…nition 4.10.
Proposition 4.15 (Integration by Parts) If a bounded function g(x) is
Riemann-Stieltjes integrable with respect to f (x) over [a; b]; then f (x) is
Riemann-Stieltjes integrable with respect to g(x); and:
Z

b

g(x)df +

a

Z

b

f (x)dg = f (b)g(b)

f (a)g(a):

(4.15)

a

Proof. By assumption on the integrability of g(x) with respect to f (x);
de…nition 4.10 obtains that given > 0 there is a so that
Pn

yi )(f (yi )
i=1 g(e

f (yi

1 ))

Z

a

b

g(y)df <

((*))
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for any partition P
fyi gni=0 of [a; b] of mesh size
yei 2 [yi ; yi 1 ] : Now given any partition P 0 fxi gni=0 ;
P
f (b)g(b) f (a)g(a) = ni=1 (f (xi )g(xi ) f (xi

and arbitrary

1 )g(xi 1 ));

and so for any collection of tags fe
xi gni=1 :
Pn
xi )(g(xi ) g(xi 1 ))
f (b)g(b) f (a)g(a)
i=1 f (e
Pn
Pn
xi ) f (xi
f (e
xi )) + i=1 g(xi 1 )(f (e
=
i=1 g(xi )(f (xi )

1 )):

Thus:

f (b)g(b)

f (a)g(a)

Z

b

g(x)df

a

=

Pn

i=1 g(xi )(f (xi )

f (e
xi )) +

Pn

Pn

xi )(g(xi )
i=1 f (e

i=1 g(xi

xi )
1 )(f (e

g(xi

1 ))

1 ))

Z

f (xi

b

g(x)df :

a

Rb
This last expression re‡ects a Riemann-Stieltjes sum for a g(x)df using the
partition P fxi gni=0 [ fe
xi gni=1 and endpoint interval tags.
Rb
Let > 0 be given and let be de…ned relative to the integral a g(x)df as
above. Then if the mesh size of P 0 is 0
; the mesh size of the re…nement
P also satis…es
and thus as noted above:
Z b
Pn
g(x)df
xi )(g(xi ) g(xi 1 )) < :
f (b)g(b) f (a)g(a)
i=1 f (e
a

Since this is then true for all such partitions of mesh size 0
and all
tags, it follows by de…nition 4.10 that f (x) is Riemann-Stieltjes integrable
with respect to g(x) and:
Z

a

b

f (x)dg = f (b)g(b)

f (a)g(a)

Z

b

g(x)df:

a

In a moment we turn to additional existence results, and then on to the
matter of actually evaluating certain Riemann-Stieltjes integrals. But …rst
two examples.
Example 4.16
1. Let g(x) be bounded, F (x) = [1;1) (x) meaning F (x) =
1R for x
1 and F (x) = 0 otherwise, and consider the existence of
2
g(x)dF:
For
any partition of [0; 2] it follows that F (xi ) F (xi 1 ) = 0
0
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for all i except for the interval for which xi 1 < 1
xi ; and then
F (xi ) F (xi 1 ) = 1: Thus for any partition, the de…nition 4.7 criterion is stated in terms of:
L(g; P; F ) = inf I g(x);

U (g; P; F ) = supI g(x);

where the in…mum and supremum are de…ned for x 2 I
Similarly for de…nition 4.10:
R(g; P; F )
with x
ei 2 [xi

[xi

1 ; xi ] :

g(e
xi );

1 ; xi ] :

(a) De…nition 4.10 Criterion: Since R(g; P; F ) must converge
as
! 0 for every partition sequence, this translates to g(e
xi )
converging as xRi 1 ! xi , and since xi 1 < 1
xi this implies
2
x
ei ! 1: Thus 0 g(x)dF exists by de…nition 4.10 if and only if
R2
g(x) is continuous at x = 1 and then 0 g(x)dF = g(1): If g(x) is
R2
not continuous at x = 1 then 0 g(x)dF does not exist. It is left
as an exercise to check that the same conclusions follow if F (1)
is rede…ned arbitrarily with 0
F (1)
1: In other words, at a
discontinuity point of F (x); one can have left continuity, right
continuity, or neither, without changing the existence or value of
this integral under de…nition 4.10.

(b) De…nition 4.7 Criterion: The criterion is now that U (g; P; F )
L(g; P; F ) converges to 0 for some partition sequence. Restricting to partition sequences for which xi = 1 for some i; it follows
that with I [xi 1 ; 1] :
U (g; P; F )

L(g; P; F ) = supI g(x)

inf I g(x):

R2
Thus 0 g(x)dF exists by de…nition 4.7 if g(x) is left continuous
R2
at x = 1 and then 0 g(x)dF = g(1): If g(x) is not left continuous
then the integral does not exist with this partition sequence, but
in theory it could exist with respect to another partition sequence.
R2
Similarly, rede…ning F (1) = 0 produces the result that 0 g(x)dF
existsR by de…nition 4.7 if g(x) is right continuous at x = 1 and
2
then 0 g(x)dF = g(1):
Note that neither of these integrals exist in the sense of de…nition
4.10 unless g(x) is also continuous at x = 1:
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2. Now
R 2 let g(x) be bounded, F (x) = ln x and consider1 the existence of
ln xi 1 = n ln 2; and this is
1 g(x)dF: Partition [1; 2] so that ln xi
possible by setting xi = 2i=n because F (x) is continuous: Now:

P
1
ln 2 ni=1 [Mi mi ] ;
n
where as always mi and Mi are de…ned as the in…mum and supremum
of g(x) over [xi 1 ; xi ]: In this case discontinuities in g(x) need not
create an existence problem due to the 1=n factor,Pbut this conclusion
is subject to an investigation into the growth of ni=1 [Mi mi ] with
n: If g(x) is increasing then Mi mi = g(xi ) g(xi 1 ) and so this
summation
equals g(2) g(1): It then follows from proposition 4.13
R2
that 1 g(x)dF is well de…ned in the sense of de…nition 4.7 simply by
choosing n large. The same result applies if g is decreasing, or is of
bounded variation since such functions equal a di¤ erence of increasing
functions. On the other hand, if g(x) = sin x 1 1 ; a function not of
P
bounded variation on [1; 2] as can be checked, then ni=1 [Mi mi ]
2n. Thus the di¤ erence between upperRand lower integrals cannot be
2
made small by letting n ! 1 and so 1 g(x)dF cannot be shown to
exist by de…nition 4.7 with this partition sequence. Also note that
proposition 4.13 cannot be applied to conclude nonexistence since that
would require a proof that U (g; P; F ) L(g; P; F ) cannot be made small
by any partition.
U (g; P; F )

L(g; P; F ) =

On the
R 2 other hand this special partition sequence is su¢ cient to prove
that 1 g(x)dF does not exist in the sense of de…nition 4.10 for g(x) =

sin x 1 1 by considering R1 (g; P; F ) U (g; P; F ) and R2 (g; P; F )
L(g; P; F ). This is possible since g(x) is continuous and thus there
exists x
^i ; xi 2 [xi 1 ; xi ] so that g(xi ) = mi and g(^
x i ) = Mi :
Rb
The above examples suggest that the existence of a g(x)dF does not
require continuity of either g(x) or F (x); though the …rst example
illustrates what can happen when discontinuities coincide.
R b This generalizes
to the following necessary condition for the existence of a g(x)dF in the
sense of de…nition 4.10. The second example above shows that this is not a
su¢ cient condition. By 1.b. of example 4.16 this next result is necessarily
a result on existence in the sense of de…nition 4.10. We prove this for an
increasing integrator function and assign the general case as an exercise.

It is worth a moment of thought to identify why this proof does not
demonstrate the same conclusion for this integral when de…ned in the sense

127

4.1 RIEMANN-STIELTJES INTEGRALS ON R

of de…nition 4.7. Of course it cannot by example 4.16, but where does this
proof fail?
Rb
Proposition 4.17 If F (x) is increasing, g(x) is bounded, and a g(x)dF
exists in the sense of de…nition 4.10, then g(x) and F (x) have no common
discontinuity points.
Proof. By contradiction, assume that g(x) and F (x) have a common discontinuity point at x0 2 [a; b]; considering …rst x0 2 (a; b): Given any partition
P fxi gni=0 of [a; b] with x0 2 (xi 1 ; xi ) for some i:
U (g; P; F )

L(g; P; F )

(Mi

mi ) (F (xi )

F (xi

1 ))

cc0 > 0:

Here c > 0 equals the di¤ erence between left and right limits of F at x0 ; and
since F is increasing it follows that F (xi ) F (xi 1 ) c: Also Mi mi
c0 > 0 with c0 de…ned as the di¤ erence between the one-sided limits of g(x):
Rb
Thus by proposition 4.13, a g(x)dF does not exist.
If x0 = a then:
U (g; P; F )

L(g; P; F )

(M1

m1 ) (F (x1 )

F (a))

cc0 > 0;

where now c is the di¤ erence between F (a) and the right limit of F (x) at a;
and c0 is similarly de…ned with respect to g(x): The case x0 = b is similar.
De…ning Riemann-Stieltjes summations R1 (g; P; F ) and R2 (g; P; F ) to
be arbitrarily close to L(g; P; F ) and U (g; P; F ) completes the proof.
Exercise 4.18 Prove that proposition 4.17 generalizes
R b to an arbitrary integrator function F (x) and bounded g(x) for which a g(x)dF exists in the
sense of de…nition 4.10. Hint: Replace U (g; P; F ) and L(g; P; F ) by RiemannStieltjes sums with judiciously choosing subintervals tags.
The following
R b proposition consolidates insights from example 4.16 on the
existence of a g(x)dF .

Proposition 4.19 Let g(x) be given and assume F (x) is increasing on
Rb
[a; b]: Then a g(x)dF exists in the sense of de…nition 4.7 if:
1. g(x) is continuous, or,

2. g(x) is of bounded variation and F (x) is continuous.
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Proof. Let > 0 be given. To prove existence in each case we identify a
partition so that 4.13 is satis…ed.
When g(x) is continuous it is uniformly continuous on compact [a; b]
and thus there is a so that if jxi xi 1 j < then jg(xi ) g(xi 1 )j <
= [F (b) F (a)] : Here we assume that F (b) > F (a) since for the case F (b) =
F (a) the integral exists and equals 0 by de…nition. Choosing any partition
P with mess size
:
Pn
mi ] [F (xi ) F (xi 1 )]
U (g; P; F ) L(g; P; F ) =
i=1 [Mi
P
= [F (b) F (a)] ni=1 [F (xi ) F (xi 1 )]
= :

If g(x) is of bounded variation with total variation Tab (g) over [a; b] as
in de…nition 3.23, given n choose a partition P so that F (xi ) F (xi 1 ) =
[F (b) F (a)] =n for all i: This is possible since F (x) is increasing and continuous, and thus by the intermediate value theorem for any c with F (a)
c F (b) there is an x with F (x) = c: Then:
Pn
mi ] (F (xi ) F (xi 1 ))
U (g; P; F ) L(g; P; F ) =
i=1 [Mi
Pn
mi ]
= [F (b) F (a)] =n
i=1 [Mi
Tab (g) [F (b)

and this can be made less than

F (a)] =n;

by choosing n large.

