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Preface
The idea for a reference book on the mathematical foundations of quantita-
tive finance has been with me throughout my career in this field. But the
urge to begin writing it didn’t materialize until shortly after completing my
first book, Introduction to Quantitative Finance: A Math Tool Kit, in 2010.
The one goal I had for this reference book was that it would be complete
and detailed in the development of the many materials one finds referenced
in the various areas of quantitative finance. The one constraint I realized
from the beginning was that I could not accomplish this goal, plus write a
complete survey of the quantitative finance applications of these materials,
in the 700 or so pages that I budgeted for myself for my first book. Little
did I know at the time that this project would require a multiple of this
initial page count budget even without detailed finance applications.

I was never concerned about the omission of the details on applications
to quantitative finance because there are already a great many books in
this area that develop these applications very well. The one shortcoming
I perceived many such books to have is that they are written at a level of
mathematical sophistication that requires a reader to have significant formal
training in mathematics, as well as the time and energy to fill in omitted
details. While such a task would provide a challenging and perhaps welcome
exercise for more advanced graduate students in this field, it is likely to
be less welcome to many other students and practitioners. It is also the
case that quantitative finance has grown to utilize advanced mathematical
theories from a number of fields. While there are also a great many very
good references on these subjects, most are again written at a level that
does not in my experience characterize the backgrounds of most students
and practitioners of quantitative finance.

So over the past several years I have been drafting this reference book,
accumulating the mathematical theories I have encountered in my work in
this field, and then attempting to integrate them into a coherent collection
of books that develops the necessary ideas in some detail. My target readers
would be quantitatively literate to the extent of familiarity, indeed comfort,
with the materials and formal developments in my first book, and suffi ciently
motivated to identify and then navigate the details of the materials they were
attempting to master. Unfortunately, adding these details supports learning
but also increases the lengths of the various developments. But this book was
never intended to provide a “cover-to-cover”reading challenge, but rather to
be a reference book in which one could find detailed foundational materials
in a variety of areas that support current questions and further studies in
quantitative finance.
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x Preface

Over these past years, one volume turned into two, which then became a
work not likely publishable in the traditional channels given its unforgiving
size and likely limited target audience. So I have instead decided to self-
publish this work, converting the original chapters into stand-alone books, of
which there are now nine. My goal is to finalize each book over the coming
year or two.

I hope these books serve you well.
I am grateful for the support of my family: Lisa, Michael, David, and

Jeffrey, as well as the support of friends and colleagues at Brandeis Interna-
tional Business School.

Robert R. Reitano
Brandeis International Business School



to Michael, David, and
Jeffrey

xi





Introduction

This is the fifth book in a series of several that will be self-published under
the collective title of Foundations of Quantitative Finance. Each book in
the series is intended to build from the materials in earlier books, with the
first several alternating between books with a more foundational
mathematical perspective, which was the case with the first and third and
now this fifth book, and books which develop probability theory and some
quantitative applications to finance, the focus of the second and fourth
book. But while providing many of the foundational theories underlying
quantitative finance, this series of books does not provide a detailed
development of these financial applications. Instead this series is intended
to be used as a reference work for students, researchers and practitioners of
quantitative finance who already have other sources for these detailed
financial applications but find that such sources are written at a level
which assumes significant mathematical expertise, which if not possessed
can be diffi cult to acquire.

Because the goal of many books in quantitative finance is to develop fi-
nancial applications from an advanced point of view, it is often the case that
the needed advanced foundational materials from mathematics and proba-
bility theory are introduced and summarized, but without a complete and
formal development that would take the respective authors too far astray
from their intended objectives. And while there are a great many excellent
books on mathematics and probability theory, a number of which are cited
in the references, such books typically develop materials with a eye to com-
prehensiveness in the subject matter, and not with an eye toward effi ciently
curating and developing the theory needed for applications in quantitative
finance.

Thus the goal of this series is to introduce and develop in some detail
a number of the foundational theories underlying quantitative finance, with
topics curated from a vast mathematical and probability literature for the ex-

xiii



xiv INTRODUCTION

press purpose of supporting applications in quantitative finance. In addition,
the development of these topics will be found to be at a much greater level
of detail than in most advanced quantitative finance books, and certainly in
more detail that most advanced mathematics and probability theory texts.

The title of this fifth book, General Measure and Integration Theory, gen-
eralizes the results of books 1 and 3 on the these respective topics. Chapter 1
begins the development with a discussion of measurable functions defined on
a measure space (X,σ(X), µ), their properties and limits, as well as approx-
imation results with simple functions, all reflective of similar results from
book 1 in a Lebesgue measure space context. The proofs of these results
are often "general" in notation only, reflecting the point made throughout
book 1 that a great many of the proofs there often had nothing specifically
to do with Lebesgue spaces and were generally applicable with a change
of notation. This chapter also introduces the notion of monotone classes
and develops the functional monotone class theorem, which proves that if a
given class of functions satisfies a few, often simply verified properties, then
it contains all bounded measurable functions.

A general integration theory on (X,σ(X), µ) is then developed in Chap-
ter 2, largely following the outline used in book 3 in the development of the
Lebesgue integral. But in addition to the various "integration to the limit"
results of the bounded convergence and Lebesgue’s monotone and dominated
convergence theorems, this chapter also contains an additional result related
to a uniformly integrable collection of functions on a finite measure space,
and thus has important applications on probability spaces. This chapter
then ends with an investigation into the evaluation of Lebesgue-Stieltjes in-
tegrals using Riemann sums. These integrals are defined by µ ≡ µF , a Borel
measure induced by an increasing, right continuous function F and stud-
ied in book 1. The relationship between such integrals and the associated
Riemann-Stieltjes integrals of book 3 are also discussed, where the latter
integrals are defined using F as an integrator function.

Chapter 3 then investigates general results on "change of variables,"
starting off with the special case of Lebesgue-Stieltjes integrals where the
underlying "distribution" function F is obtained from an associated density
function f in the sense that:

µF [A] = (L)

∫
A
f(x)dx.

Letting A = (a, b], this integral then must also equal F (b)− F (a) and thus
identifies the connection with F. In this context, change of variables is framed
in terms of a change of measure, relating the dµF integrals to the associated
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Lebesgue integrals. General results on change of variables under measurable
transformations are then developed, followed by applications of this general
result to Lebesgue integrals in two cases. The first case is when the change of
variables is associated with a linear invertible transformation on Rn, and this
is then generalized to a change of variables associated with a differentiable,
invertible transformation on Rn.

The Lp(X)-type Banach spaces are studied in chapter 4, establishing
some of their basic properties with an eye toward motivating the uniqueness
of L2(X), a space that plays a prominent role in the theory of stochastic
integration of book 8. Chapter 5 then turns to the topic of product space
integrals and the theorems of Fubini and Tonelli, which identify conditions
under which such integrals can be evaluated iteratively, or, one space variable
at a time. This chapter also includes a discussion of how such results depend
on the construction of the product space sigma algebra.

Applications of the Fubini-Tonelli theorems are developed in chapter 6,
beginning with Lebesgue-Stieltjes integration by parts and the integrability
of the convolution of integrable functions. The remainder of the chapter
is focused on the Fourier transform of integrable functions and finite Borel
measures, developing results related to Fourier inversion as well as a conti-
nuity theorem. Such results are key in the book 6 study of the characteristic
function of a probability distribution and its applications.

The final chapter 7 focuses on various decompositions of sigma-finite
measures defined on σ-finite measure spaces. The first section accumulates
previously proved results to provide such a decomposition for Borel measures
defined on the Lebesgue measure space on R, and anticipates more general
results to come. Following a digression into signed measures and the Hahn
and Jordan decomposition theorems, the more general results developed are
the Radon-Nikodým theorem and Lebesgue decomposition theorem.





Chapter 1

µ-Measurable Functions

We begin with a discussion of the definition and properties of a
µ-measurable function defined on a measure space (X,σ(X), µ). For the
definition of a general measure space (X,σ(X), µ) see definition 2.23 of
book 1. Many of the proofs in this chapter will be omitted because the
respective results from book 1 will be seen to be completely general in
retrospect, after a change of notation. The reader is encouraged to provide
details as an exercise.

For example it was seen in book 1 that Lebesgue measurability of a
function defined on (R,ML,m), the Lebesgue measure space on R, could
be characterized by various equivalent properties. The following definition
of a µ-measurable function f on (X,σ(X), µ) extends this equivalence.
For this definition recall that for any set A ⊂ R, in the range of an extended
real valued function f, the inverse f−1 is defined:

f−1(A) ≡ {x ∈ X|f(x) ∈ A}.

For a discussion of the extended real numbers R see section 3.1 of book
1. Finally, the statement that the set f−1(A) is µ-measurable means that
f−1(A) ∈ σ(X). See also notation 1.3 below. See remark 1.2 for a justifica-
tion of the equivalence of these properties.

Definition 1.1 The extended real-valued function f(x) : X → R de-
fined on the measure space (X,σ(X), µ) is said to be µ-measurable if it is
defined on a µ-measurable domain D ∈ σ(X), and if any and hence all of
the following conditions are satisfied:

1. For every real number y, the set f−1((−∞, y)) is µ-measurable.

1



2 CHAPTER 1 µ-MEASURABLE FUNCTIONS

2. For every real number y, the set f−1([y,∞)) is µ-measurable.

3. For every real number y, the set f−1((y,∞)) is µ-measurable.

4. For every real number y, the set f−1((−∞, y]) is µ-measurable.

5. For every Borel set A ∈ B(R), f−1(A) is µ-measurable.

It f(x) is µ-measurable then f−1(y) is µ-measurable for all y ∈ R.

Remark 1.2 The book 1 proofs of the equivalence of these properties for
Lebesgue measurable functions are in retrospect perfectly general because they
only utilized the sigma algebra properties of σ(X), the collection of measur-
able sets on the domain space. For the equivalence of 1 - 4 see proposition
3.4 of book 1, while the equivalence of 5 is proposition 3.26. Finally, the
µ-measurability of f−1(y) is proposition 3.7.

Notation 1.3 There will be instances in coming chapters where we will
encounter measure spaces (X,σi(X),µ) with various sigma-algebras σi(X).
In other words, the space X is fixed as is the measure µ, but there are
various sigma algebras on which µ satisfies the definition of measure. A
simple example but a common one is when (X,σ(X), µ) is a measure space
and σi(X) ⊂ σ(X) is a sigma subalgebra, then (X,σi(X), µ) is a measure
space.

In this situation the notion of a µ-measurable function becomes am-
biguous because the statement that f−1(A) is µ-measurable is ambiguous.
When there is more than one sigma algebra on X, it is common to say that
f is µ-measurable relative to σi(X), or when µ is clear from the context,
we say that f is σi(X)-measurable.

Even more generally, if f is a mapping between measure spaces (X,σ(X),µX)
and (Y, σ(Y ),µY ), we could say that f is σ(X)/σ(Y )-measurable if f−1(A) ∈
σ(X) for all A ∈ σ(Y ). With this terminology, a µ-measurable function as
defined above could be called σ(X)/B(R)-measurable, but this level of for-
mality is often not needed.

1.1 Properties of Measurable Functions

In addition to noting the equivalence of the above defining properties, we
generalize the book 1 development of the essential properties of Lebesgue
measurable functions and note the applicability of the earlier proofs in this
general context. For the following result recall definition 2.13 of book 1,
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that if the measure space (X,σ(X), µ) is also a topological space, the
Borel sigma algebra on X is the smallest sigma algebra that contains
the open sets of X, and denoted B(X).See definition 2.15 of book 1 for the
definition of topology.

Proposition 1.4 Given f : D → R where (X,σ(X), µ) is a measure space
and D ⊂ X a µ-measurable set. Assume that X is also a topological space
and that σ(X) contains the open sets of X, and hence contains B(X), the
Borel sigma algebra on X. If f is continuous on D, then f is a µ-measurable
function on D.
Proof. As noted for the proof of proposition 3.13 of book 1, continuity of f
means that f−1(G) is open in X for all G open in R. Since the open sets in
X are assumed to be measurable, this assures for example property 1 of the
µ-measurable definition.

Proposition 1.5 Let f(x) and g(x) be real-valued µ-measurable functions
on a common µ-measurable domain D of a measure space (X,σ(X), µ), and
let a, b ∈ R. Then the following are µ-measurable functions:

1. af(x) + b,

2. f(x)± g(x),

3. f(x)g(x),

4. f(x)/g(x) on {x|g(x) 6= 0}.

Proof. The proof is identical to the Lebesgue measurable case in proposi-
tion 3.30 of book 1 because only the definition of µ-measurable function and
the sigma algebra properties of the collection of measurable sets σ(X) are
required.

The next result is an important example of when completeness is required
of the measure space (X,σ(X), µ). As noted in definition 2.47 of book 1:

Definition 1.6 (Complete measure space) A measure space (X,σ(X), µ)
is complete if given A ∈ σ(X) with µ(A) = 0, then B ∈ σ(X) for every
B ⊂ A. Of necessity by subadditivity of µ, it is then the case that µ(B) = 0
for all such B.

As in the Lebesgue case, completeness of (X,σ(X), µ) is necessary for
the following result.
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Proposition 1.7 Let f(x) be a µ-measurable function on a complete mea-
sure space (X,σ(X), µ), and let g(x) be a function with f(x) = g(x) except
on a set of µ-measure 0. Then g(x) is µ-measurable.
Proof. If E is the set of µ-measure zero on which f(x) 6= g(x), then

{x|g(x) < y} = {x ∈ E|g(x) < y} ∪ {x /∈ E|g(x) < y}
= {x ∈ E|g(x) < y} ∪ {x /∈ E|f(x) < y}.

The first set is a subset of a set of µ-measure zero and is hence µ-measurable
by completeness, while the second set is the intersection of measurable Ẽ,
the complement of E, and µ-measurable {x|f(x) < y}.

Notation 1.8 The notion that f(x) = g(x) except on a set of µ-measure 0
is often written as f(x) = g(x) µ-a.e., and read "µ almost everywhere."

1.2 Limits of Measurable Functions

In this section we generalize many of the limiting results from book 1. See
definition 3.36 of book 1 for infimum/supremum, and definition 3.42 for
limits inferior and superior.

Proposition 1.9 Given a sequence of µ-measurable functions {fn(x)} de-
fined on a µ-measurable domain D of the measure space (X,σ(X), µ), the
following functions are also µ-measurable:

1. infn fn(x),

2. supn fn(x),

3. lim inf fn(x),

4. lim sup fn(x).

Proof. The proof is again identical with the Lebesgue measurable case in
proposition 3.47 of book 1 because the definitions of infimum/supremum and
limits inferior/superior are identical, and only sigma algebra manipulations
were needed for that proof.

Corollary 1.10 Given a sequence of µ-measurable functions {fn(x)} de-
fined on µ-measurable domain D of a measure space (X,σ(X), µ):

1. If f(x) ≡ lim fn(x) and this limit exists everywhere, then f(x) is µ-
measurable.
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2. If lim fn(x) exists almost everywhere and f(x) = lim fn(x) almost
everywhere, then f(x) is µ-measurable if (X,σ(X),µ) is complete.

Proof. Result 1 follows from the preceding proposition since now:

lim fn(x) = lim inf fn(x) = lim sup fn(x).

For almost everywhere convergence let E denote the set of µ-measure zero
on which this limit does not exist, and define f̃n = fn on D−E and f̃n = 0
otherwise. Then f̃n is measurable by completeness and proposition 1.7, and
f̃(x) ≡ lim f̃n(x) exists everywhere and is measurable by part 1. Further,
that both f̃ and f equal lim fn(x) almost everywhere obtains that f̃ = f
µ-a.e and thus f is measurable by completeness.

We end this section with a few approximation results. The first states
that pointwise convergence of measurable functions assures something more
outside arbitrarily small sets, and resembles a uniform convergence result.
But it does not assure uniform convergence outside a set of measure 0, nor
even outside an arbitrarily small set, as discussed below.

Proposition 1.11 Let {fn(x)} be a sequence of real-valued µ-measurable
functions defined on a µ-measurable set D with µ(D) <∞, and let f(x) be
a real valued function so that fn(x)→ f(x) pointwise for x ∈ D. Then given
ε > 0 and δ > 0, there is a µ-measurable set A ⊂ D with µ(A) < δ and an
integer N, so that for all x ∈ D −A and all n ≥ N,

|fn(x)− f(x)| < ε.

Proof. Given ε > 0, define

Gn = {x| |fn(x)− f(x)| ≥ ε},

and

DN =
⋃∞

n=N
Gn = {x| |fn(x)− f(x)| ≥ ε for some n ≥ N}.

Then {DN} is a nested sequence, DN+1 ⊂ DN ⊂ D, and since fn(x)→ f(x)
for each x ∈ D, it follows that for every x ∈ D there is a DN with x /∈ DN .
Hence

⋂
N DN = ∅ and since µ(D) < ∞, it follows by proposition 2.44 of

book 1 (and the comment below remark 2.45) that limN→∞ µ[ DN ] → 0.
Thus given δ > 0 there is an N with µ[ DN ] < δ. Defining A ≡ DN , then
µ(A) < δ and if x /∈ A it follows that |fn(x)− f(x)| < ε for all n ≥ N by
definition.
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Corollary 1.12 If (X,σ(X), µ) is complete, the conclusion of the above
proposition remains valid if fn(x) → f(x) for each x ∈ D outside a set of
µ-measure 0.
Proof. Everything in the above proof remains the same except that we can
now only conclude that for every x ∈ D outside an exceptional set of measure
0, that there is an DN with x /∈ DN , and hence

⋂
N DN equals this set of

measure 0. But then limN→∞m[ DN ]→ 0 again by proposition 2.44 of book
1and the proof follows as above.

As observed in the Lebesgue case in remark 4.7 of book 1, this proposition
does not imply that fn(x) converges uniformly to f(x) on D−A because as
observed from the above proof, the set A depends on the given ε and δ. This
result is close to but not equivalent to Littlewood’s third principle of
book 1, named for J. E. Littlewood (1885 —1977). To improve this result
to the Littlewood conclusion of "nearly uniform convergence," it must be
shown that A can be chosen so that fn(x)→ f(x) uniformly on D−A. That
is, we need to find a fixed set A with µ(A) < δ so that for any ε > 0 there is
an N such that |fn(x)− f(x)| < ε for all x ∈ D −A and all n ≥ N. See the
introduction to chapter 4 of book 1 for more on Littlewood’s principles.

This next result is formally known as Egorov’s Theorem, named for
Dmitri Fyodorovich Egorov (1869 —1931) and sometimes phonetically
translated to Egoroff. It is also known as the Severini—Egorov theorem
in recognition of the somewhat earlier and independent proof by Carlo
Severini (1872 —1951). The following proof is identical to the Lebesgue
case in proposition 4.8 of the book 1.