Proposition 4.20 Let g(x) be given and assume F (x) is increasing on
[a; b]: If either of the assumptions of proposition 4.19 are satis…ed, then
Rb
a g(x)dF exists in the sense of de…nition 4.10, namely:
Z b
Xn
g(x)dF = lim
g(e
xi )(F (xi ) F (xi 1 )):
(4.16)
!0

a

i=1

Proof. If g(x) is continuous, 4.16 is satis…ed by the above proof, since the
-bound is seen to be satis…ed for all partitions with mess size
: Thus
for any such partition it follows that:
jR1 (g; P; F )

R2 (g; P; F )j

U (g; P; F )

L(g; P; F );

where R1 (g; P; F ) and R2 (g; P; F ) are arbitrarily speci…ed Riemann-Stieltjes
summations.
To prove 4.16 in the second case, the existence result proves that given
> 0 there exists partitions PU and PL so that:
Z b
Z b
U (g; PU ; F )
g(x)dF < ;
g(x)dF L(g; PL ; F ) < :
a

a
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Since g(x) is bounded let M = sup[a;b] jg(x)j ; and then by uniform continuity
of F (x) on [a; b] it follows that there exists so that if jxi xi 1 j < then
jF (xi ) F (xi 1 )j < =M n where n is a bound for the number of subinu
tervals in partitions PU and PL : Now if PU
fyj gnj=0
; and P
fxi gm
i=0
is any partition with mesh size
; we evaluate an upper bound for
U (g; P; F ) U (g; PU ; F ):
U (g; P; F ) U (g; PU ; F ) =

Pm

i=1 Mi (F (xi )

F (xi

1 ))

Pnu

0
j=1 Mj (F (yj )

F (yj

For any [xi 1 ; xi ] [yj 1 ; yj ] it follows by de…nition that Mi Mj0 and
thus the di¤ erence in the respective contributions in these summations for
[xi 1 ; xi ] is at most 0: However, there can be as many as nu 1 values of
yj 2 (xij 1 ; xij ) and since then Mj0 = max(Mij ; Mij +1 ) it follows that
U (g; P; F )

U (g; PU ; F )

(nu

1) M maxfjF (xi )

F (xi

1 )jg

< :

Thus for all such P; by the above estimate:
U (g; P; F )

Z

b

g(x)dF < 2 :

a

Similarly,

Z

b

g(x)dF

L(g; P; F ) < 2 ;

a

and since
L(g; P; F )

R(g; P; F )

U (g; P; F )

R(g; P; F )

Z

this obtains:
Z

a

b

g(x)dF

2

b

g(x)dF + 2 ;

a

which is 4.16.
Remark 4.21 By proposition 4.20 and the symmetry a¤ orded by proposition 4.15, the above existence result in theory should yield two more existence
results, though in this case one is redundant.
For part 1; the assumption that g(x) is continuous and F (x) monotonically increasing reverses to an existence result for F (x) continuous and
g(x) monotonically increasing. But this is a special case of part 2 since
such g(x) is necessarily of bounded variation.

1 )):
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For part 2; the assumption that g(x) is of bounded variation and F (x)
is continuous reverses to a new existence result when F (x) is of bounded
variation and g(x) is continuous.

Exercise 4.22 Prove directly with de…nition 4.10 that if F (x) is of bounded
Rb
variation and g(x) is continuous on [a; b]; then a g(x)dF exists and:
Z b
g(x)dF
Mg Tab (F );
(4.17)
a

where Mg sup[a;b] g(x) and Tab (F ) denotes the total variation of F on [a; b]
as in de…nition 3.23. Hint: See proposition 4.67.
Remark 4.23 As promised in remark 2.6 we are now in a position to justify that for the Riemann integral, the apparently stronger criterion of de…nition 2.2 is in fact equivalent to that of de…nition 2.5. Note that with
F (x) = x; the Riemann-Stieltjes de…nition 4.7 reduces to de…nition 2.5,
while the Riemann-Stieltjes de…nition 4.10 reduces to de…nition 2.2. Thus
by continuity of F (x); proposition 4.20 obtains that for the Riemann integral, existence by de…nition 2.5 implies existence by de…nition 2.2, at least
for integrands g(x) of bounded variation.
The next result establishes criteria for the existence of improper integrals, and is immediately applicable to the case when F (x) is a distribution
function and 0 F (x) 1:
Proposition 4.24 Let g(x) be continuous and F (x) increasing on [a; 1):
Then if both functions are bounded, the improper integral:
Z 1
Z b
g(x)dF
lim
g(x)dF
(4.18)
a

b!1 a

is well de…ned and …nite. If these assumptions apply on R; the improper
integral:
Z 1
Z b
g(x)dF
lim
g(x)dF
(4.19)
1

a! 1;b!1 a

is well de…ned and …nite.
Proof. Since F is bounded and increasing, given > 0 there exists b so that
sup[a;1) F (x) sup[a;b] F (x) < =Mg with Mg = max[a;1) jg(x)j : But as F is
increasing sup[a;b] F (x) = F (b) and sup[a;1) F (x) = sup[b;1) F (x) and this
obtains:
sup[b;1) F (x) F (b) < =Mg :
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Now let c > b be arbitrary. Applying 3 and 4 of proposition 4.26 below to
integrals which exist by proposition 4.19:
Z b
Z c
Z c
g(x)dF
jg(x)j dF Mg [F (c) F (b)] :
g(x)dF
a

a

By construction F (c)
Z

b

F (b) < =Mg for all c and so:
Z

b

g(x)dF

Z

c

g(x)dF

g(x)dF + :

a

a

a

b

Rc
Rc
Thus lim inf c!1 a g(x)dF and lim supc!1 a g(x)dF satis…es these same
bounds which obtains:
Z c
Z c
lim sup
g(x)dF lim inf
g(x)dF < 2 :
a

Since

is arbitrary, lim

a

Rb

b!1 a

g(x)dF is well de…ned.

The proof of 4.19 is similar and left as an exercise.
Remark 4.25 A much more general existence result was proved by L. C.
(Laurence Chisholm )Young (1905 – 2000) in the 1936 paper found in
the references using an inequality he developed with E. R. (Eric Russell)
Love (1912 – 2001), and now called the Love-Young inequality. To
understand this result we …rst de…ne a generalization of total variation called
p-variation. Given p > 0 a function g(x) is said to be of bounded pvariation on an interval [a; b] if:
Vp (g)

sup

Xn

i=1

jg(xi )

g(xi

p
1 )j

1=p

< 1;

(4.20)

of the interval [a; b]: Thus
where sup is de…ned is over all partitions
V1 (g) T of de…nition 3.23, while V2 (g) is called quadratic variation and
will be seen to play a prominent role in the study of stochastic integration in
book 8:
Young’s result on Riemann-Stieltjes integration is that if g(x) has bounded
p-variation and F (x) has bounded q-variation on [a; b] with 1=p + 1=q > 1;
Rb
and, g(x) and F (x) have no common discontinuities, then a g(x)dF exists. The problem of common discontinuities was illustrated in example 4.16.
More generally the existence of the integral assures no common discontinuities as proved in proposition 4.17 for increasing integrators, and in exercise
4.18 for more general integrators.
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A corollary of Young’s result is that if F (x) is of bounded variation,
Rb
which is p-variation with p = 1; then a g(x)dF exists for any function
g(x) of bounded q-variation for any q > 0; again subject to the no common
discontinuities constraint.
Rb
Another corollary is that if a g(x)dF exists by Young’s p=q-variation
Rb
criterion, then so too does a F (x)dg; providing another perspective on the
symmetry in proposition 4.15 above in such cases.
See also proposition 4.50 below for another general result on existence.
Properties of the R-S Integral
Properties of the Riemann-Stieltjes integral with increasing integrators are
summarized next.
Proposition 4.26 Let F (x) be an increasing function on [a; b]:
1. If g1 (x) and g2 (x) are integrable, then so too is cg1 (x) + dg2 (x) for real
c; d; and:
Z b
Z b
Z b
(cg1 (x) + dg2 (x)) dF = c
g1 (x)dF + d
g2 (x)dF:
a

a

a

2. If g1 (x) and g2 (x) are integrable and g1 (x) g2 (x); then:
Z b
Z b
g1 (x)dF
g2 (x)dF:
a

a

3. If g(x) is integrable, then so too is jg(x)j and:
Z b
Z b
g(x)dF
jg(x)j dF:
a

a

4. If a < c < b and g(x) is integrable on [a; b]; then g(x) is integrable on
[a; c] and [c; b] and:
Z b
Z c
Z b
g(x)dF =
g(x)dF +
g(x)dF:
a

a

c

5. If g(x) is integrable with respect to both increasing functions F1 (x) and
F2 (x); then g(x) is integrable with respect to F (x) cF1 (x) + dF2 (x)
for real c; d 0; and:
Z b
Z b
Z b
g(x)dF = c
g(x)dF1 + d
g(x)dF2 :
a

a

a
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Proof. We address these in turn, leaving some details as exercises.

1. We prove 1Rassuming c = d =
R b 1 and leave as an exercise the remaining
b
detail that a cg1 (x)dF = c a g1 (x)dF: Given > 0, let be given as
in the statement of propositon 4.13, let P1 and P2 be partitions de…ned
for g1 (x) and g2 (x); respectively, with mesh size j
which satisfy
4.13, and let P denote the common re…nement of P1 and P2 . Then
since inf(g1 + g2 ) inf g1 + inf g2 and sup(g1 + g2 ) sup g1 + sup g2 ;
and recalling 4.6:
L(g1 ; P1 ; F ) + L(g2 ; P2 ; F )

L(g1 ; P; F ) + L(g2 ; P; F )
L(g1 + g2 ; P; F )
U (g1 + g2 ; P; F )
U (g1 ; P; F ) + U (g2 ; P; F )
U (g1 ; P1 ; F ) + U (g2 ; P2 ; F )
< L(g1 ; P1 ; F ) + L(g2 ; P2 ; F ) + 2 :

Thus U (g1 + g2 ; P; F ) L(g1 + g2 ; P; F ) < 2 : This will then be true
for any partition P of mesh size
=3 say, since any such partition
can be split by alternating points into two partitions of mesh size j
. Thus g1 (x) + g2 (x) is integrable by proposition 4.13. Since is
arbitrary, this set of inequalities also assures that both L(g1 + g2 ; P; F )
Rb
Rb
and U (g1 + g2 ; P; F ) are within 2 of a g1 (x)dF + a g2 (x)dF and the
proof is complete.
2. For any partition P; L(g1 ; P; F ) L(g2 ; P; F ) and U (g1 ; P; F ) U (g2 ; P; F ).
If I1 > I2 ; with Ij shorthand for the associated Riemann-Stieltjes integrals, let
I1 I2 : Choose partitions P1 and P2 with mesh size
so
that
4.13
is satis…ed with I1 and I2 ; respectively, and =4:
j
It then follows from 4.6 that the same inequalities are satis…ed with
P; the common re…nement of P1 and P2 : But then by construction
L(g1 ; P; F ) > L(g2 ; P; F ) and U (g1 ; P; F ) > U (g2 ; P; F ); a contradiction. Hence I1 I2 .
3. This result follows from 2 once jg(x)j is proved integrable, since then
Rb
Rb
g(x)
jg(x)j and g(x)
jg(x)j imply
a g(x)dF
a jg(x)j dF:
That jg(x)j is integrable is implied by 4.13 by noting that given any
partition, the inequality jjbj jajj jb aj yields:
U (jgj ; P; F )

L(jgj ; P; F )

U (g; P; F )

L(g; P; F ):
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4. If P is a partition of [a; b] with mesh size
so that 4.13 is satis…ed
0
with then 4.13 is also satis…ed with P re…ned to add point c if it is
not already included. De…ning P10 = P 0 \ [a; c] and P20 = P 0 \ [c; b] then
since L(g; P 0 ; F ) and U (g; P 0 ; F ) split into upper and lower RiemannStieltjes sums over the subintervals, 4.13 is satis…ed with for both
these subinterval sums and thus both integrals exist. That the value of
the integral over [a; b] also splits into the subinterval integrals is implied
by part 1 by de…ning g1 (x) = g(x) on I1 [a; c] and 0 elsewhere, and
g2 (x) = g(x) on I2
[c; b] and 0 elsewhere, and showing that the
integral of g(x) over Ij equals the integral of gj (x) over Ij : This last
step is an exercise.
5. Left as an exercise, using the approach of part 1.