Proposition 1.13 (Severini—Egorov theorem ) Let {fn(x)} be a sequence
of µ-measurable functions defined on a µ-measurable set D with µ(D) <∞,
and let f(x) be a µ-measurable function so that fn(x)→ f(x) pointwise for
x ∈ D. Then given δ > 0 there is a µ-measurable set A ⊂ D with µ(A) < δ,
so that fn(x)→ f(x) uniformly on D −A. That is, for ε > 0 there is an N
so that |fn(x)− f(x)| < ε for all x ∈ D −A and n ≥ N.
Proof. Given δ > 0 define εm = 1/m and δm = δ/2m and apply proposition
1.11. The result is a set Am with µ(Am) < δm, and an integer Nm, so that
for all x ∈ D − Am we have |fn(x)− f(x)| < εm for n ≥ Nm. Now let
A = ∪Am. By countable subadditivity, µ(A) ≤

∑
µ(Am) = δ. We now show

that fn(x)→ f(x) uniformly on D−A. Given ε there is an m so that εm < ε,
and hence an Nm so that for all x ∈ D−Am we have |fn(x)− f(x)| < εm < ε
for n ≥ Nm. But then this statement is also true for x ∈ D−A since Am ⊂ A.
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Corollary 1.14 (Severini—Egorov theorem) The result above remains
valid if fn(x)→ f(x) µ-a.e. for x ∈ D if (X,σ(X), µ) is complete.
Proof. Left as an exercise.

Remark 1.15 Note that the above propositions apply without the explicit
need for the restriction of µ(D) < ∞ in finite measure spaces, and in par-
ticular, probability spaces. In such a space we can conclude that pointwise
convergence on any measurable set assures nearly uniform convergence.

1.3 Approximating µ-Measurable Functions

We begin by generalizing the book 1 definition of a simple function, and
note in advance that such functions are µ-measurable.

Definition 1.16 A simple function on (X,σ(X), µ) is defined by

ϕ(x) =
∑n

i=1
aiχAi(x), (1.1)

where:

1. {Ai}ni=1 ⊂ σ(X) are disjoint µ-measurable sets,

2. χAi(x) is the characteristic function or indicator function for
Ai, defined as χAi(x) = 1 for x ∈ Ai and 0 otherwise,

3. ai ≥ 0 for all i.

Remark 1.17 As will be discussed in the first section of chapter 2, we do
not restrict the definition of simple function to require that µ(∪ni=1Ai) <∞
as in the Lebesgue case. In each case the respective definition reflects the
approach taken or to be taken in the development of an integration theory.
But because of this generalization, we now require ai ≥ 0 for all i. In the
forthcoming definition of the µ-integral of such ϕ(x) in 2.1, this assumption
avoids the potential problem of having a definition which in effect contains
terms of ±∞, a problem avoided in the Lebesgue development by requiring
all µ(Ai) <∞.

It is not strictly necessary to assume that {Ai}ni=1 are disjoint, but every
simple function ϕ(x) can be expressed this way. This follows because the
range of a simple function is finite, say {bj}mj=1. Then Bj ≡ ϕ−1(bj) is
measurable, {Bj}mj=1 are disjoint and:

ϕ(x) =
∑m

j=1
bjχBj (x),
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That simple functions will be useful in the general development of an
integration theory is predicted by the following proposition. Note that this
result does not require that D have finite measure.

Proposition 1.18 Let f(x) be a nonnegative µ-measurable function defined
on a µ-measurable set D of a measure space (X,σ(X),µ). Then there is an
increasing sequence of simple functions {ϕn(x)}∞n=1, so that ϕn(x) → f(x)
for all x ∈ D.
Proof. Given n define N ≡ n2n + 1 measurable sets {A(n)

j }Nj=1 by:

A
(n)
j =

 {x ∈ D|(j − 1)2−n ≤ f(x) < j2−n}, 1 ≤ j ≤ N − 1,

{x ∈ D|n ≤ f(x)}, j = N.

Next define

ϕn(x) =
{

(j − 1)2−n, x ∈ A(n)
j , 1 ≤ j ≤ N.

Then {ϕn(x)}∞j=1 is an increasing sequence of simple functions with ϕn(x)→
f(x) for all x ∈ D. In particular, |f(x)− ϕn(x)| ≤ 2−n on {x ∈ D|f(x) <

n} ≡ D −A(n)
N .

Remark 1.19 The above proposition and corollaries below can be applied
more generally than as stated. For example, if f(x) is a µ-measurable func-
tion defined on a µ-measurable set D of a measure space (X,σ(X), µ),
express f(x) = f+(x) − f−(x) where f+(x) and f−(x) are nonnegative
functions defined below in 2.15 and 2.16 of definition 2.36. Then there
are increasing sequences of simple functions {ϕ+

n (x)} and {ϕ−n (x)} so that
ϕ+
n (x) → f+(x) and ϕ−n (x) → f−(x) for all x ∈ D. Defining ϕn(x) =

ϕ+
n (x) − ϕ−n (x), then ϕn(x) → f(x) for all x ∈ D. Also, ϕn(x) is nonnega-
tive and increasing if f(x) ≥ 0, and negative and decreasing if f(x) ≤ 0. In
addition, defining the simple function sequence, {|ϕn(x)|}∞j=1 ≡ {ϕ+

n (x) +
ϕ−n (x)}∞j=1, this sequence is increasing and |ϕn(x)| → |f(x)| for all x ∈ D.

For the following result, recall:

Definition 1.20 (σ-finite) A measure space (X,σ(X), µ) is sigma finite,
or σ-finite, if there exists a countable collection {Bj} ⊂ σ(X) with µ (Bj) <
∞ for all j and X =

⋃∞
j=1Bj .
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Remark 1.21 It is common to say in the above case, that the measure µ
is a sigma finite, or σ-finite measure, since the key defining property is
that of the measure of such subsets.

Corollary 1.22 If f(x) is a nonnegative µ-measurable function defined on
a µ-measurable set D of a measure space (X,σ(X), µ), then {ϕn(x)}∞j=1

defined in proposition 1.18 above can be constructed so that each ϕn(x) is
zero outside a set of finite measure in the following cases:

1. µ(D) <∞,

2. (X,σ(X), µ) is σ-finite,

3. f(x) is µ-integrable on D.

Proof. Statement 1 needs no proof. For 2, by definition 1.20 there exists
a countable collection of measurable sets {Bj}∞j=1, so that X = ∪∞j=1Bj and
µ(Bj) < ∞ for all j. Without loss of generality we can assume that this
collection is nested, Bj ⊂ Bj+1, since given a general collection {B′i} we
simply define Bj =

⋃
i≤j B

′
i. Now redefine each ϕn(x) by

ϕn(x) =
{

(j − 1)2−n, x ∈ A(n)
j ∩Bn, 1 ≤ j ≤ N.

Finally, the last result is somewhat out of place since we have not yet
even defined µ-integrability. However, given that the reader undoubtedly has
an intuition of this definition from book 3, and that this proof requires little,
we proceed justified by the convenience of having this result in this section.
If f(x) is nonnegative and integrable, then 0 ≤ ϕn(x) ≤ f(x) implies that
each ϕn(x) is integrable. But a simple function can be integrable if and only
if it is zero outside a set of finite measure.

The next and last result generalizes proposition 1.18 above to allow more
control over the choice of the A(n)

j -sets in the case where the measure space
is constructed as in chapters 1, 5 and 6 of book 1 using an outer measure
µ∗A defined relative to an algebra A and a measure on this algebra, µA. In
these cases and developed in the referenced chapter 6, σ(X) is the complete
sigma algebra of Carathéodory measurable sets defined relative to this
outer measure µ∗A, and the measure µ is defined to equal µ

∗
A restricted to

σ(X).
See definition 6.8 of book 1 for semi-algebras A and algebras A′.

Exercise 6.10 of book 1 demonstrates that the collection of finite disjoint
unions of a semi-algebra A′ is an algebra A, called the algebra generated
by A′.
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Remark 1.23 The qualification of "disjoint" was inadvertently omitted in
the statements of exercise 6.10 and proposition 6.13. However, note that the
proof of the proposition assumed disjointedness.

Proposition 1.24 Let f(x) be a nonnegative µ-measurable function defined
on a µ-measurable set D of a complete measure space (X,σ(X), µ), where
σ(X) is the complete sigma algebra of Carathéodory measurable sets defined
with respect to an outer measure µ∗A. Assume that this outer measure is based
on an algebra of sets A generated by a semi-algebra A′, and a measure on
this semi-algebra, µA. Then if:

1. D has finite measure, or,

2. (X,σ(X), µ) is σ-finite,

then there is a sequence of simple functions {ψn(x)}∞j=1 so that ψn(x)→
f(x) for almost all x ∈ D. Further, each ψn(x) is defined by characteristic
functions of sets in A′, and is zero outside a set of finite measure.
Proof. If {ϕn(x)}∞j=1 is the sequence constructed in proposition 1.18 for part
1, or in corollary 1.22 for part 2, then each ϕn(x) is defined on N = n2n+1

finite µ-measurable A(n)
j -sets which are disjoint by construction for each n.

Recalling proposition 6.5 of book 1 (note notational change), for each n and
j there exists B(n)

j ∈ Aσ, the collection of countable unions of sets in the
algebra A, so that A(n)

j ⊂ B(n)
j and with N as above, µ(B

(n)
j −A

(n)
j ) < 1/2N2.

Now B
(n)
j ∈ Aσ implies that B(n)

j =
⋃∞
k=1B

(n)
jk with B(n)

jk ∈ A and hence:⋂
M

(
B

(n)
j −

⋃M
k=1B

(n)
jk

)
= ∅.

The above referenced proposition 6.5 also assures that µ(B
(n)
j ) < ∞, and

thus it follows from continuity from above of µ (section 2.7.2, book 1) that

there is anMj(n) so that µ
(
B

(n)
j − ∪Mj(n)

k=1 B
(n)
jk

)
< 1/2N2. By subadditivity:

µ
[(⋃Mj(n)

k=1 B
(n)
jk −A

(n)
j

)
∪
(
A

(n)
j −

⋃Mj(n)
k=1 B

(n)
jk

)]
≤ µ

(
B

(n)
j −A(n)

j

)
+ µ

(
B

(n)
j −

⋃Mj(n)
k=1 B

(n)
jk

)
< 1/N2.