Integrators of Bounded Variation
We return to a result that was noted in theR introduction to this chapter.
b
Speci…cally, if a Riemann-Stieltjes integral a g(x)dF exists with F (x) of
bounded variation, meaning exists in the sense of de…nition 4.10, then this
integral can be expressed as a di¤erence of Riemann-Stieltjes integrals with
increasing integrators. First by proposition 3.27 such F (x) can be
expressed:
F (x) = I1 (x) I2 (x);
with monotonically increasing real valued functions I1 (x) and I2 (x): And
thus it seems obvious to assert that the integral with respect to F (x) equals
the di¤erence of integrals with respect to I1 (x) and I2 (x): But while this
proposition proposes one such decomposition, there are in…nitely many as
can be obtained by adding any increasing function to both I1 (x) and I2 (x):
Thus one question relates to the well-de…nedness ofRthis decomposition –
b
will any two compositions yield the same value for a g(x)dF ? In addition,
Rb
there is the matter of existence. If a g(x)dF exists does this imply that
the integrals with respect to I1 (x) and I2 (x) always exist? Certainly the
answer is a¢ rmative for g(x) continuous by proposition 4.19, but what
about the general case? The following addresses these questions.
Rb
Proposition 4.27 Assume that a g(x)dF exists for bounded g(x) and F (x)
of bounded variation, and let F (x) = I1 (x) I2 (x) be the decomposition
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in terms of the increasing functions of remark 3.28. Then
Rb
a g(x)dI2 exist and:
Z

b

g(x)dF =

Z

Z

b

g(x)dI1

a

g(x)dI1 and

b

g(x)dI2 :

(4.21)

a

a

a

Rb

Further, if F (x) = F1 (x) F2 (x) is an arbitrary decomposition of such F (x)
with respect to increasing functions, and the integrals of g(x) with respect to
F1 (x) and F2 (x) exist, then:
Z

b

g(x)dF =

Z

Z

b

g(x)dF1

g(x)dF2 :

(4.22)

a

a

a

b

Proof. Once it is proved that the integrals of g(x) with respect to increasing
I1 (x) and I2 (x) exist and 4.21 is satis…ed, then 4.22 follows from proposition 4.26. In detail, the assumed existence of the integrals with respect to
increasing F1 (x) and F2 (x) assures that the integrals of g(x) exist with respect to both I1 (x) + F2 (x) and I2 (x) + F1 (x); and each equals the sum of
the associated integrals. But then I1 (x) + F2 (x) = I2 (x) + F1 (x) obtains:
Z

b

g(x)dI1 +

a

Z

b

g(x)dF2 =

a

Z

b

g(x)dF1 +

a

Z

b

g(x)dI2 ;

a

which is 4.22 by 4.21.
For 4.21, note that for any tagged partition of [a; b] that:

=

Pn

g(e
xi )(F (xi )

F (xi

1 ))

xi )(I1 (xi )
i=1 g(e

I1 (xi

1 ))

Pi=1
n

Pn

xi )(I2 (xi )
i=1 g(e

I2 (xi

1 )):

Rb
By de…nition the …rst summation converges to a g(x)dF as ! 0 in the
sense of de…nition 4.10, and thus if it can be proved that one of the Ij summations similarly converges, then the other must converge by default.
For this we focus on the summation with respect to I1 (x); and from remark
3.28 note that there are two de…nitional choices. But a proof with either
choice will imply the other. For example, choose the de…nition in 3.26 of
I1 (x) F (a) + Tax , recalling that Tax is the total variation of F over [a; x]:
Once proved for this I1 (x), this then proves the existence with respect to the
associated I2 (x)
2Nax as just noted. But this then obtains the existence
for the alternative I2 (x)
Nax which in turn now proves existence for the
alternative I1 (x)
F (a) + Pax given in 3.25. The reverse implication is
identical.
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So let I1 (x) F (a)+Tax . Given > 0 choose so that for every partition
P fxi gni=0 with mesh size
:
Pn
xi ) g(e
yi )) (F (xi ) F (xi 1 ))j <
j i=1 (g(e

for all x
ei ; yei 2 [xi

1 ; xi ];

and,
Xn
jF (xi )
Tab <
i=1

F (xi

1 )j

+ :

The …rst bound exists for all partitions P1 of mesh size 1
1 by the de…Rb
nition of the integral a g(x)dF and remark 4.11. The second follows from
the de…nition of Tab as the supremum over all partitions, and an observation
which echoes remark 2.26. If Tab ( ) is de…ned as the supremum over all
partitions of mesh size ; then by the triangle inequality Tab ( ) Tab ( 0 ) if
0
; and thus Tab = lim !0 Tab ( ): Thus given > 0 there exists 2 so that
b
b
for any partition P2 with mesh size 2
2 it follows that Ta < Ta ( 2 ) + :
Now choose = min( 1 ; 2 ):
Rb
We now prove the existence of a g(x)dI1 in the sense of de…nition 4.10
by showing that for every partition P fxi gni=0 with mesh size
:
0

U (g; P; I1 )

L(g; P; I1 ) < C ;

((*))

for some constant C: Equivalently, we prove that with Ii I1 (xi ) I1 (xi
and Fi F (xi ) F (xi 1 ) :
Xn
[Mi mi ] [ Ii j Fi j] < C =2;
i=1
Xn
[Mi mi ] j Fi j < C =2:

1)

i=1

Since g(x) is bounded, say jg(x)j M on [a; b]; and recalling the de…nition of I1 (x); the …rst result is obtained:
Xn
Xn
[Mi mi ] [ Ii j Fi j]
2M
[ Ii j Fi j]
i=1
h i=1 Xn
i
= 2M Tab
j Fi j
i=1

< 2M :

For the second inequality, de…ne x
ei ; yei 2 [xi 1 ; xi ] so that Mi mi g(e
xi )
g(e
yi ) + ; and this is possible by the de…nition of Mi and mi . Then:
Xn
Xn
Xn
[Mi mi ] j Fi j
[g(e
xi ) g(e
yi )] j Fi j +
j Fi j
i=1
i=1
i=1
Xn
g(e
x0i ) g(e
yi0 ) Fi + Tab
i=1

< (1 + Tab );
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where (e
x0i ; yei0 ) = (e
xi ; yei ) if Fi
0 and (e
x0i ; yei0 ) = (e
yi ; x
ei ) if
b
( ) is satis…ed with C max(2M; (1 + Ta )):

4.1.3
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Fi < 0: Thus

Evaluating Riemann-Stieltjes Integrals

The next result addresses the evaluation of Riemann-Stieltjes integrals in
R in two special cases of an increasing integrator function F (x): These are
cases commonly encountered in probability theory and discussed in book 4.
Remark 4.28 In the …rst chapter of book 4 a complete characterization of
distribution functions on R will be developed. There it will be seen that the
most general distribution function has three component parts, two of which
are those in 1 and 2 below, while the third is a singular distribution
function. Recall that by de…nition 3.47, a function F (x) is singular on the
interval [a; b] if F (x) is continuous, monotonically increasing with F (b) >
F (a); and F 0 (x) = 0 almost everywhere.
Exercise 4.29 Prove that 1. below is also valid when for F (x); the requirement of increasing is replaced by being of bounded variation. Hint: Note that
bounded variation functions are always bounded, but if F (x) = I1 (x) I2 (x);
you must show that I1 (x) and I2 (x) can be chosen to be bounded.
Proposition 4.30
1. Let F (x) be an increasing, continuous function on
0
[a; b] with F (x) also continuous on [a; b]: Then for continuous g(x) :
Z

b

g(x)dF = (R)

a

Z

b

g(x)F 0 (x)dx;

(4.23)

a

where (R) denotes that this is a Riemann integral. Further, if g(x)
and F (x) are bounded, then 4.23 remains true for a = 1 and/or
b = 1:
More generally for unbounded g(x); if the improper Riemann integral
exists then so too does the improper Lebesgue-Stieltjes integral.
X
2. De…ne an increasing step function by F (x) =
cj ; with fyj gm
j=1
yj x

m
R and nonnegative fcj gm
j=1 , where if m = 1 assume that fyj gj=1 has
no accumulation points: Then for continuous g(x) :

Z

a

b

g(x)dF =

X

yj 2(a;b]

g(yj )cj :

(4.24)
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Further, if g(x) and F (x) are bounded, then 4.24 remains true for
a = 1 and/or b = 1:
X
g(yj )cj is absolutely conMore generally for unbounded g(x); if
yj

vergent then theassociated improper Lebesgue-Stieltjes integrals are well
de…ned.
Rb
Proof. In both cases the existence of a g(x)dF is assured by proposition
4.19 for bounded [a; b]:
For 1; let > 0 be given and choose so that by 4.16, for any
and
arbitrary x
ei 2 [xi ; xi 1 ] :
Z b
Pn
g(x)dF < =2:
xi )(F (xi ) F (xi 1 ))
i=1 g(e
a

Since F (x) is continuously di¤ erentiable the mean value theorem obtains
F (xi ) F (xi 1 ) = F 0 (x0i )(xi xi 1 ) for some x0i 2 (xi ; xi 1 ): Thus:
Z b
Pn
0
0 0
xi 1 )
g(x)dF < =2;
i=1 g(xi )F (xi )(xi
a

and since x
ei could be arbitrarily chosen, here we choose x
ei = x0i . Next,
because g(x)F 0 (x) is continuous and thus Riemann integrable, given this
0
there is 0 so that for any partition with
and arbitrary x
ei 2 (xi ; xi 1 ) :
Z b
Pn
0
xi )F (e
xi )(xi xi 1 ) (R)
g(x)F 0 (x)dx < =2;
i=1 g(e
a

and once again x
ei here can be chosen to equal the above x0i from the mean
value theorem. Thus for
min( ; 0 ) the triangle inequality yields:
Z b
Z b
g(x)dF (R)
g(x)F 0 (x)dx < :
a

a

Rb
When g(x) and F (x) are bounded, a g(x)dFexistsf ora=-1 and/or b =
1 by proposition 4.24. Thus, for example in the general case a = 1 and
b=1:
Z
Z
b

lim

a! 1;b!1 a

g(x)dF

1

g(x)dF

1

exists and is …nite. Thus by 4.23 for compact [a; b] the limit of Riemann
integrals exists and is …nite:
Z b
Z 1
0
lim
(R)
g(x)F (x)dx (R)
g(x)F 0 (x)dx;
a! 1;b!1

a

1
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and this is 4.23 in this improper integral case. For more general g(x), if the
Riemann integral is well de…ned as an improper integral, then the same logic
assures the existence of the improper Riemann-Stieltjes integral.
For 2; again by 4.16 for any
and arbitrary x
ei 2 [xi ; xi 1 ] :
Pn

xi )(F (xi )
i=1 g(e

F (xi

1 ))

Z

b

g(x)dF < :

a

The terms of this summation are nonzero only for intervals with xi 1 < yj <
xi for some j: Choosing small enough assures that there is at most one such
yj in each partition interval since fyj gm
j=1 has no accumulation points, and
then choosing x
ei = yj and noting that F (xi ) F (xi 1 ) = cj completes the
proof of 4.24. The statements about improper integrals
P1 only need discussion
when m = 1; and
then
F
(x)
bounded
implies
j=1 cj < 1; hence since
P1
1
g(x) is bounded
j=1 g(yj )cj converges absolutely in the cases a =
and/or b = 1: Thus the validity of 4.24 over bounded intervals, plus the
convergence of both expressions as a ! 1 and/or b ! 1; completes the
proof for bounded g(x). The case for unbounded g(x) is similar.
Remark 4.31
1. The reader is invited to investigate the case where both
g(x) and F (x) are increasing and continuously di¤ erentiable, and thus
Rb
Rb
both a g(x)dF and a F (x)dg can be expressed as Riemann integrals
using 4.23. Once done, and adjusting for the notational conventions,
the statement in 4.15 will be seen to be equivalent to integration by
parts for Riemann integrals in this special case. But note that the
statement in proposition 4.15 is more general.
2. Note that for 2 above, F (x) was expressed to be right continuous because this is the natural assumption for applications to probability theory.
Corollary 4.32 (Fundamental Theorem of Calculus, Ver. II) Let F (x)
be an increasing, continuous function on [a; b] which is continuously di¤ erentiable on (a; b): If g(x) is continuous de…ne
Z x
G(x) G(a) +
g(y)dF;
a

for arbitrary G(a): Then G(x) is di¤ erentiable on (a; b) and:
G0 (x) = g(x)F 0 (x):

(4.25)
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Further, if g(x) and F (x) are bounded, then 4.25 remains true for G(x)
de…ned with a = 1:
Proof. For compact [a; b] this is proposition 3.2 applied to 4.23 with b = x:
For a = 1 proposition 3.2 requires that F 0 (x) be Riemann integrable, but
this
R 1 follows from the prior proof with g(x) 1 since F (x) bounded implies
1 dF is …nite by proposition 4.24.