Thus for each j, µ
(
A

(n)
j 4∪

Mj(n)
k=1 B

(n)
jk

)
< 1/N2 where B(n)

jk ∈ A for all k.
(Note: A4 B is the symmetric set diff erence of definition 4.1 of book
1).
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Now given n, {∪Mj(n)
k=1 B

(n)
jk } ≡ {C

(n)
j }j is a collection of A-sets where

1 ≤ j ≤ N, each of which is by definition a finite disjoint union of A′-sets,
say C(n)

j =
⋃Nj
k=1C

(n)
jk . Then for each n the above estimate obtains:∑N

j=1
µ
[
A

(n)
j 4

⋃Nj
k=1C

(n)
jk

]
< 1/N.

Now define ψn(x) by

ψn(x) =
{

(j − 1)2−n, x ∈
⋃Nj
k=1C

(n)
jk , 1 ≤ j ≤ N.

Then:
|f(x)− ψn(x)| ≤ |f(x)− ϕn(x)|+ |ϕn(x)− ψn(x)| ,

and |f(x)− ϕn(x)| → 0 for all x by proposition 1.18. For the second term,
if x ∈ A(n)

j then since {C(n)
j }j need not be disjoint it is possible in the worst

case that x ∈
⋃Nj
k=1C

(n)
lk for many l. But by the above estimate:

µ{|ϕn(x)− ψn(x)| 6= 0} ≤
∑N

j=1
µ
[
A

(n)
j 4 C

(n)
j

]
< 1/N,

and thus |ϕn(x)− ψn(x)| → 0 a.e.

Example 1.25 If (X,σ(X),µ) = (R,ML,m), Lebesgue measure space, or
(X,σ(X),µ) = (R,MµF (R), µF ), a Borel measure space, then as X is σ-
finite in either case, the above proposition applies with A′ defined as the
semi-algebra of right semi-closed intervals. Thus if f(x) is a nonnegative
measurable function defined on a measurable set D, there is a sequence
of simple functions {ψn(x)}∞j=1, defined by characteristic functions of right

semi-closed intervals, (a
(n)
jk , b

(n)
jk ] ∈ A′, so that ψn(x) → f(x) for almost all

x ∈ E, and each ψn(x) is zero outside a set of finite measure.

1.4 The Functional Monotone Class Theorem

In this section we develop a result that will be very important in the
stochastic integration theory of book 8. This result is the monotone
class theorem, a characterizing result on sigma algebras attributed to
Paul Halmos (1916 —2006). This result then gives rise to the functional
monotone class theorem which provides an expedient way to prove that
a given collection of functions are in fact measurable if they satisfy a few
relatively easily verifiable characteristics.
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We begin with a definition of a monotone class of sets.

Definition 1.26 (Monotone class of sets) A finite or countable collec-
tion {Aj} is monotone if either:

1. monotone increasing: Aj ⊂ Aj+1 for all j, or,

2. monotone decreasing: Aj+1 ⊂ Aj for all j.

A nonempty class of sets,M, is amonotone class if given any monotone
collection {Aj} we have limAj ∈M where:

1. monotone increasing: limAj ≡
⋃
j Aj ,

2. monotone decreasing: limAj ≡
⋂
j Aj .

Example 1.27 1. Every sigma algebra is a monotone class since it is
closed under all countable unions and intersections, not just unions
and intersections of monotone (that is, nested) sets.

2. An algebra A that is a monotone class is in fact a sigma algebra since
given {Aj}∞j=1 ⊂ A, the collection

{⋃j
k=1Ak

}∞
j=1

is monotone increas-

ing. Hence if A is a monotone class,
⋃
j

[⋃j
k=1Ak

]
=
⋃∞
j=1Aj ∈ A,

and so A is closed under countable unions and is thus a sigma algebra.

3. A monotone class need not be a sigma algebra. For example, let
C = {A ⊂ R|A is countable}. Then C is a monotone class but not
a sigma algebra since for example, C is not closed under complements.
In fact, C is not even a semi-algebra (definition 6.8 of book 1).

Definition 1.28 Given any collection of subsets E of a space X, define
M(E) as the smallest monotone class that contains E, and also called
the monotone class generated by E.

Remark 1.29 This notion is well defined because the collection of all sub-
sets of X is a monotone class that contains E, and the intersection of
monotone classes is a monotone class. Hence the smallest monotone class
is well defined, just as was the case for the smallest semi-algebra, A′(E), the
smallest algebra, A(E), or smallest sigma algebra, σ(E), that contain E.

In these latter cases it is also common to refer to these collections as the
semi-algebra, algebra, and sigma algebra generated by E.
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The monotone class theorem was originally stated and proved in the
context of rings and σ-rings of sets, an alternative approach to measure
theory from that taken in this book which uses algebras and σ-algebras of
sets. We state and prove this result from the latter perspective.

Proposition 1.30 (Monotone Class theorem) If A is an algebra of sets,
then M(A) = σ(A). Hence, any monotone class that contains A contains
σ(A).
Proof. By the above example 1, M(A) ⊂ σ(A) since σ(A) is a monotone
class. To complete the proof we will show that M(A) is an algebra and hence
by example 2 above M(A) is a sigma algebra and so σ(A) ⊂M(A).

To show that M(A) is an algebra requires the study of new collections of
subsets. For any set A, define C(A) ⊂M(A) by:

C(A) = {B ∈M(A)|A−B,B −A,A ∪B are in M(A)}.

We first show that for any A, C(A) is a monotone class if it is not empty.
If {Bj}∞j=1 ⊂ C(A) is a monotone sequence then since {A∪Bj}∞j=1 ⊂M(A)
is also monotone, it follows that lim (A ∪Bj) ∈M(A). But

lim (A ∪Bj) = A ∪ limBj ,

and so A ∪ limBj ∈ M(A). A similar argument shows that A− limBj and
limBj−A are also in M(A), and thus by definition limBj ∈ C(A). So C(A)
is a monotone class if it is not empty, and this conclusion is true for any
set A.

Now if A ∈ A, note that B ∈ C(A) for all B ∈ A since algebras are
closed under finite operations. Thus A ⊂ C(A) for any such A ∈ A, and
since C(A) is a monotone class and M(A) is the smallest monotone class
containing A, this yields that M(A) ⊂ C(A) for any A ∈ A. It then follows
that if A ∈M(A) and B ∈ A, then A ∈ C(B) and by symmetry B ∈ C(A).
Thus A ⊂ C(A) and again as C(A) is a monotone class, M(A) ⊂ C(A) for
any A ∈M(A).

It now follows that M(A) is an algebra. If A,B ∈M(A), then A ∈ C(B)
implies that A∪B ∈M(A). Similarly, given A ∈M(A), then A∪ Ã ∈ A ⊂
M(A), and it follows that A ∈ C(A ∪ Ã) and so Ã = A ∪ Ã − A ∈ M(A).
Thus M(A) is an algebra.

Example 1.31 (Uniqueness of Extensions of Measures) In proposition
6.14 of book 1 was proved that the extension of a sigma finite measure from
an algebra to a sigma algebra is effectively unique:
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Proposition 6.14 (Book 1): Let µA be a sigma finite measure on an
algebra A, and µ the extension of µA induced by the outer measure µ∗A. By
extension is meant that µ(A) = µA(A) for all A ∈ A. If µ′ is any other
extension of µA, then µ(B) = µ′(B) for all B ∈ σ(A), where σ(A) denotes
the smallest sigma algebra that contains A.
Proof. As an application of the monotone class theorem, we prove this
result by showing that the class of sets on which µ = µ′ is a monotone class,
and since this class contains the algebra A by assumption, it must contain
σ(A). By definition 1.20, if µA is sigma finite then the measure space X
can be expressed as a countable union of A-sets of finite measure:

X = ∪∞j=1Xj , µA(Xj) <∞.

As in the proof of corollary 1.22, we can assume that such sets are nested,
so that Xj ⊂ Xj+1. By assumption, µ(Xj) = µ′(Xj) for all j, so if it can be
shown that for every j, µ(Xj ∩ A) = µ′(Xj ∩ A) for all A ∈ σ(A), then the
conclusion follows by continuity from below of measures, that:

µ(A) = lim
j→∞

µ(Xj ∩A) = lim
j→∞

µ′(Xj ∩A) = µ′(A).

To show this, fix j and let C = {A ∈ σ(A)|µ(Xj ∩ A) = µ′(Xj ∩ A)}. Then
A ⊂ C by assumption, and to show that C is a monotone class let {Ak} ⊂
C be a monotone increasing sequence. By continuity from below and the
definition of C,

µ(Xj ∩ limAj) = limµ(Xj ∩Aj) = µ′(Xj ∩ limAj),

and so limAj ∈ C. If this sequence is monotone decreasing, continuity from
above is applicable because µ and µ′ are finite measures restricted to Xj , and
thus limAj ∈ C.

Hence C is a monotone class that contains A and it now follows from
the above proposition that σ(A) ⊂ C.

As noted above, there is a functional counterpart to this theorem known
as the functional monotone class theorem which allows one to conclude
that if a given class of functions satisfies a few, often simply verified prop-
erties, then it contains all bounded measurable functions. This result is a
useful tool and will be applied in forthcoming books.

Proposition 1.32 (Functional Monotone Class theorem) Let (X,σ(X), µ)
be a measure space and A′ a semi-algebra that generates σ(X), meaning that
σ(X) = σ(A′), the smallest sigma algebra that contains A′. Let L denote a
class of functions with the following properties:
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1. χA ∈ L for all A ∈ A′ and χX ∈ L.

2. L is a vector space: If f, g ∈ L then af + bg ∈ L for all a, b ∈ R.

3. If f : X → R+ is bounded and the pointwise limit of {fn} ⊂ L, then
f ∈ L.

Then L contains all bounded measurable functions defined on X.
Proof. We first show that χA ∈ L for all A ∈ A, the algebra generated by
A′, and defined as the class containing the empty set and all finite disjoint
unions of elements of A′. To this end let K denote the class of all A ∈ σ(X)
so that χA ∈ L. Then by 1, A′ ⊂ K and X ∈ K. If A ∈ A then by
definition A =

⋃n
k=1Ak, a disjoint union of {Ak}nk=1 ⊂ A′, so by 1 and 2,

χA ≡
∑j

k=1 χAk ∈ L and hence A ∈ K. Also ∅ ∈ K letting a = b = 0 in 2,
so A ⊂ K.

We next show as an application of the monotone class theorem that χA ∈
L for all A ∈ σ(X) and thus σ(X) ⊂ K. Let {Ak}∞k=1 ⊂ K be a monotone
sequence, and note that if A = limAj then A ∈ K by 3 because χA =
limj→∞ χAj ∈ L . Thus K is a monotone class that contains the algebra A
and by proposition 1.30, K contains the sigma algebra σ(X).

If f is a bounded measurable function, write f = f+ − f−, with f+ and
f− nonnegative and bounded and defined in 2.15 and 2.16. By 2, f ∈ L
if both f+, f− ∈ L . Simplifying notation, assume that f is a bounded
nonnegative measurable function. If f has finite range, {yj}nj=1, then with
Aj = f−1(yj),

f(x) =
∑n

j=1
yjχAj (x),

and so f ∈ L by 2 because Aj ∈ σ(X).
More generally, for a bounded nonnegative measurable function f, define

fn(x) = 2−n b2nf(x)c ,

where b2nf(x)c is the notation for the floor function, or greatest integer
function, defined as the greatest integer less than or equal to 2nf(x). Then
since f is nonnegative and bounded, fn(x) is finite valued and so fn ∈ L
for all n. But b2nf(x)c = 2nf(x) − εn(x) with 0 ≤ εn(x) < 1, and so
fn(x) = f(x)− 2−nεn(x). Consequently, fn(x)→ f(x) pointwise, and by 3,
f ∈ L .

Exercise 1.33 Show directly as an application of a variant of the inclusion-
exclusion principle of proposition 8.8 of book 1, that for general {Aj}nj=1 ⊂
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A′ that A =
⋃n
j=1Aj ∈ K. [Hint: Note that

χA = χX −
∏n

j=1

(
1− χAj

)
,

and the right hand expression can be expanded as a linear combination of
χBk for Bk ∈ A

′, since for Bk ≡
⋂nk
k=1Ajk :

χBk =
∏nk

k=1
χAjk

.

Then use 2.]

Remark 1.34 In the section above, Approximating µ-Measurable Functions
with Simple Functions, it was proved in proposition 1.18 that given a bounded
nonnegative measurable function f, there exists an increasing sequence
of simple functions {ϕn(x)}∞n=1, defined to have finite range, so that
ϕn(x) → f(x) pointwise. The significance of this is that the functional
monotone class theorem can be stated with the more restrictive assumption:

3’. If f : X → R+ is bounded and the pointwise limit of increasing {fn} ⊂
L, then f ∈ L.

The proof then uses increasing {ϕn(x)}∞n=1 instead of the constructed
{fn(x)}∞n=1 to demonstrate that L contains all bounded measurable functions
on X.



Chapter 2

General Integration Theory

In this chapter we generalize the integration theory of the Lebesgue
measure space (Rn,Mn

L, m
n) of book 3, to Borel measure spaces

(R,BµF (R), µF ), in which case the integrals are known as
Lebesgue-Stieltjes integrals, and to more general measure spaces
(X,σ(X), µ). Importantly this latter collection of spaces includes finite
products of measure spaces,

(X,σ(X), µ) ≡ (
∏n
i=1Xi, σ (

∏n
i=1Xi) ,

∏n
i=1 µi),

defined in chapter 7 of book 1 with component spaces
{(Xi, σ(Xi), µi)|i = 1, ..., n}, in which case the integrals are known as
product measure integrals, or product space integrals.

In the development of the Lebesgue integral of book 3, we followed
the sequential steps:

1. Define the Lebesgue integral of simple functions which equal zero out-
side sets of finite measure.

2. Extend this definition to bounded measurable functions which again
equal zero outside sets of finite measure, using "limits" of integrals of
subordinate and dominant simple functions defined in step 1. It was
then seen that a bounded function on a set E with m(E) < ∞ was
Lebesgue integrable if and only if it was Lebesgue measurable.

3. Extend the definition to nonnegative Lebesgue measurable functions
based on the integrals of bounded functions from step 2.

17
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4. Extend the definition of Lebesgue integral to general measurable func-
tions, splitting such functions into positive and negative parts and
applying the results of step 3.

5. Along the way, various important limit theorems on the Lebesgue in-
tegral of sequences of functions were developed that are fundamental
to the applications of the theory.

The above development reflects the conventional approach to this theory.
However we could well have jumped from step 1 to step 3, defining the
integral of nonnegative functions directly in terms of the integrals of simple
functions, and done this without the restriction that simple functions are
zero outside sets of finite measure. In a general measure space, the Lebesgue
approach must in fact be modified in this way, because any restriction to
functions which are zero outside a set of finite measure may create a counter-
intuitive result.

Example 2.1 Consider a measure space (X,σ(X), µ) with σ(X) = {∅, X}
and µ defined by µ(∅) = 0, µ(X) = ∞. An example of this is Lebesgue
measure µ = m defined on the trivial sigma algebra on R. Logically one
expects that an integration theory will obtain

∫
X 1dµ = µ(X) = ∞, but we

cannot derive this conclusion from the sequence of steps used above. The
problem is that there are no simple functions defined to be zero outside a set
of finite measure.

Remark 2.2 Note that this kind of result cannot occur on a σ-finite mea-
sure space.

General Measure Space Integrals: For a general measure space
(X,σ(X), µ), we must abandon the notion that a general domain D ⊂ X
with µ(D) =∞ contains measurable domains with finite measure, or that a
given function f(x) can be approximated with simple functions defined on
such domains. Consequently, the approach take here will be to:

1. Define the µ-integrals of simple functions, defined generally without
restrictions on the µ-measure of their domains.

2. Extend this definition to nonnegative µ-measurable functions, using
the µ-integrals of simple functions.

3. Extend the definition of µ-integral to general µ-measurable functions,
splitting such functions into positive and negative parts and applying
the results of step 2.



2.1 INTEGRATING SIMPLE FUNCTIONS 19

4. Along the way, various important limit theorems on the µ-integral of
sequences of functions will be developed that will be fundamental to
the applications of the theory.

2.1 Integrating Simple Functions

Simple functions were defined in 1.1 of definition 1.16:

ϕ(x) =
∑n

i=1
aiχAi(x),

Next, we define the µ-integral of a simple function. While ai ≥ 0 for all i,
the integral defined next need not be finite since there is no definitional
restriction on the µ-measures of the disjoint sets {Ai}ni=1.

Definition 2.3 Given a simple function defined in 1.1, the µ-integral of
f(x) is defined as: ∫

ϕ(x)dµ ≡
∑n

i=1
aiµ(Ai). (2.1)

As noted in the book 3 developments, we must again show that this
definition is well defined since a simple function can be represented with
infinitely many choices of coeffi cients {ai} and sets {Ai}. In addition, the
value of this integral will not be changed by redefinitions of ϕ(x) on sets
of µ-measure 0. The following result echoes proposition 2.15 of book 3 for
the Lebesgue case, but must also address the generalization that the Ai-sets
need not have finite measure.

Proposition 2.4 With ϕ(x) defined above, assume that ϕ(x) = ψ(x) µ-
a.e., where:

ψ(x) =
∑m

j=1
a′jχA′j (x)

with {A′j}mj=1 disjoint. Then∑m

j=1
a′jµ(A′j) =

∑n

i=1
aiµ(Ai). ((*))

Further, if ai > 0 and a′j > 0 for all i, j :

µ
(⋃m

j=1
A′j −

⋃n

i=1
Ai

)
= µ

(⋃n

i=1
Ai −

⋃m

j=1
A′j

)
= 0.

Proof. The proof is similar to that of proposition 2.15 for the Lebesgue case.
For any i, j define Bi,j ≡ Ai ∩ A′j , and also define Bi,0 ≡ Ai ∩

(⋃m

j=1
A′j

)c
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and B0,j ≡
(⋃n

i=1
Ai

)c
∩ A′j . Then the full collection {Bi,j} are disjoint,

Ai =
⋃m

j=0
Bi,j and A′j =

⋃n

i=0
Bi,j . Now since ϕ(x) = ψ(x) µ-a.e. it

follows that for every i either µ [Bi,0] = 0 or ai = 0, and similarly for every

j either µ [B0,j ] = 0 or a′j = 0. By finite additivity, µ(Ai) =
∑m

i=0
µ [Bi,j ]

and µ
(
A′j

)
=
∑n

i=0
µ [Bi,j ] , and so using the previous sentence:

∑n

i=1
aiµ(Ai) =

∑n

i=1

∑m

j=0
µ [Bi,j ] ai =

∑n

i=1

∑m

j=1
µ [Bi,j ] ai,∑m

i=1
a′iµ(A′i) =

∑n

i=1

∑m

j=1
µ [Bi,j ] a

′
j =

∑n

i=1

∑m

j=1
µ [Bi,j ] a

′
j .

The identity in (∗) now follows because for every i, j either µ [Bi,j ] > 0 and
then of necessity ai = a′j , or µ [Bi,j ] = 0.