4.1.4

A Key on R-S Integration

Rb
In remark 4.25 was noted L. C. Young’s result that a g(x)dF exists if g(x)
has bounded p-variation and F (x) has bounded q-variation on [a; b] with
1=p + 1=q > 1; and g(x) and F (x) have no common discontinuities. Also,
Rb
remark 4.21 noted that by propositions 4.19 and 4.15 that a g(x)dF exists
if g(x) is continuous and F (x) is of bounded variation. This section
develops proposition 4.52 which proves that for general continuous
integrands, integrators of bounded variation are in fact necessary. This
result will play an instrumental role in motivating the need for a new
de…nition of "integral" when the integrator is Brownian motion which is
not of bounded variation. See book 8 for details.
Rb
The result of proposition 4.52 below is that if a g(x)dF exists for all
continuous g(x); then F (x) is of necessity of bounded variation. While
the formal proof of this result is quite subtle, the intuition behind it is
(n)
n
easy to obtain. For example, given a partition Pn
fxi gm
i=0 ; de…ne a
(n)
continuous function gn (x) on [a; b] with jgn (x)j
1 and for tags x
ei 2
(n)
(n)
1 ; xi
(n)
F (xi )

xi

(n)

(n)

de…ne gn (e
xi ) = 1 if F (xi )

(n)
1)

F (xi

(n)

> 0 and gn (e
xi ) =

1

(n)

if
F (xi 1 ) < 0: Extend gn (x) to be continuous on [a; b]: Then
recalling de…nition 3.23:
Pmn

(n)
(n)
xi )(F (xi )
i=1 g(e

(n)
1 ))

F (xi

=

Xmn

i=1

(n)

F (xi )

(n)
1)

F (xi

tn < 1:

The conclusion that tn < 1 for all n follows because gn (x) is continuous
Rb
and thus a gn (x)dF exists by assumption. But to be of bounded variation
requires that T sup tn < 1; and this approach would require an integrand
g(x) far more carefully de…ned.
An alternative intuitive approach is to argue by contradiction. If F (x) is
not of bounded variation we attempt to de…ne a continuous function g(x) so
Rb
that a g(x)dF is the total variation of F (x) and thus the integral will not
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exist, contradicting proposition 4.19. For example let fPn g1
n=1 be a sequence
of partitions with:
Xmn
(n)
(n)
tn
F (xi ) F (xi 1 ) ! 1:
i=1

By selecting a subcollection of partitions and re-indexing we can assume
(n)
n
n
without loss of generality that partition Pn
fxi gm
i=0 produces tn > 2 ;
or any growth bound desired, and by the triangle inequality also assume
that each such partition is a re…nement of the former partition. For each n
construct gn (x) as above to be a continuous function with jgn (x)j
1 on
(j)
(j)
(j)
[a; b]; and for 0 < i
mj and j
n choose tags x
ei 2 xi 1 ; xi
and
(j)

(j)

set gn (e
xi ) = 1 if F (xi )
(j)
1)

F (xi

(j)
1)

F (xi

(j)

> 0 and gn (e
xi ) =

(j)

1 if F (xi )

< 0: The continuous function gn (x) is Riemann-Stieltjes integrable
(j)

by assumption, and for every partition Pj with j n; and tags fe
xi g :
Xmj
Pmj
(j)
(j)
(j)
(j)
(j)
xi )(F (xi ) F (xi 1 )) =
F (xi ) F (xi 1 ) > 2j :
i=1 gn (e
i=1

If a continuous function g(x) existed so that the above lower bound was
Rb
satis…ed for all j it would prove that a g(x)dF did not exist, creating the
desired contradiction.
In both approaches above the …nal integrand g(x) needed to complete
the proof would of necessity be a limit in some sense of a sequence of the constructed functions, but proving convergence of candidate sequences proves
elusive. Thus to prove this important result requires a general theory that
will in the current context appear like a case of mathematical overkill.
Remark 4.33 A reader is certainly justi…ed in skipping this entire section
until their interest in book 8 and stochastic integration motivates their interest in the key result developed below.
Banach Spaces
The notion of a Banach space, named for Stefan Banach (1892 –1945)
who de…ned this structure and systematically studied its properties, will
reappear in book 5 in a very di¤erent context, a small testament to the
generality of this notion. In essence, a Banach space is a complete,
normed, vector space, a simple example of which is the vector space Rn
endowed with the standard Euclidean norm:
hXn
i1=2
jxj
x2j
:
(4.26)
j=1
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Sometimes in Rn ; and nearly always in other Banach spaces, the norm of
an element x is denoted kxk :
For completeness we begin with a collection of de…nitions. There is a lot
of formality in the notion of a vector space, but the goal of it is to abstract
all the operations one takes for granted in the familiar vector space of Rn ;
which is formally a vector spaces over the real …eld R: The reader may …nd
it useful to translate these abstract de…nitions to the familiar context of Rn
to provide concreteness. The underlying …eld F is general in the de…nition,
but in these books F is always R or C:
De…nition 4.34 (Vector space) A space V is called a vector space over
a …eld F; also called a linear space over a …eld F, if "addition" of elements of V is de…ned, as is "multiplication" of elements of V by elements
of F, and these operations satisfy the following properties:
1. Zero Vector: There is an element 2 V so that x + = x for all
x 2 V: Often is denoted "0" and this rarely creates ambiguity.
2. For all x; y; z 2 V :
(a) Closure: x + y 2 V;

(b) Commutativity: x + y = y + x;
(c) Associativity: (x + y) + z = y + (x + z) :
3. For all x; y 2 V;
(a)
(b)

;

2 F:

x 2 V;

(x + y) = x + y;

(c) ( + ) x = x + x;
(d)

( x) = (

) x:

4. For all x 2 V;
(a) 0x = ; where "0" denotes the additive unit in F, meaning 0+ =
for all 2 F,

(b) 1x = x; where "1" denotes the multiplicative unit in F, meaning
1 = for all 2 F.
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Remark 4.35 Note that vector spaces contain additive inverses, " x"
1x; where 1 is the additive inverse of 1 in F. That x + ( x) = follows
from 3:c and 4:a: In addition is unique since if also x = x + 0 then with
x = obtains = + 0 = 0 by 1:
De…nition 4.36 (Norm) A vector space V is called a normed vector
space or normed linear space if there exists a functional denoted kk :
V ! R+ ; so that:
1. kxk = 0 if and only if x = 0:
2. Homogeneity: k xk = j j kxk for all x 2 V and
denotes the norm in R or C:
3. Triangle inequality: kx + yk

2 F, where j j

kxk + kyk for all x; y 2 V:

Remark 4.37 A simple but important observation is that a normed vector
space (V; kk) is also a metric space (V; d) with distance function or
metric d(x; y) induced by kk and de…ned by:
d(x; y)

kx

yk :

(4.27)

To be a metric requires four properties:
1. Nonnegativity: d(x; y)

0: The range of kk assures this.

2. d(x; y) = 0 if and only if x = y: This is norm property 1:
3. Symmetry: d(x; y) = d(y; x): This is norm property 2 with

=

1:

4. Triangle inequality: For any x; y; z :
d(x; y)

d(x; z) + d(z; y):

This is norm property 3 with x0 = x
x y:

z; y 0 = z

(4.28)
y and thus x0 + y 0 =

It is also the case that the induced metric or distance function on
a normed space satis…es:
5. Homogeneity: d( x; y) = j j d(x; y) for
property 2:

2 F. This is norm

6. Translation invariance: For any x; y; z : d(x + z; y + z) = d(x; y):
True by de…nition in 4.27.
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Thus in a normed space one can consider the notion of convergence of
a sequence, sn ! s; using the standard de…nition of convergence in R; and
substituting ksn sk for jsn sj ; and hence the following is well de…ned.
De…nition 4.38 (Complete Normed space) Given a normed linear space
(V; kk); a sequence fsn g1
V is a Cauchy sequence if for any > 0
n=1
there is an N 2 N so that ksn sm k < for all n; m N:
A normed linear space is complete if given any Cauchy sequence fsn g1
n=1
V there is an s 2 V so that ksn sk ! 0: In other words, for any > 0
there is an N 2 N so that ksn sk < for all n N: This is then denoted
as sn ! s as well as s = limn!1 sn :
Remark 4.39 The notion of a Cauchy sequence is named for AugustinLouis Cauchy (1789 – 1857), and is useful because it provides a criterion
for convergence that does not depend on knowing the limit of the sequence.
Thus in a complete space, proving that a sequence is Cauchy provides a proof
of the existence of a limit in that space, and this proof does not depend on
actually …nding it.
De…nition 4.40 (Banach space) A Banach space is a complete normed
linear space. A real Banach space is a complete normed linear space over
F = R, and analogously a complex Banach space is a complete normed
linear space over F = C.
We leave it as an exercise to show that Rn is a real Banach space, and
Cn is a complex Banach space, and instead focus on the application in hand.
Proposition 4.41 Let C([a; b]; kk1 ) denote the collection of real-valued continuous functions on [a; b]; with the functional kk1 de…ned on f 2 C([a; b]; kk1 )
by:
kf k1 supx2[a;b] jf (x)j :
(4.29)
Then C([a; b]; kk1 ) is a real Banach space.
Proof. That C([a; b]; kk1 ) is a vector space over R is left as an exercise.
For the de…nition of a norm, only the triangle inequality needs discussion.
Given f; g 2 C([a; b]; kk1 ) :
kf + gk1

supx2[a;b] jf (x) + g(x)j

supx2[a;b] [jf (x)j + jg(x)j]

supx2[a;b] jf (x)j + supx2[a;b] jg(x)j ;
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where the …rst inequality is the triangle inequality on R, while the second
follows because the supremum of f and g may be obtained at di¤ erent x:
Finally, assume that ffn g is a Cauchy sequence. Since R is complete
and ffn (x)g is a Cauchy sequence for each x 2 [a; b]; de…ne f (x) to be the
limit of this sequence for each x: We prove that kfn f k1 ! 0 and thus as
the uniform limit of continuous functions, f 2 C([a; b]; kk1 ). To this end,
given > 0 choose N so that kfn fm k1 < for n; m N . Then for any
x; jfn (x) fm (x)j kfn fm k1 ; and thus for n; m N :
jfn (x)

f (x)j = limm!1 jfn (x)

fm (x)j

Taking supremum over x 2 [a; b] obtains kfn

lim supm!1 kfn
f k1

fm k1

:

:

A normed linear space has a lot more structure than may at …rst be apparent. A few important observations, and the reader is invited to translate
these notions to sets in C([a; b]; kk1 ):
1. In a normed linear space we de…ne B(x; r); the open ball of radius
r about x; by:
B(x; r) = fyj kx yk < rg;
and analogously the closed ball by:
B(x; r) = fyj kx

yk

rg:

These balls are sometimes denoted Br (x) and Br (x):
2. A normed linear space (V; kk) has a natural topology in which the
notions of open and closed are well de…ned:
(a) A set A V is open if for all x 2 A there exists r > 0 so that
B(x; r) A;
e V A is open.
(b) A set A V is closed if A

3. Given A

V:

(a) The closure of A; denoted A; is de…ned as the intersection of all
closed sets B with A B: This is not a vacuous intersection of
course, since it contains at least V: It can also be de…ned as the
collection of limit points of A :
A

fxj kxn

xk ! 0 for some fxn g

Ag:
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(b) The interior of A; denoted int (A) or A; is de…ned as:
A

fx 2 AjB(x; r)

A for some r > 0g:

4. A set D is dense in V if for any x 2 V and any r > 0; B(x; r)\D 6= ;:
Of course this de…nition need only be checked for x 2 V D since it
is automatically satis…ed for x 2 D:
5. A set A is nowhere dense in V if A; the closure of A; contains no
nonempty open sets. Thus if a closed set A is nowhere dense, then
A = ;; where for a general set A to be nowhere dense means that
int A = ;:
Remark 4.42 Note that if a dense set D is closed, then of necessity D = V:
e open, so x 2 D
e implies B(x; r) D
e
This follows because D closed means D
for some r and so B(x; r) \ D = ; and this contradicts that D is dense.
e = ; and D = V:
Thus D
On the other hand, a dense set D can be open and have D $ V: For
example, let frj g1
j=1 be an enumeration of the rationals in R and consider
S1
=2j+1 ; rj + =2j+1 ): Then D is open as a union of open sets,
D
j=1 (rj
and also dense in R since it contains the rationals which are dense. But by
subadditivity of Lebesgue measure, m(D)
and thus D $ R; and indeed,
"most" points are outside D: The same construction applies in Rn using
balls with centers x with rational coordinates and Lebesgue measure =2j :
This then leads to the question: Is the intersection of a countable collection of open dense sets dense? Can such an intersection even be empty? An
important result which addresses this question is called Baire’s Category
theorem, named for René-Louis Baire (1874 – 1932) who developed
these notions in his 1899 doctoral thesis. This theorem has many applications in functional analysis, and applies generally to complete metric spaces
not just to Banach spaces. But we will be primarily interested in one application addressed in the next section which will answer the above question
on Riemann-Stieltjes integration.
For his result, Baire introduced the notions of …rst category and second category:
De…nition 4.43 A set E
V is a set of the …rst category if it is a
countable union of nowhere dense sets. A set of the second category is
any set not of the …rst category.
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The second part of Baire’s result states that a non-empty complete metric
space is not of the …rst category.
Proposition 4.44 (Baire’s Category theorem) Let (X; d) be a complete
metric space.
1. If fAj g1
X is a sequence of open dense sets, then D
j=1
is dense in X:

T1

j=1 Aj

2. S
If X =
6 ; and fCj g1
X is a sequence of closed sets with X =
j=1
1
j=1 Cj ; then there is a Cj which is not nowhere dense. In other
words, there exists B(x; r) Cj for some j, x 2 Cj ; and r > 0:
Proof. For 1; let x 2 X and r > 0 be given. The result follows if it can be
proved that D \ B(x; r) 6= ;: Since A1 is dense there exists x1 2 A1 \ B(x; r);
and since both are open there exists r1 so that B(x1 ; r1 ) A1 \B(x; r): Since
A2 is dense there exists x2 2 A2 \ B(x1 ; r1 ) and since both are open here
exists r2 so that B(x2 ; r2 ) A2 \B(x1 ; r1 ): Continuing in this way, sequences
fxj g1
X and frj g1
R are produced for which B(xj+1 ; rj+1 )
j=1
j=1
Aj+1 \ B(xj ; rj ); and thus d(xj+1 ; xj ) < rj : Without loss of generality it
can be assumed that rj
2 j ; and so fxj g1
j=1 is a Cauchy sequence since
N
+1
d(xn ; xm ) < for n; m N if 2
< : Since X is complete let x0 2 X
0
with d(xn ; x ) ! 0: Now by construction
B(x1 ; r1 )

B(x2 ; r2 )

B(x3 ; r3 )
;
T
and so xk 2 B(xj ; rj ) for j
k and thus x0 2 1
j=1 B(xj ; rj ): But then
T
T
1
B(x; r) it
A
=
D
by
construction,
and
since
x0 2 1
j=1 B(xj ; rj )
j=1 j
0
follows that x 2 B(x; r) and thus D \ B(x; r) 6= ;:
S
The proof of 2 is by contradiction. Assume that X = 1
j=1 Cj and each
Cj is nowhere dense. Since each Cj is closed by assumption, Aj X Cj is
open. Also, each Aj is dense, for if not there exists x 2 X and r > 0 so
that B(x; r) \ Aj = 0; which would imply B(x; r) Cj in contradiction to
S
T1
e
Cj being nowhere dense. Combining, if X = 1
j=1 Cj then
j=1 Aj = X:
T1
e = ;; and this contradicts
But by assumption X 6= ;; and thus j=1 Aj = X
part 1. Thus some Cj is not nowhere dense.
Remark 4.45 Note that Aj being open is essential for part 1 since both the
e are dense in R and have empty intersection.
rationals Q and irrationals Q
Also note that X 6= ; is essential for part 2 since otherwise, all Cj = ;
contradicts the conclusion.
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Bounded Linear Functionals
Now that the prior section has placed the collection of continuous
functions on [a; b] within the framework of Banach spaces, the next step is
to reframe how Riemann-Stieltjes sums act on this space. In particular, we
will see that such sums can be identi…ed with bounded linear
transformations on C([a; b]; kk1 ), also called bounded linear
operators: But …rst a de…nition, which is stated in generality though as
above our primary investigation will restrict the …eld F to R; the domain
space to C([a; b]; kk1 ); and the range space to (R: jj):
De…nition 4.46 Let (V1 ; kk1 ) and (V2 ; kk2 ) be normed linear spaces over
the same …eld F.
1. A transformation T : V1 ! V2 is a rule under which T x 2 V2 for
all x 2 V1 :
2. A linear transformation is a transformation so that for all x; y 2
V1 ; a; b 2 F:
T [ax + by] = aT x + bT y:
(4.30)
3. A bounded linear transformation is a linear transformation so
that kT k ; the norm of T; satis…es:
kT k

supx6=0

kT xk2
< 1:
kxk1

(4.31)

4. A linear transformation T is continuous at x 2 V1 for given
> 0 there is a so that:
kT x
Equivalently, given

T yk2 <

if kx

yk1 < :

> 0 there is a

so that:

T [B(x; )]

B(T x; ):

5. A linear transformation T is sequentially continuous at x 2 V1
if xn ! x in V1 implies that T xn ! T x in V2 :
We start with a few simple observations.
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Proposition 4.47 For a bounded linear transformation T; the norm can be
equivalently de…ned:
kT k supkyk1 =1 kT yk2 :
(4.32)
Also, for all x :
kT xk2

kT k kxk1 ;

(4.33)

B(T x; r kT k):

(4.34)

and T maps balls into balls:
T [B(x; r)]

Proof. Given x 2 V1 let y
x= kxk1 : Then kyk1 = 1, by linearity T y =
T x= kxk1 ; and by norm property 2 kT yk2 = kT xk2 = kxk1 ; which yields 4.32.
The inequality in 4.33 is de…nitional since kT k is the supremum of such
ratios. Finally, if y 2 B(x; r) then by linearity, T (y x) = T y T x and so
applying 4.33:
kT x T yk2 kT k kx yk1 < r kT k :
Thus T y 2 B(T x; r kT k):
The following proposition is quite useful, and allows many tools to be
applied in proving any result related to bounded linear transformations.
Proposition 4.48
1. A linear transformation is continuous or sequentially continuous at x0 if and only if continuous or sequentially continuous at all x.
2. For a linear transformation, the following are equivalent:
(a) bounded,
(b) continuous,
(c) sequentially continuous.
Proof. For 1 just the "only if" statement needs discussion. Assume T
is continuous at x0 and let > 0 and y 2 V1 be given. By assumption
there is so that T [B(x0 ; )] B(T x0 ; ): Now z 2 B(x0 ; ) if and only if
z + (y x0 ) 2 B(y; ); and thus by linearity:
T [B(y; )]

B(T x0 ; ) + T (y

x0 ) = B(T y; );

and T is continuous at y: A similar argument applies for sequential continuity, and is left as an exercise.
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For 2; we …rst prove a () b: If T is bounded then continuity follows
from 4.34 with = = kT k : If T is continuous at x then given there exists
so that kx yk1 < implies kT x T yk2 < : Then by linearity kzk1 <
implies kT zk2 < ; and letting y
z= kzk1 obtains kT yk2 <
; and thus
kT k <
and T is bounded.
To prove b () c; if T is continuous at x say, then given there exists
so that T [B(x; )] B(T x; ) and so kx yk1 < implies kT x T yk2 < :
If xn ! x then there exists N so that kxn xk1 <
for n
N and
thus kT xn T xk2 < for n
N and T is sequentially continuous. If T
is sequentially continuous and not continuous at x there exists > 0 so
that for no is T [B(x; )]
B(T x; ): Letting = 1=m there is therefore
fxm g so that kxm xk1 < 1=m and kT xm T xk2
: Thus xm ! x and
T xm 9 T x; contradicting sequential continuity, and thus T is continuous.
Rb
Example 4.49 Let F (x) be an integrator function so that a g(x)dF exists
for all continuous g(x): Given a tagged partition P
(fxi gni=0 ; fe
xi gni=1 )
of [a; b] with the usual notational convention that x0 = a; xi < xi+1 ; xn = b;
and x
ei 2 [xi 1 ; xi ]; de…ne a transformation:
TP : C([a; b]; kk1 ) ! (R; jj);

by:
TP g

Pn

xi )(F (xi )
i=1 g(e

F (xi

1 )):

(4.35)

Then TP is a bounded linear transformation for all P :
Pn

i=1 jF (xi )

kTP k

F (xi

1 )j :

(4.36)

In other words, kTP k equals the variation t of F (x) from de…nition 3.23
using partition
fxi gni=0 :
Further, given any g 2 C([a; b]; kk1 ) :
lim

!0 supP

jTP gj

Cg ;

(4.37)

where the supremum is over all tagged partitions P
(fxi gm
xi gm
i=1 ) of
i=0 ; fe
mesh size :
Proof. The linearity of TP is apparent by de…nition. For boundedness, since
jg(e
xi )j kgk1 for all i :
jTP gj

kgk1

Pn

i=1 jF (xi )

F (xi

1 )j ;
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and so kTP k
cP and TP is bounded. Choosing continuous g(x) with
kgk1 = 1 it is apparent that jTP gj is maximized when g(e
xi ) = sgn [F (xi ) F (xi
and this yields 4.36.
Rb
Fixing g 2 C([a; b]; kk1 ); the assumed existence of a g(x)dF obtains by
4.11 of de…nition 4.10 that:
lim

!0 inf P

jTP gj = lim

!0 supP

jTP gj =

Z

b

g(x)dF ;

a

where the limits are taken over all partitions P of mesh size
tags. Thus 4.37 follows.

and arbitrary

This example illustrates that when F (x) is an integrator function such
Rb
that a g(x)dF exists for all continuous g(x); there exists a family fTP g
of bounded operators on C([a; b]; kk1 ); indexed by the family of all tagged
partitions P (fxi gni=0 ; fe
xi gni=1 ); for which:
1. The norm of each TP ; kTP k ; equals the variation t of F (x) from de…nition 3.23, there using partition
fxi gni=0 :
2. Given any sequence of partitions with
lim !0 supP jTP gj Cg for every g(x):

! 0 and arbitrary tags,

From 2 we conclude that fjTP gj j ! 0g is uniformly bounded for every
such g(x); and every sequence of tagged partitions with ! 0: To prove
the key result of this section requires the conclusion that the norms of TP
are uniformly bounded. Then from 1 it would follow that the variations
ftg of F (x) are uniformly bounded, and then F (x) will of necessity be of
bounded variation.
It would be quite an unexpected result that given a family of bounded
linear operators fTP g; that the uniform boundedness of fjTP gjg for every g
is equivalent to the uniform boundedness of fkTP kg: But remarkably, this
is indeed the conclusion of the Banach-Steinhaus theorem. The result
is named for Stefan Banach (1892 – 1945) and Hugo Steinhaus (1887
– 1972) who co-authored the result in a 1927 paper. It is also known as
the uniform boundedness principle, and was independently discovered
by Hans Hahn (1879 – 1934). The proof below relies on Baire’s category
theory, although there are also proofs of this result that do not use this
approach. See for example Sokal (2011) in the references. The decision to
use the standard proof using Baire’s result in this book was motivated by