If ai > 0 and a′j > 0 for all i, j then as noted above, µ [Bi,0] = 0 all i
and µ [B0,j ] = 0 all j. But then:

0 = µ
[⋃n

i=1
Bi,0

]
= µ

[(⋃n

i=1
Ai

)
∩
(⋃m

j=1
A′j

)c]
,

and this last expression is µ
(⋃m

j=1
A′j −

⋃n

i=1
Ai

)
. The same applies to

µ
(⋃n

i=1
Ai −

⋃m

j=1
A′j

)
.

Example 2.5 1. If (X,σ(X),µ) = (R,MµF (R),µF ), a Borel measure
space on R as in chapter 5 of book 1, then if {(aj , bj ]}mj=1 ⊂ MµF (R)
is any disjoint collection of right semi-closed intervals and ϕ(x) =∑m

j=1 cjχ(aj ,bj ](x), then since µF [(aj , bj ]] = F (bj)− F (aj) :∫
ϕ(x)dµF =

∑m

j=1
cj [F (bj)− F (aj)] .

2. If (X,σ(X),µ) = (Rn,Mn
µF

(Rn), µnF ), a product of Borel measure spaces:
{(R,MµFi

(R), µFi)}
n
i=1, as in chapter 7 of book 1, then if {Πn

i=1(aji, bji]}mj=1 ⊂
MµF (Rn) is any disjoint collection of right semi-closed rectangles and
ψ(x) =

∑m
j=1 cjχAj (x) with Aj ≡ Πn

i=1(aji, bji], then since µnF [Πn
i=1(aji, bji]] =

Πn
i=1 [Fi(bji)− Fi(aji)] :∫

ψ(x)dµnF =
∑m

j=1
cj
∏n

i=1
[Fi(bji)− Fi(aji)] .
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3. If (X,σ(X),µ) = (Rn,MF (Rn), µF ), a general Borel measure space
as in chapter 8 of book 1, induced by a continuous from above and n-
increasing function F (x1, ..., xn), then if {Πn

i=1(aji, bji]}mj=1 ⊂MF (Rn)
is any disjoint collection of right semi-closed rectangles and ψ(x) =∑m

j=1 cjχAj (x) with Aj ≡ Πn
i=1(aji, bji], then:∫

ψ(x)dµF =
∑m

j=1
cj
∑

xjk
sgn(xjk)F (xjk).

This follows since:

µF

[∏n

i=1
(aji, bji]

]
=
∑

xjk
sgn(xjk)F (xjk),

where for each j, the summation over xjk denotes the sum over the 2n

vertices of Aj , and sgn(xjk) ≡ −1 if the number of components of xjk
equal to aji is odd, and sgn(xjk) = 1 otherwise.

Proposition 2.6 Let ϕ(x) and ψ(x) be simple functions. Then:

1. If ϕ(x) ≤ ψ(x) except on a set of µ-measure 0, then∫
ϕ(x)dµ ≤

∫
ψ(x)dµ. (2.2)

2. For any positive constants a and b :∫
[aϕ(x) + bψ(x)]dµ = a

∫
ϕ(x)dµ+ b

∫
ψ(x)dµ. (2.3)

Proof. Left as an exercise. For part 2, decompose ϕ(x) and ψ(x) into
summations as in the proof of proposition 2.4.

Corollary 2.7 The definition of the integral of a simple function is well
defined even if the measurable collection {Ai}ni=1 are not disjoint.

Proof. This follows from part 2 since then ϕ(x) =
∑m

j=1
ajϕj(x) with

ϕj(x) ≡ χAj (x).

Finally, we introduce the definition of the integral of simple function
over a µ-measurable set E. This definition will apply in the general setting
below, so is stated here in that general notational context despite the open
question of existence of such integrals beyond nonnegative simple functions.



22 CHAPTER 2 GENERAL INTEGRATION THEORY

Definition 2.8 Let E be a µ-measurable set, so E ∈ σ(X), and χE(x) the
characteristic function of E. If f(x) a µ-measurable function, define :∫

E
f(x)dµ ≡

∫
χE(x)f(x)dµ, (2.4)

when the integral on the right exists.

Remark 2.9 Note that in the case of a simple function that 2.4 modifies
the definition in 2.1 to:∫

E
ϕ(x)dµ ≡

∑n

i=1
aiµ(Ai ∩ E). (2.5)

Exercise 2.10 Show that if E1, E2 are disjoint and measurable and E ≡
E1 ∪ E2, then for a simple function ϕ(x):∫

E
ϕ(x)dµ =

∫
E1

ϕ(x)dµ+

∫
E2

ϕ(x)dµ.

2.2 Integrating NonnegativeMeasurable Functions

Continuing with the program outlined in the introduction, we start with
the definition:

Definition 2.11 If f(x) is a nonnegative µ-measurable, extended real val-
ued function defined on a µ-measurable set E of a measure space (X,σ(X), µ),
define the the µ-integral of f(x) over E by:∫

E
f(x)dµ = sup

ϕ≤f

∫
E
ϕ(x)dµ. (2.6)

Here ϕ(x) is a simple function as in definition 1.16. When this supremum
is finite, f(x) is said to be µ-integrable. When the supremum is infinite,
though not µ-integrable, such a function will be said to have

∫
E f(x)dµ =

∞.

Remark 2.12 The above definition differs from that initially imposed in
the second step for the Lebesgue integral, there generalizing the integral from
simple functions to bounded functions. Specifically, the integral of bounded
f over E with µ(E) <∞ was defined when:

inf
ψ≥f

∫
E
ψ(x)dµ = sup

ϕ≤f

∫
E
ϕ(x)dµ. (2.7)
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When true, the integral
∫
E f(x)dµ was defined to be this common value.

Although we do not do this here, this approach could also be applied in the
current context by proving the following generalization of proposition 2.29
of book 3. While the following statement appears different from the earlier
result because of the explicit requirement for completeness of (X,σ(X), µ),
recall that Lebesgue measure space is complete.

Proposition 2.13 Let f(x) be defined and bounded on a measurable set E
in a measure space (X,σ(X), µ) with µ(E) < ∞. If f(x) is µ-measurable,
then 2.7 is satisfied. Conversely, if 2.7 is satisfied and (X,σ(X),µ) is com-
plete, then f(x) is µ-measurable.
Proof. Left as an exercise in transcribing the earlier proof to this con-
text. Note that the validity of 2.7 will imply only that f(x) is equal to a
µ-measurable function µ-a.e., and hence the need for the completeness of
(X,σ(X),µ) to justify an application of proposition 1.7.

Recalling corollary 1.22, we document the following results on the con-
struction of subordinate simple functions.

Proposition 2.14 Let f(x) be a nonnegative µ-measurable function de-
fined on a µ-measurable set E of a measure space (X,σ(X),µ) which is
µ-integrable by definition 2.11. Then each ϕn(x) of proposition 1.18 will
automatically equal zero outside a set of finite measure.
Proof. Because {ϕn(x)}∞j=1 is an increasing sequence and ϕn(x) ≤ f(x),
we can conclude by definition 2.11 that for every n,∫

E
ϕn(x)dµ ≤

∫
E
f(x)dµ,

and hence µ-integrability of f(x) assures that
∫
E ϕn(x)dµ <∞ for all n. By

2.1 this implies that µ
(
A

(n)
j

)
<∞ for all j, and thus also that µ

(⋃N
j=1A

(n)
j

)
<

∞.

Corollary 2.15 Let f(x) be a nonnegative µ-measurable function defined
on a µ-measurable set E of a complete measure space (X,σ(X),µ), where
σ(X) is the sigma algebra of Carathéodory measurable sets defined with
an outer measure µ∗A that is based on an algebra of sets A generated by
a semi-algebra A′ and a measure on this semi-algebra, µA. If f(x) is µ-
integrable by definition 2.11, there is an increasing sequence of simple
functions, {ψn(x)}∞j=1, defined by characteristic functions of disjoint sets
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in A′, so that ψn(x) → f(x) for almost all x ∈ E, and each ψn(x) is zero
outside a set of finite measure.
Proof. The construction is the same as in proposition 1.24 since µ-integrability
of f(x) assures that each of the A(n)

j -sets has finite measure by proposition
2.14.

While the integrability criterion in definition 2.11 is accessible, in practice
it is not yet very useful for developing deeper properties of this integral
because there is no apparent way to organize the potentially uncountably
many simple functions this definition contemplates. For simpler properties,
such as those summarized next, the above definition applies directly.

Proposition 2.16 Given nonnegative µ-measurable functions, f(x), g(x)
defined on E :

1. Monotonicity: If f(x) ≤ g(x) then:∫
E
f(x)dµ ≤

∫
E
g(x)dµ.

2. Linearity: If a > 0, ∫
E
af(x)dµ = a

∫
E
f(x)dµ.

3. Domain Decomposition: If E1, E2 are disjoint and measurable and
E ≡ E1 ∪ E2, then:∫

E
f(x)dµ =

∫
E1

f(x)dµ+

∫
E2

f(x)dµ.

Proof. Left as an exercise.

However, the following property would seem to require some additional
tools beyond that provided by the supremum definition:

4. Additivity: Given nonnegative µ-measurable functions f(x) and g(x) defined
on E : ∫

E
[f(x) + g(x)] dµ =

∫
E
f(x)dµ+

∫
E
g(x)dµ.
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What would make derivations easier is a limit theorem, the effect of
which would be that if {fn(x)} is a sequence of functions with fn(x)→ f(x)
in some manner, we could conclude that:∫

E
f(x)dµ = lim

n→∞

∫
E
fn(x)dµ.

In the Lebesgue development it was noted that the bounded conver-
gence theorem, Lebesgue’s monotone convergence theorem, and
Lebesgue’s dominated convergence theorem, each provided exactly
this kind of conclusion for different categories of measurable functions, f(x),
based on different criteria on the given sequences.

Following the Lebesgue analysis for nonnegative measurable functions,
we first state and prove Fatou’s lemma, named for its discoverer Pierre
Fatou (1878 —1929), and then turn to Lebesgue’s monotone conver-
gence theorem, named for Henri Léon Lebesgue (1875 —1941).

Remark 2.17 Fatou’s lemma does not require the given sequence {fn(x)}
to converge pointwise, but provides information on the integrability of the
function f(x) ≡ lim infn→∞ fn(x) based on the existence of a finite limit

inferior of the sequence
{∫

E
fn(x)dµ

}
. Of course if this sequence converges

pointwise, then lim infn→∞ fn(x) = limn→∞ fn(x) and thus this result ad-
dresses the integrability of this limit function based on the same criterion.

Fatou’s lemma is sometimes stated as:∫
E

[
lim inf
n→∞

fn(x)
]
dµ ≤ lim inf

n→∞

∫
E
fn(x)dµ. (2.8)

This notation emphasizes that the result addresses the interchanging of two
limiting processes, the limit inferior and the value of an integral which is
defined in terms of the supremum of subordinate functions.

Proposition 2.18 (Fatou’s Lemma) If {fn(x)} is a sequence of nonneg-
ative µ-measurable functions, and f(x) ≡ lim infn→∞ fn(x) on a µ-measurable
set E, then ∫

E
f(x)dµ ≤ lim inf

n→∞

∫
E
fn(x)dµ. (2.9)

Proof. First note that f(x) is measurable by proposition 1.9, and nonneg-
ative. To prove 2.9 we must show that if ϕ(x) is a simple function with
ϕ(x) ≤ f(x), then ∫

E
ϕ(x)dµ ≤ lim inf

n→∞

∫
E
fn(x)dµ.
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This will then assure the result for the supremum of all such ϕ-integrals, and
hence the result in 2.9.

To this end, first assume that for some such ϕ(x) ≤ f(x) that
∫
E
ϕ(x)dµ =

∞. Then as a simple function in 1.1, there is at least one µ-measurable set
A ⊂ E with µ(A) = ∞, and for which ϕ(x) > a > 0 for x ∈ A. Since
we then have that f(x) > a > 0 for x ∈ A, let Bn = {x|fk(x) > a for all
k ≥ n}. Then each Bn is µ-measurable, and {Bn} is an increasing sequence,
Bn ⊂ Bn+1. Also, A ⊂ ∪Bn since for each x ∈ A, f(x) = limn→∞ fn(x) > a
implies that fk(x) > a for k ≥ n and some n. So µ (∪Bn) =∞ and as it is
an increasing sequence, limµ (Bn) =∞. Hence∫

E
fn(x)dµ > aµ (Bn) ,

and it follows that lim inf

∫
E
fn(x)dµ =∞.

Next, if ϕ(x) ≤ f(x) and
∫
E
ϕ(x)dµ < ∞, then µ(Ai) < ∞ for each of

the n defining sets for ϕ in 1.1, and we can without loss of generality assume
all ai > 0. Define A = ∪i≤nAi, then A ⊂ E, µ(A) < ∞, and ϕ(x) = 0 on
E −A. Also, for x ∈ A, ϕ(x) ≤ a ≡ maxi≤n ai. Given ε > 0 define:

Bn = {x ∈ E|fk(x) > (1− ε)ϕ(x) for all k ≥ n}.
Note that equivalently:

Bn = {x ∈ E| infk≥n fk(x) > (1− ε)ϕ(x)}.
Then Bn ⊂ Bn+1 so {Bn} is an increasing sequence of µ-measurable sets.
Also A ⊂ ∪Bn because for x ∈ A we have by definition of limit inferior:

0 < ϕ(x) ≤ f(x) = supn infk≥n fk(x),

so x ∈ Bn for all n ≥ N(ε). Thus {A−Bn} is a decreasing sequence
with limit ∅ and since µ(A) < ∞, continuity from above of µ obtains that
limµ(A−Bn) = 0. For the given ε > 0, choose n so that µ(A−Bk) < ε for
k ≥ n.

Then for k ≥ n, recalling exercise 2.10:∫
E
fk(x)dµ ≥

∫
Bk

fk(x)dµ

≥ (1− ε)
∫
Bk

ϕ(x)dµ

= (1− ε)
∫
E
ϕ(x)dµ− (1− ε)

∫
E−Bk

ϕ(x)dµ.
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Recalling that ϕ = 0 on E −A, µ(A−Bk) < ε, and ϕ(x) ≤ a for x ∈ A,∫
E
fk(x)dµ ≥ (1− ε)

∫
E
ϕ(x)dµ−

∫
A−Bk

ϕ(x)dµ

≥
∫
E
ϕ(x)dµ− ε

[∫
E
ϕ(x)dµ+ a

]
.

Since ε was arbitrary it follows that
∫
E
ϕ(x)dµ ≤

∫
E
fk(x)dµ for k ≥ n, and

thus
∫
E
ϕ(x)dµ ≤ lim infk→∞

∫
E
fk(x)dµ.

Corollary 2.19 (Fatou’s Lemma) If {fn(x)} is a sequence of nonnega-
tive µ-measurable functions, and f(x) ≡ lim infn→∞ fn(x) µ-a.e on a µ-
measurable set E, then 2.9 remains true if it is assumed either that f is
µ-measurable or that the measure space (X,σ(X),µ) is complete.
Proof. Either assumption assures that f(x) is µ-measurable, and otherwise
the proof remains the same. As a detail, it is now true that we can only
conclude that f(x) is nonnegative µ-a.e, but we can replace the negative
values of f(x) by 0 without affecting µ-measurability, µ-a.e convergence, or
the value of the integral.

While Fatou’s lemma provides "only" an upper bound to the value of
the µ-integral of f(x) over E vis-a-vis the µ-integrals of the given sequence
of nonnegative functions {fn(x)}, this result is the key ingredient for a
short proof of the final result of this section on such function sequences.
Lebesgue’s monotone convergence theorem, named for Henri Léon
Lebesgue (1875 —1941), replaces Fatou’s inequality with equality under
the additional constraint that the given sequence is increasing. As was the
case for Fatou’s lemma, the next result does not require that the functions
in the sequence be integrable, which is to say, have finite integrals.

Lebesgue’s result will be generalized below to be applicable to an increas-
ing sequence of measurable, but not necessarily nonnegative, functions. It
is then known as Beppo Levi’s theorem, named for Beppo Levi (1875
—1961). For this latter result it must then be assumed that the functions
in the sequence are in fact integrable and that the associated integral values
have a finite supremum.

Remark 2.20 As was the case for Fatou’s lemma, this next result is some-
times expressed as ∫

E
lim
n→∞

fn(x)dµ = lim
n→∞

∫
E
fn(x)dµ, (2.10)
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to emphasize the interchanging of two limiting processes.

Proposition 2.21 (Lebesgue’s Monotone Convergence theorem) If {fn(x)}
is an increasing sequence of nonnegative µ-measurable functions which con-
verge on a µ-measurable set E to a function f(x), then:∫

E
f(x)dµ = lim

n→∞

∫
E
fn(x)dµ. (2.11)

Proof. As a limit of nonnegative µ-measurable functions, f(x) is also non-
negative and µ-measurable. From Fatou’s lemma we conclude that∫

E
f(x)dµ ≤ lim inf

n→∞

∫
E
fn(x)dµ.

But the assumption that {fn(x)} is an increasing sequence implies that for
all n, ∫

E
fn(x)dµ ≤

∫
E
f(x)dµ,

and hence

lim sup
n→∞

∫
E
fn(x)dµ ≤

∫
E
f(x)dµ.

As the limit superior cannot be smaller than the limit inferior, the above two
inequalities imply that these limits are equal, and 2.11 follows.

Remark 2.22 1. As noted above it is not assumed that the functions
in the given sequence are integrable, nor is it concluded that f is inte-

grable. Since {fn(x)} is an increasing sequence, so too is
{∫

E
fn(x)dµ

}
in the sense that

∫
E
fn(x)dµ ≤

∫
E
fn+1(x)dµ when both are finite, while

if
∫
E
fn(x)dµ = ∞ then

∫
E
fm(x)dµ = ∞ for m > n. Thus the proof

confirms that f is integrable if and only if
∫
E
fn(x)dµ ≤ K < ∞ for

all n.

2. Perhaps surprisingly, Lebesgue’s monotone convergence theorem does
not apply to decreasing function sequences. A simple example from
Lebesgue integration noted in remark 2.47 of book 3 is to define fn(x) =
χ[n,∞)(x) and note that fn(x)→ 0 pointwise.
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Corollary 2.23 (Lebesgue’s Monotone Convergence theorem) If {fn(x)}
is an increasing sequence of nonnegative µ-measurable functions which con-
verge almost everywhere on a µ-measurable set E to a function f(x), then
2.11 remains true if it is assumed either that f is µ-measurable or that the
measure space (X,σ(X), µ) is complete.
Proof. As for the corollary to Fatou’s lemma above, either assumption
assures the µ-measurability of f(x), and if f(x) is not nonnegative on the
exceptional set of µ-measure 0, then it can be redefined to be 0 on this set
without affecting µ-measurability, µ-a.e convergence, or the value of the in-
tegral.

Remark 2.24 (Evaluating Integrals of Nonnegative Functions) While

the definition of the integral
∫
E
f(x)dµ in 2.6 potentially contemplates un-

countably many simple functions in the supremum calculation, Lebesgue’s
monotone convergence theorem gives a more practical and useful way to
evaluate the µ-integral of a nonnegative function. Specifically, if {fn(x)} is
any sequence of increasing µ-measurable simple functions defined on
a µ-measurable set E with fn(x)→ f(x) for all x ∈ E, then:∫

E
f(x)dµ = lim

n→∞

∫
E
fn(x)dµ.