1 )] ;
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the desire to introduce his category theorem, as it is a foundational result
of functional analysis.
Before stating and proving this result, we consider an example where the
result is analytically tractable and transparent, even without the assumption
that the transformations are bounded..
Example 4.50 Let (X; kkX ) be a …nite n-dimensional Banach space with
basis fxi gni=1 , and (Y; kkY ) a normed linear space. Given a family of linear
transformations fT g 2I with T : X ! Y; the Banach-Steinhaus theorem
asserts that:
sup

2I

kT k < 1 if and only if sup

2I

kT xkY < 1 for all x:

As seen in the …rst step of the general proof, sup 2I kT k < 1 certainly
implies sup 2I kT xkY P
< 1 for all x so we focus on the reverse implication.
If x 2 X then x = ni=1 ai xi for fai gni=1 F, and for simplicity assume
F = R. Then by the triangle inequality:
Pn
Pn
kT xkY
i=1 jai j Mi ;
i=1 jai j kT xi kY

where Mi

sup

2I

kT xi kY < 1 by assumption. Thus:
P
sup 2I kT k sup ni=1 jai j Mi ;

where the supremum on the right is de…ned over all x with kxkX = 1: Without loss of generality it can be assumed that the basis is normalized
Pnto have
kxi kX = 1 for all i; then by the triangle inequality again, kxkX
i=1 jai j ;
and it follows that:
P
sup 2I kT k sup ni=1 jai j Mi ;
Pn
P
where the supremum is over ni=1
jai j 1: Since f (a1 ; :::; an )
i=1 jai j Mi
P
is continuous on Rn ; and A f ni=1 jai j 1g is compact,
supA f (a1 ; :::; an ) < 1;

completing the proof.
For this example, the assumption of …nite dimensionality of X; and thus
the existence of a basis, provided an enormous simpli…cation to the problem
by allowing the direct application of tools from analysis. For the more
general result a more powerful tool is required, here in the form of Baire’s
category theorem.
The following result is most often stated in terms of families of continuous
linear transformations, but by proposition 4.48 could equivalently be stated
in terms of bounded linear transformations.
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Proposition 4.51 (Banach-Steinhaus theorem) Let (X; kkX ) be a Banach space with X 6= ; and (Y; kkY ) a normed linear space. Given a family
of continuous linear transformations fT g 2I with T : X ! Y; then:
sup

2I

kT k < 1 if and only if sup

2I

kT xkY < 1 for all x:

Proof. If sup 2I kT k < 1; then since kT xkY
follows that for each x :
sup

2I

kT xkY

sup

2I

(4.38)

kT k kxkX by 4.33, it

kT k kxkX < 1:

Next, assume that sup 2I kT xkY < 1 for each x; and de…ne the sequence
fAn g X by:
T
An
ng:
2I fx 2 Xj kT xkY

As an intersection set, we prove that An is closed by showing that each set
( )
e(n ) , say with kT yk =
An
fx 2 Xj kT xkY
ng is closed. Let y 2 A
Y
n + with > 0: Then if z 2 B(y; =2 kT k); writing y = z + (y z) and
applying the triangle inequality obtains:
kT ykY

kT zkY + kT (y

kT zkY + kT k ky

z)kY
zkY

< kT zkY + =2:

Since kT ykY = n + it follows that kT zkY > n + =2 so B(y; =2 kT k)
e(n ) and A
e(n ) is open. Thus An is closed as an intersection of closed sets,
A
and
n for some n, it follows that
S because for each x 2 X ; sup 2I kT xkY
n An = X:
Because X is non-empty and complete, part 2 of Baire’s category theorem
obtains that for any such representation of X as a union of closed sets, at
least one set has nonempty interior, say AN . Thus there exists x 2 AN and
> 0 so that B(x; 2 ) AN : In other words, for all y 2 B(x; 2 ), kT ykY
N for all
2 I: Now any such y 2 B(x; )
B(x; 2 ) can be expressed
as y = x + z where z 2 B(0; 1); and equivalently any z 2 B(0; 1) can be
expressed as z = (y x)= : By linearity of T and the triangle inequality this
obtains for all z 2 B(0; 1); and all 2 I :
kT zkY

(kT ykY + kT xkY ) =

2N= :

Taking a supremum with respect to z 2 B(0; 1) with kzkY = 1 yields by 4.32
that for all :
kT k 2N= :
Hence this bound applies to sup

2I

kT k :
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A Key Result on R-S Integration
With the above machinery from functional analysis in place, we are …nally
ready to state and prove a fundamental result for Riemann-Stieltjes
integration.
Rb
Proposition 4.52 If a g(x)dF exists for all continuous g(x); then F (x) is
of bounded variation.
Proof. Given a partition P fxi gni=0 of [a; b] with the usual notational convention that x0 = a; xi < xi+1 ; and xn = b; de…ne a linear transformation
TP : C([a; b]; kk1 ) ! (R; jj) by:
Pn

xi )(F (xi )
i=1 g(e

TP g

F (xi

1 )):

Here fe
xi gni=1 are arbitrary tags subject only to x
ei 2 [xi 1 ; xi ] for all i. De…ne
( ) m( )
a family of transformations fT g analogously with fP g
ffxi gi=0 g
de…ned as the family of all partitions of [a; b]: Then as noted in 4.37, for
every g 2 C([a; b]; kk1 ) :
lim

!0 sup

jT gj

Cg < 1;

and thus also sup jT gj < 1:
By the Banach-Steinhaus theorem this implies that sup kT k < 1; and
thus by 4.36:
sup kT k

sup

Pn(

i=1

)

( )

F (xi )

( )
1)

F (xi

< 1:

Thus F (x) is of bounded variation.

4.2
4.2.1

Riemann-Stieltjes Integrals on Rn
Introduction and De…nition

For g : Rn ! R and F : Rn ! R; the
Qndevelopment of the Riemann-Stieltjes
integral of g over a rectangle A
j=1 (aj ; bj ] generalizes the above
template when n = 1 in much the same as did the general Riemann
development, but with the added complication of appropriately de…ning
the n-dimensional analogue of F
F (xi ) F (xi 1 ): The reader will also
recall remark 4.1, and note that here we use the formal convention that we
are integrating over the right-semi-closed rectangles of chapter 8 of
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book 1. Recalling the Riemann notational conventions, let each interval
(aj ; bj ] be partitioned:
aj = xj;0 < xj;1 <
with mesh size

< xj;mj

1

< xj;mj = bj ;

of this collection of partitions de…ned by:
maxfxj;i

xj;i

1 g,

where the maximum is de…ned over 1 i mj and 1 j n: The
mj n
collective of interval partitions is denoted P ffxj;i gi=0
gj=1 as in the
1-dimensional case. These interval partitions lead to a partition of A into
disjoint rectangles:
[ Qn
j=1 Aj;ij = A;
I

with Aj;ij (xj;ij 1 ; xj;iQ
ij mj g the index
j ], and I = f(i1 ; i2 ; :::; in )j1
n
set which identi…es the j=1 mj disjoint right semi-closed rectangles that
are de…ned by this partition:
Given a bounded function g de…ned on A and a partition P on A as
above, existence of the Riemann-Stieltjes integral:
Z
gdF;
A

will be de…ned in terms of an appropriately speci…ed convergence of R(g; P; F )
to some real number I as ! 0, where generalizing the Riemann-Stieltjes
summation of 4.10:
X
R(g; P; F )
g (xJ ) FJ ;
J2I

Qn

where xJ 2 j=1 Aj;ij ; and with Aj;ij [xj;i 1 ; xj;i ] the closure of Aj;ij .
In the case of the Riemann integral in Rn ; and integrator function was
de…ned byQF (x) x; and FJ
jAJ j, where this "volume" of the rectann
gle AJ
(x
;
x
]
(as
well
as the open and closed versions) was
j;i
1
j;i
j
j
j=1
de…ned:
Qn
jAJ j
xj;ij 1 ):
j=1 (xj;ij

For the Riemann-Stieltjes integral, jAJ j must be generalized to FJ jAJ jF
in an analogous way as the 1-dimensional interval length xi xi 1 in the
Riemann integral was generalized to F F (xi ) F (xi 1 ) :
The question is of course, how can FJ be de…ned given an integrator
function F : Rn ! R; and what properties of F (x)
F (x1 ; x2 ; :::; xn )
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will ensure that with this de…nition of FJ that the above approach to a
Riemann-Stieltjes integral will make sense?
On the latter point, certainly a desirable
and indeed necessary
property
S
Qn
(a
;
b
]
and
A
=
A
of FJ is …nite additivity: If A
j=1 j j
J2I J ; where
fAJ g is a disjoint collection of right semi-closed rectangles, then:
X
jAJ jF ;
jAjF =
J2I

or in terms of the function F :

F =

X

J2I

FJ :

This would then unambiguously assure that for g(x)
should expect to be able to integrate, that:
Z
X Z
gdF = jAjF =
gdF;
J

A

1; a function we

AJ

which is a reasonably demanded result.
The development of chapter 8 of book 1 provides an insight
Qninto a den ! R and a rectangle A =
…nition
of
F
given
F
:
R
J
J
j=1 Aj;ij
Qn
j=1 (xj;ij 1 ; xj;ij ]; which was there proved to be …nitely additive in proposition 8.11. Recalling the de…nition in equation 8.7 of that proposition:
De…nition 4.53 Given F : Rn ! R and right semi-closed rectangle A
Q
n
F
jAjF by:
i=1 (ai ; bi ]; de…ne
X
F =
sgn(x)F (x);
(4.39)
x

where each x = (x1 ; :::; xn ) is one of the 2n vertices of A; so xi = ai or
xi = bi ; and sgn(x) is de…ned as 1 if the number of ai -components of x is
odd, and +1 otherwise.
Remark 4.54 While the book 1 proposition 8.11 and more generally the
associated section of that chapter assumed that F was continuous from above
and n-increasing, the latter notion de…ned again below, neither assumption
was needed for the …nite additivity proof as can be veri…ed. Thus we simply
record the result here.
Proposition 4.55 Given F : Rn ! R;
Qnde…ne F on A asSin 4.39. Then
F is …nitely additive in that if A
j=1 (aj ; bj ] and A =
J2I AJ ; where
fAJ g is a collection of disjoint right semi-closed rectangles, then
X
F =
FJ ;
(4.40)
J2I
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where FJ denotes F de…ned as in 4.39, applied to AJ :
Proof. This is proposition 8.11, book 1.
Example 4.56 It is easy to get an intuition for the formula in 4.39 as
follows. Let F be a given n-times di¤ erentiable function where f (x) de…ned
by:
@nF
f (x)
;
@x1 @x2
@xn
Qn
is a continuous function. Then F de…ned on A
j=1 (aj ; bj ] in 4.39 is
also given by an iterated Riemann integral:
Z b1 Z b2
Z bn
f (x)dxn dxn 1
dx1 :
(4.41)
F =
a1

a2

an

To see this, note that since f (x) is a continuous function of xn for any
x1 ; x2 ; :::xn 1 ; the fundamental theorem of calculus obtains with @ n 1
@n 1
@x1 @x2 @xn 1 :
Z

bn

f (x)dxn = @ n

1

F (x1 ; x2 ; :::; bn )

@n

1

F (x1 ; x2 ; :::; an ):

an

For any x1 ; x2 ; :::xn 2 this is then a continuous functions of xn 1 and thus
the next integral can be similarly evaluated. It is then veri…able with a little
algebra that after n such applications of the fundamental theorem of calculus
that the summation in 4.39 is derived, and moreover, that the coe¢ cient of
F (x) depends on the parity of the number of aj -components.
More generally, chapter 8 of book 1 derives the result that if is a …nite
Borel measure on Rn ; and F (x) is de…ned:
F (x) = [Ax ]
with Ax

Qn

j=1 (

1; xj ]; then:
hQ
i X
n
(a
;
b
]
=
sgn(x)F (x):
j=1 j j
x

(4.42)

With F now de…ned, we can generalize the 1-dimensional notions of
F increasing and F of bounded variation, and will see that these play
an important role in the existence results for the Riemann-Stieltjes integral
in Rn . Here we use the terminology n-increasing consistent with book 1,
and of Vitali bounded variation named for Giuseppe Vitali (1875 –
1932). Note that there are many notions of bounded variation in Rn ; and
the version below and needed for Riemann-Stieltjes integration is also called
of bounded variation in the sense of Vitali.
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De…nition 4.57 Given F : Rn ! R and rectangle A; de…ne F as in 4.39.
Then F is said to be n-increasing if given any right semi-closed rectangle:
F

0:

(4.43)

Also,
Qn F is said to be of Vitali bounded variation on rectangle A
j=1 (aj ; bj ], and sometimes of bounded variation on A in the sense
of Vitali, if:
X
TA (F ) supP
j FJ j < 1;
(4.44)
J2I

where the supremum is over all partitions P

m

j
ffxj;i gi=0
gnj=1 of A:

Remark 4.58 In the case n = 1; these de…nitions reduce to the earlier
notions of increasing, and of bounded variation.
Also note that using a proof by contradiction, if F is of Vitali bounded
variation on a right semi-closed rectangle A then it enjoys this property on
every right semi-closed sub-rectangle of A. On the other hand, knowing that
F 0 on such a rectangle A does not imply that this property is satis…ed
on sub-rectangles, and this is why the de…nition of n-increasing explicitly
demands that this property holds on all rectangles.
Exercise 4.59 Verify that as in the 1-dimensional case, every function F
that is n-increasing is of Vitali bounded variation, and further, TA (F ) = F:
The next result demonstrates that there are many functions which satisfy
these de…nitions.
Proposition 4.60 Given functions fFj (xj )gnj=1 , de…ne F (x) =
1. If fFj gnj=1 are increasing, then F is n-increasing.

Qn

j=1 Fj

(xj ).

2. If fFj gnj=1 are of bounded variation onQintervals f[aj ; bj ]gnj=1 ; then F
n
is of Vitali bounded variation on A
j=1 (aj ; bj ].

Proof. For both results, note that given any rectangle B
that:
X
Q
F
sgn(x)F (x) = nj=1 [Fj (dj ) Fj (cj )] :

Qn

j=1 (cj ; dj ]

x

This follows because the product can be expanded and becomes a summation
over all vertices of B; and further the coe¢ cient of each term is derived
from the parity of the number of cj -factors. This immediately obtains the
n-increasing conclusion if part 1.
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For the second conclusion, let P be a partition of A using the notational
convention above. Then:
X
X
Qn
j FJ j =
Fj xj;ij 1
j=1 Fj xj;ij
J2I

J2I

=

Thus taking a supremum:

Qn

j=1

Xmj

TA (F )

ij =1

Qn

Fj xj;ij

bj
j=1 Taj [Fj ]

Fj xj;ij

:

1

< 1:

Given a bounded function g de…ned on a right semi-closed rectangle A
and a partition P on A as above, if F (x) is n-increasing in the sense of
de…nition 4.57; we generalize the lower and upper Riemann-Stieltjes sums
of 4.4 and de…ne:
X
X
L(g; P; F )
mJ FJ ; U (f ; P; G)
MJ FJ :
(4.45)
J2I

J2I

Q
Here mJ inffg(x)jx 2 j=1 Aj;ij g and MJ supfg(x)jx 2 nj=1 Aj;ij g with
J
(i1 ; i2 ; :::; in ) 2 I as de…ned above, and Aj;ij
[xj;i 1 ; xj;i ] the closure
of Aj;ij : We then have as in corollary 4.6, recalling de…nition 2.22 on re…nements.
Qn

Proposition 4.61 If g(x) is bounded on rectangle A Rn and F (x) is nincreasing; then for any partitions P1 and P2 with respective re…nements P10
and P20 :
L(g; P1 ; F )

L(g; P10 ; F )

U (g; P20 ; F )

U (g; P2 ; F ):

(4.46)

Proof. Left as an exercise.
Thus as given partitions P1 and P2 are sequentially re…ned, L(g; P1 ; F )
increases and U (g; P2 ; F ) decreases as in the 1-dimensional case. The following de…nition requires that such sequences converge to the same result,
and do so independently of the starting partitions.
De…nition 4.62 (Riemann-Stieltjes integral) With the above notation,
assume that g(x) is bounded on a right semi-closed rectangle
A oRn and
n
F (x) is n-increasing; and that for every partition P

m

j
fxj;ij gij =0

lim supP L(g; P; F ) = lim inf P U (g; P; F ) = I < 1;
!0

!0

n

j=1

:

(4.47)
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where the supremum and in…mum are taken over all partitions P of mesh
size : Then the Riemann-Stieltjes integral of g(x) with respect to
F (x) over A is de…ned:
Z
g(x)dF = I:
(4.48)
A

If 4.47 is not satis…ed then we say that Riemann-Stieltjes integral of g(x)
with respect to F (x) over A does not exist.
Remark 4.63 Recalling remark 2.26, is it again the case that by virtue of
4.46 the intergability condition of 4.47 can be restated as:
supP L(g; P; F ) = inf P U (g; P; F ) = I;

(4.49)

where the extrema are de…ned over all partitions.
When the integrator function F (x) is not n-increasing, the above de…nition must be generalized since L(g; P; F ) and U (g; P; F ) as de…ned do
not necessarily bound the …nal limiting result. In this more general case
we return to the general Riemann-Stieltjes sums. As in the 1-dimensional
case, when F is n-increasing the following criterion for the existence of the
integral implies that above.
De…nition 4.64 (Riemann-Stieltjes integral) Let g(x) be bounded and
F (x)nde…ned on aoright semi-closed rectangle A Rn ; and given the partition
n
Q
mj
P
fxj;ij gij =0
of A and tags fxJ gJ2I with xJ 2 nj=1 [xj;ij 1 ; xj;ij ] for
j=1

J = (i1 ; i2 ; :::; in ); de…ne the Riemann-Stieltjes summation by:
R(g; P; F )
If
lim

X

J2I

!0 R(g; P; F )

g (xJ )

FJ :

= I < 1;

where the limit is taken over all partitions P of mesh size
tags, then de…ne:
Z
g(x)dF = I:

(4.50)

(4.51)
and arbitrary
(4.52)

A

If 4.51 is not satis…ed then we say that Riemann-Stieltjes integral of g(x)
with respect to F (x) over A does not exist.
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Remark 4.65 Note that the limit in 4.51 is de…ned to mean that for any
> 0 there is a so that:
jR(g; P; F )

Ij <

for all tagged partitions P of mesh size
: In other words, for all
partitions P of mesh size
, and all choices of tags fxJ gJ2I for such
partitions. Thus de…nition 4.64 like de…nition 4.10 requires that RiemannStieltjes summations converge uniformly to I as ! 0:
When F (x) is increasing this requirement is at least as strong as that
in de…nition 4.62 as can be veri…ed by a notational generalization of the
proof of proposition 4.14. See proposition 4.67 for an example of when these
de…nitions are equivalent for increasing F (x):
Notation 4.66 The collections

n
on
mj
fxj;ij gij =0

and fxJ gJ2I are someon
n
mj
times referred to as a tagged partition and again denoted P
fxj;ij gij =0
j=1

j=1

while the latter set of points are called the sub-rectangle tags.

4.2.2

Results on R-S Integrals

Existence of R-S Integrals
The primary result of this section is the existence theorem addressed next.
This result is stated in terms of an integrator function F of Vitali bounded
variation, but then applies to n-increasing integrator functions by exercise
4.59. This latter application will be used when F is a joint distribution
function.
Proposition
R a bounded recQn4.67 If F (x) is of Vitali bounded variation on
tangle A
j=1 (aj ; bj ] and g(x) is continuous on A; then A g(x)dF exists.
Further, with Mg supA jg(x)j and TA (F ) de…ned in 4.44:
Z

g(x)dF

Mg TA (F ):

(4.53)

A

Proof. Since g(x) is continuous on compact A it is uniformly continuous,
and thus for any > 0 there is 0 so that if jx x0 j < 0 then:
g(x)

g(x0 ) < = [2TA (F )] :

; fxJ gJ2I

;
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We now show that if
respective mesh sizes 1 ;

0=
2

p
n, that given partitions P1 and P2 with
and any tags:

jR(g; P1 ; F )

R(g; P2 ; F )j < :

This then implies that Riemann-Stieltjes summations can be made arbitrarily close as j ! 0 and thus lim !0 R(g; P; F ) is well-de…ned though not
necessarily …nite.
To prove this result we prove that with P P1 [ P2 ; the common re…nement of such partitions, that:
jR(g; P1 ; F )

R(g; P; F )j < =2;

jR(g; P2 ; F )

R(g; P; F )j < =2:

To this end, choose 1 ; 2
with de…ned as above in terms of 0 ; which
was de…ned in terms of the given > 0. Then for any tags:
X
X
R(g; P1 ; F ) R(g; P; F ) =
g (xJ ) FJ
g (xJ 0 ) FJ 0
J2I
J 0 2I 0
X
=
g x0J 0
g (xJ 0 ) FJ 0 :
0
0
J 2I

I0

Here I and
denote the index collections for partitions P1 and P; respectively. In the last summation we de…ne x0J 0 = xJ for every sub-rectangle AJ 0
de…ned by P that is contained in the sub-rectangle AJ de…ned by P1 : Then
by …nite additivity:
X
g (xJ 0 ) FJ 0 = g (xJ ) FJ ;
AJ 0 AJ

and thus R(g; P1 ; F ) can be so expressed in terms of the P partition. By
construction, every pair (x0J 0 ; xJ 0 ) in the last summation is in the same subp
rectangle of P1 ; and since the mesh size of P1 is less than 0 = n; it follows
g (xJ 0 ) < = [2TA (F )] :
that x0J 0 xJ 0 < and thus g x0J 0
Combining the pieces, by the triangle inequality:
X
jR(g; P1 ; F ) R(g; P; F )j
= [2TA (F )]
j FJ 0 j
=2:
0
0
J 2I

The same construction applies to the second estimate, and the proof of the
well-de…nedness of lim !0 R(g; P; F ) is complete.
R
To prove that this limit is …nite and thus equal to A g(x)dF; let and
P be given. Then:
X
jR(g; P; F )j
jg (xJ )j j FJ j
J2I

Mg TA (F ):

As the same is
R true for all partitions; this bound is also true for the limit as
! 0: Thus A g(x)dF exists and satis…es 4.53.
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The above proposition provides a useful corollary that is worth summarizing.
Corollary 4.68 If g(x) is Q
continuous and F (x) of Vitali bounded variation
n
(a ; b ]; then for any > 0 there is a so
on bounded rectangle A
n j=1 j j on
mj
that for any partition P
fxj;ij gij =0
of A with mesh size
:
j=1

X

J2I

g (xJ ) FJ

Z

g(x)dF < ;

(4.54)

A

Q
for arbitrary tags fxJ gJ2I with xJ 2 nj=1 [xj;ij 1 ; xj;ij ]:
Proof. Immediate by proposition 4.67 and de…nition 4.64.
The next result establishes criteria for the existence of improper integrals.
Proposition
4.69 Let g(x) be continuous and F (x) n-increasing on A
Qn
j=1 (aj ; 1): Then if both are bounded, the improper integral:
Z
Z
g(x)dF
lim
g(x)dF
(4.55)
bj !1 Ab

A

Qn
is well de…ned and …nite, where Ab
j=1 (aj ; bj ].
n
If these assumptions apply on R ; the improper integral:
Z
Z
g(x)dF
lim
g(x)dF
aj ! 1; bj !1 Ab

Rn

(4.56)

is well de…ned and …nite. More generally, such limits exist for any subset of
aj ! 1 and/or bj ! 1; and thus all improper integrals are well-de…ned.
Proof. Since F is bounded and n-increasing, then so too is F bounded
on any rectangle. Indeed by 4.39 if jF j MF then on any rectangle F
2n MF by the triangle inequality. Now for notational speci…city let A F
denote F de…ned on the given rectangle A; and let c > b mean that cj > bj
for all j: Then for any c > a this bound can be expressed as Ac F 2n MF
and thus
supc>a Ac F 2n MF :
Since this supremum is bounded, choose b > a so that
supc>a

Ac F

Ab F

< =Mg :

Then given this b; it follows from
supc>a

Ac F

supc>b

Ac F

Ab F
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that
supc>b

Ab F

Ac F

< =Mg :

((*))

Now with b chosen as above and c > b arbitrary, note that Ac can be
expressed as a union of Ab and 2n 1 other right semi-closed rectangles
obtained by dividing each interval that de…nes Ac as follows:
(aj ; cj ] = (aj ; bj ] [ (bj ; cj ]:
Applying 3 and 4 of proposition 4.72 below to integrals which exist by proposition 4.67, and using …nite additivity
the decomposition of Ac just conS2n and
1
structed, here denoted Ac = Ab [ k=1 Ak :
Z

Z

g(x)dF

X2n

g(x)dF

k=1

Ab

Ac

By construction
Z

1

Ac F

Ab F

g(x)dF

Ak

jg(x)j dF

Mg [

Ac F

Ab F ] :

< =Mg for all c and so:
Z

Ab

Z

Ac

g(x)dF

Z

g(x)dF + :

Ab

R
R
This obtains that lim inf c!1 Ac g(x)dF and lim supc!1 Ac g(x)dF satisfy
these same bounds and so:
Z
Z
lim sup
g(x)dF lim inf
g(x)dF < 2 :
Ac

Since

is arbitrary, lim

Ac

R

bj !1 Ab

g(x)dF is well de…ned.

The proof of 4.56 is similar and left as an exercise, as is the statement
on subsets of aj ! 1 and/or bj ! 1:
Properties of R-S Integrals
Properties of the Riemann-Stieltjes integral in n-dimensions are
summarized below in the case of greatest interest here, and that is for an
n-increasing integrator F: Joint distribution functions are important
examples of such integrators. But …rst we need a generalization of
proposition 4.13:
Proposition 4.70 A bounded function g(x) Q
is Riemann-Stieltjes integrable
n
with respect to n-increasing F (x) over A
j=1 (aj ; bj ] by de…nition 4.62
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n
on
mj
fxj;ij gij =0

> 0 there is a partition P

j=1

so that:
0

U (g; P; F )
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L(g; P; F ) < :

of A

(4.57)

Further, if 4.57 is satis…ed for P it is also satis…ed for every re…nement P 0
of P:
Proof. Left as an exercise, noting that the proof of proposition 2.24 can be
replicated using 4.46.
Remark 4.71 For increasing F (x), if a bounded function
g(x) is RiemannQn
Stieltjes integrable with respect to F (x) over A
(a
j=1 j ; bj ] by de…nition
4.64 then a stronger statement concerning 4.57 is valid. Speci…cally, given
> 0 there is so that 4.57 is satis…ed for all partitions with mesh size
:
For example, by proposition 4.67 such is the case when g(x) is continuous.
Proposition 4.72 Let F (x) be an n-increasing function on A

Qn

j=1 (aj ; bj ]:

1. If g1 (x) and g2 (x) are integrable, then so too is cg1 (x) + dg2 (x) for real
c; d; and:
Z
Z
Z
(cg1 (x) + dg2 (x)) dF = c
g1 (x)dF + d
g2 (x)dF:
A

A

A

2. If g1 (x) and g2 (x) are integrable and g1 (x)
Z

g1 (x)dF

A

g2 (x); then:

Z

g2 (x)dF:

Z

jg(x)j dF:

A

3. If g(x) is integrable, then:
Z

A

g(x)dF

A

S
4. If A = J2I AJ ; where fAJ g is a disjoint collection of right semiclosed rectangles, and g(x) is integrable on A; then g(x) is integrable
on AJ for all J; and:
Z
Z
X
g(x)dF =
g(x)dF:
A

J2I

AJ
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Proof. The proofs of 1-3 are identical to the proofs for proposition 4.26,
now using 4.46 and 4.57.
For 4 is enough to prove this result in the case where fAJ g is de…ned by
a partition of A as above, since the general case can be reduced to this as in
the proof of proposition 8.11 of book 1. By induction, the case of a general
partition can be proved by assuming that A = A1 [ A2 ; where for example
for a1 < c1 < b1 :
Qn
Qn
A1 = (a1 ; c1 ]
A2 = (c1 ; b1 ]
j=2 (aj ; bj ];
j=2 (aj ; bj ]:

If P is a partition of A so that 4.57 is satis…ed with given ; then this is also
satis…ed with re…ned partition P 0 ; de…ned to add point c1 to the partition
points of (a1 ; b1 ] if it is not already included. De…ning P10 = P 0 \ A1 and
P20 = P 0 \ A2 ; the lower Riemann-Stieltjes sum splits:
L(g; P 0 ; F ) = L(g; P10 ; F ) + L(g; P20 ; F );
where the latter Riemann-Stieltjes sums are now de…ned relative to partitions
of A1 and A2 : The same is true for U (g; P 0 ; F ) and so the result from 4.57
yields that for j = 1; 2:
0

U (g; Pj0 ; F )

L(g; Pj0 ; F ) < ;

and thus both integrals over A1 and A2 exist. That the value of the integral
over A also splits into the sub-rectangle integrals is left as an exercise:
1
Proposition 4.73 If fgm (x)g
Qnm=1 ; g(x) are continuous with gm (x) ! g(x)
pointwise on rectangle A
j=1 [aj ; bj ]; and F (x) is n-increasing on A
Q
n
(a
;
b
];
then:
j=1 j j
Z
Z
gm (x)dF !
g(x)dF;
A

and

Z

A

A

jgm (x)

g(x)j dF ! 0:

Proof. Existence of all integrals is assured by proposition 4.67. Then using
the properties of proposition 4.72 above, and 4.53:
Z
Z
Z
gm (x)dF
g(x)dF
jgm (x) g(x)j dF Mjgm gj TA (F ):
A

A

A

But gm (x) ! g(x) and continuity imply uniform convergence on compact A;
and thus Mjgm gj ! 0; completing the proof.
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Evaluating Riemann-Stieltjes Integrals

The …nal result addresses the evaluation of Riemann-Stieltjes integrals in
Rn in two special cases of an integrator function F (x), and largely parallels
proposition 4.30: These two cases are commonly encountered in probability
theory where F (x) is a joint distribution function. Part 1 is stated in the
more general context of F (x) of Vitali bounded variation, but as
previously noted this implies the application in probability theory for
distribution functions F (x) which are n-increasing.
Notation 4.74 The statement that a given identity "remains true for aj =
1 and/or bj = 1" means it remains true for any and all combinations of
such limits. In other words, this implies that all improper integrals are well
de…ned.
Proposition 4.75
1. Let F (x) be of Vitali bounded variation, and assume that both F (x) and
@nF
@x1 @x2
@xn
Qn
are continuous functions on A
j=1 [aj ; bj ]: Then with g(x) continuous on A :
Z
Z
f (x)

g(x)dF = (R)

where A
gral.

Qn

A

g(x)f (x)dx;

(4.58)

A

j=1 (aj ; bj ]

and (R) denotes that this is a Riemann inte-

If g(x) and F (x) are bounded, then 4.58 remains true for aj = 1
and/or bj = 1: More generally for unbounded g(x); if the improper
Riemann integrals exist then so too do the improper Lebesgue-Stieltjes
integrals.
2. Let fyj gm
Rn and nonnegative fcj gm
j=1
j=1 be given, where if m = 1
m
we assume that fyj gj=1 has no accumulation points: De…ne an increasX
ing step function, F (x); by F (x) =
cj where yj
x is shortyj x
Qn
hand for yjk xk for 1 k n: Then with A
j=1 (aj ; bj ] bounded,
and g(x) continuous on A :
Z
X
g(x)dF =
g(yj )cj :
(4.59)
A

yj 2A
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If g(x) and F (x) are bounded, then 4.24 remains true for
Xaj = 1
and/or bj = 1: More generally for unbounded g(x); if
g(yj )cj
yj

is absolutely convergent then the improper Lebesgue-Stieltjes integrals
are well de…ned.
R
Proof. In both cases the existence of A g(x)dF is assured by proposition
4.67 for bounded A:
0
For
n 1; let > o0nbe given and choose so that as in 4.54, for any partition
mj
0
P
fxj;ij gij =0
of A with mesh size
:
j=1

X

J2I

Z

g (xJ ) FJ

g(x)dF < =2;

A

Q
for arbitrary tags fxJ gJ2I with Q
xJ 2 nj=1 [xj;ij 1 ; xj;ij ]: Recalling 4.41, with
FJ de…ned
on the rectangle nj=1 (xj;ij 1 ; xj;ij ] which is temporarily deQn
noted j=1 (yj ; zj ] for notational simplicity:
Z zn
Z z1 Z z2
f (x)dxn dxn 1
dx1 :
FJ =
y1

y2

Qn

yn

By continuity of f (x) on j=1 [xj;i
Qj n 1 ; xj;ij ]; the mean value theorem for
0
integrals yields that for some xJ 2 j=1 (xj;ij 1 ; xj;ij ) :
FJ = f x0J

Qn

j=1

xj;ij

xj;ij

1

:

Setting xJ = x0J in the estimate above, it follows that for any partition of A
0
with mesh size
; there exist tags fx0J gJ2I so that:
Z
X
0
0 Qn
xj;ij 1
g(x)dF < =2:
g xJ f xJ
j=1 xj;ij
J2I

A

Now since g(x)f (x) is continuous on A it is Riemann integrable on A
by proposition 4.67; and for this there exists 00 so that for any partition
00
of A of mesh size
and arbitrary tags fx00J gJ2I 0 :
Z
X
00
00 Qn
g xJ f xJ
xj;ij 1
(R)
g(x)f (x)dx < =2:
j=1 xj;ij
0
J2I

A

Thus for
min( 0 ; 00 ) and for any partition of mesh size , choose x00J =
x0J and the triangle inequality yields:
Z
Z
g(x)dF (R)
g(x)f (x)dx < :
A

A
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As

is arbitrary, 4.58 is proved.
R
When g(x) and F (x) are bounded, A g(x)dF exists for aj = 1 and/or
bj = 1 by proposition 4.69. Then, for example in the general
Qn case of all
aj ! 1 and all bj ! 1; applying 4.58 for bounded A
j=1 (aj ; bj ] :
Z

lim

aj ! 1; bj !1 A

g(x)dF =

lim

aj ! 1; bj !1

(R)

Z

g(x)f (x)dx;

A

and both limits exist and are …nite by proposition 4.69, which is 4.58 in this
case. More generally, if any Riemann integral is well de…ned as an improper
integral, then the limit of the Riemann integral on the right above exists. By
equality for each bounded set it follows that the limit of the Riemann-Stieltjes
integrals also exists, and so too the associated improper integral.
For
by 4.54 given > 0 there exists 0 so that for any partition
n 2; again o
n
mj
0
P
fxj;ij gij =0
of A with mesh size
:
j=1

X

J2I

g (xJ )

Z

FJ

g(x)dF < =2;

((*))

A

for arbitrary tagsQ
fxJ gJ2I with xJ 2
n
above and AJ
j=1 (xj;ij 1 ; xj;ij ] :
FJ =

Qn

j=1 [xj;ij 1 ; xj;ij ]:

X

yk 2AJ

For F (x) as de…ned

ck :

This is the essence of proposition 8.11 of book 1, since such F (x) is nincreasing and continuous from above and hence induces a Borel measure on
Rn for which FJ is the Borel measure of AJ : The terms of the summation
in ( ) are nonzero only for sub-rectangles with yk 2 AJ for some k: Choosing
small enough assures that there is at most one such yk in each partition
sub-rectangle since fyj gm
j=1 has no accumulation points. Then choosing tags
xJ = yk and noting that FJ = ck completes the proof of 4.59.X
If F (x) is
P1
bounded then j=1 cj < 1; and thus g(x) bounded assures that
g(yj )cj
j

converges absolutely as an in…nite sum in any of the cases aj = 1 and/or
bj = 1: Thus the validity of 4.59 over bounded intervals, and the convergence of summations as aj = 1 and/or bj = 1; completes the proof. The
more general case of unbounded g(x) is similar to part 1:
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