In theory, the µ-integral can be evaluated using any such increasing sequence
of functions, but by using simple functions the integrals of the function se-
quence are simply evaluated by 2.1.

In the case where the measure space (X,σ(X),µ) is complete, the same
conclusion follows if only fn(x)→ f(x) for µ-almost all x ∈ E.

That this result is useful is based on proposition 1.18 that states that for
any measurable set E and nonnegative µ-measurable function f(x), there is
an increasing sequence of simple functions {fn(x)}, so that fn(x) → f(x)
for all x ∈ E.

Example 2.25 If (X,σ(X), µ) = (R,MµF (R), µF ), the Borel measure space

on R defined with F (x) = x2, we evaluate
∫
E
f(x)dµF for E = [0, 2] and

f(x) = x2. Because E is an interval it is natural to utilize a sequence of
simple functions defined as step functions. If we can then show that f(x) is
the pointwise limit of an increasing sequence of such functions, the value of
this integral can be obtained by Lebesgue’s monotone convergence theorem.
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Given n define {Ai}ni=1 by Ai = [2 (i− 1) /n, 2i/n], and the simple func-
tion ϕn(x) ≤ f(x) by:

ϕn(x) =
∑n

i=1
[2 (i− 1) /n]2 χAi(x).

To ensure that {ϕn(x)} is an increasing sequence, we use interval bisection,
choosing n = 2m for positive integers m. Then recalling that µF [(a, b]] =
F (b)− F (a) : ∫

E
χAi(x)dµF = (2i/n)2 − (2 (i− 1) /n)2

= 4 [2i− 1] /n2,

and by 2.1, ∫
E
ϕn(x)dµF = 16

∑n

i=1
(i− 1)2 (2i− 1) /n4

= 16
∑n−1

i=1

(
2i3 + i2

)
/n4.

Since
∑n−1

i=1
i2 = O(n3), this term can be ignored, and hence∫
E
ϕn(x)dµF = 32

∑n−1

i=1
i3/n4 +O(1/n).

Now
∑n

i=1
i3 = [n(n+ 1)]2/4, and thus,∫ 2

0
x2dµF = lim

n→∞

∫
E
ϕn(x)dµF = 8.

With the help of Lebesgue’s monotone convergence theorem, we now
establish additional properties of the µ-integral of nonnegative measurable
functions in the following proposition. These properties will be generalized
below.

Proposition 2.26 If f(x) and g(x) are nonnegative µ-measurable functions
defined on a µ-measurable set E, then:

1.
∫
E
f(x)dµ = 0 if and only if f(x) = 0 µ-a.e. on E.

2. For any a, b > 0,∫
E

[af(x) + bg(x)]dµ = a

∫
E
f(x)dµ+ b

∫
E
g(x)dµ.
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3. If f(x) = g(x) µ-a.e., then∫
E
f(x)dµ =

∫
E
g(x)dµ.

4. If f(x) ≤ g(x) µ-a.e., then∫
E
f(x)dµ ≤

∫
E
g(x)dµ.

5. If E′ ⊂ E is µ-measurable, then∫
E′
f(x)dµ ≤

∫
E
f(x)dµ.

6. If E = A ∪B, a union of disjoint µ-measurable sets, then∫
E
f(x)dµ =

∫
A
f(x)dµ+

∫
B
f(x)dµ.

Proof. For 1, assume that
∫
E
f(x)dµ = 0, since the reverse implication

is apparent by 2.6 and 2.1. If An = {x ∈ E|f(x) ≥ 1/n}, then f(x) ≥
χAn(x)/n obtains from 2.6 and 2.1 that µ(An) ≤ n

∫
E
f(x)dµ = 0. But

{x ∈ E|f(x) > 0} = ∪An, and hence this set has µ-measure 0 by countable
subadditivity of µ.

Linearity of the µ-integral in 2 is proved by recalling that this is true for
simple functions by proposition 2.6, and if {ϕn(x)} is an increasing sequence
converging to f(x), and {ψn(x)} is increasing and converging to g(x), then
{aϕn(x) + bψn(x)} is increasing and converging to af(x) + bg(x). So by
Lebesgue’s monotone convergence theorem:∫

E
[af(x) + bg(x)]dµ = lim

∫
E

[aϕn(x) + bψn(x)]dµ

= lim

[
a

∫
E
ϕn(x)dµ+ b

∫
E
ψn(x)dµ

]
= a

∫
E
f(x)dµ+ b

∫
E
g(x)dµ.

Part 3 states that f(x)− g(x) = 0 µ-a.e. on E, and the result follows from
1 and 2, and the same argument applies to f(x) − g(x) ≥ 0 µ-a.e for part
4. Part 5 follows from 4 and definition 2.4, since f(x)χE′(x) ≤ f(x) on E,
while 6 follows from 2 since f(x) = f(x)χA(x) + f(x)χB(x) for x ∈ E.
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Part 4 of this proposition provides an interesting corollary which in
essence states that every nonnegative µ-integrable function can be used as
a test function to identify other µ-integrable functions.

Corollary 2.27 If g(x) is a nonnegative µ-measurable function which is µ-
integrable on a µ-measurable set E, then for any nonnegative µ-measurable
function f(x) with f(x) ≤ g(x), it follows that f(x) is also µ-integrable.

We record next two important corollaries to the Lebesgue monotone
convergence theorem. The first applies to the integral of a function series,
providing a condition which allows the reversal of the two limiting processes:
summation and integration. The second allows the decomposition of an in-
tegral into a countable number of disjoint domains. The proofs are identical
with the Lebesgue integral case in corollaries 2.54 and 2.55 of book 3.

Corollary 2.28 If {fn(x)} is a sequence of nonnegative µ-measurable func-
tions, and f(x) =

∑∞

n=1
fn(x) on µ-measurable E, then∫

E
f(x)dµ =

∑∞

n=1

∫
E
fn(x)dµ. (2.12)

Corollary 2.29 If f(x) is a nonnegative µ-integrable function on µ-measurable
set E, and E = ∪Ej , a union of disjoint µ-measurable sets, then∫

E
f(x)dµ =

∑∞

k=1

∫
Ej

f(x)dµ. (2.13)

2.2.1 Product Space Measures Revisited

It may be recalled that in chapter 7 of book 1, it was a mighty challenge to
prove that the product set function µ0, defined on measurable rectangles in
definition 7.1, could be extended to a measure on the semi-algebra A′ of
such rectangles, or the associated algebra A of finite disjoint unions of
A′-rectangles. Indeed, with the tools then at hand we could only prove
that this product set function was finitely additive on the semi-algebra A′,
and needed to expand A′ to the algebra A to address countable additivity.
And even then it was necessary to assume that the component measure
spaces were σ-finite, an extraneous assumption, but one needed to justify
the continuity from above argument that was utilized. It was noted in that
development that the tools of the current book, and in particular
Lebesgue’s monotone convergence theorem, would allow a relatively easy
proof that µ0 is in fact both finitely and countable additive on the
semi-algebra A′, and indeed even smaller semi-algebras.
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For completeness, we recall the notation and definitions.

Definition 2.30 Given measure spaces {(Xi, σ(Xi), µi)|i = 1, ..., n}, the
product space X =

∏n
i=1Xi is defined:

X = {(x1, x2, ..., xn)|xi ∈ Xi}.

A measurable rectangle A in X is a set:

A =
∏n
i=1Ai = {x ∈ X|xi ∈ Ai},

where with Ai ∈ σ(Xi). We denote by A′ the collection of measurable rec-
tangles in X.

On a measurable rectangle
∏n
i=1Ai, the product set function µ0 is defined

by:
µ0(A) =

∏n
i=1 µi(Ai).

In proposition 7.2 of book 1 was proved that A′ is a semi-algebra, and
in proposition 7.15 was proved that µ0 is finitely additive on A′. We now
prove countable additivity with the aid of Lebesgue’s monotone convergence
theorem, and without the assumption of finite additivity.

Proposition 2.31 The product set function µ0 is countably additive on A′.
That is, if {Bj}∞j=1 ⊂ A′ is a disjoint collection of measurable rectangles
with ∪jBj ∈ A′, then

µ0

(⋃∞
j=1

Bj

)
=
∑∞

j=1
µ0(Bj). (2.14)

Proof. Let Bj =
∏n
i=1Aji where {Aji}∞j=1 ⊂ σ (Xi) for each i, and as-

sume that
⋃∞
j=1Bj =

∏n
i=1Ai with Ai ∈ σ (Xi) . First, note that for x =

(x1, x2, ..., xn) ∈ X with xi ∈ Xi :∏n

i=1
χAi(xi) =

∑∞

j=1

∏n

i=1
χAji(xi).

As above χA(xi) denotes the characteristic function of A for A = Ai or
A = Aji, and is defined as χA(xi) = 1 if xi ∈ A and 0 otherwise. To
prove this identity, note that the left side product equals 1 if and only if
x ∈

∏n
i=1Ai =

⋃∞
j=1

∏n
i=1Aji, and hence x ∈

∏n
i=1Aji for at least one j.

However, the disjointedness of {Bj}∞j=1 assures that such j is unique.
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Next, fix x1, x2, ..., xn−1, and consider this identity as a functional iden-
tity in xn. Because χAn(xn) and each χAjn(xn) are µn-measurable functions,
we can take µn-integrals of this identity to produce:∫ ∏n−1

i=1
χAi(xi)χAn(xn)dµn =

∫ [∑∞

j=1

(∏n−1

i=1
χAji(xi)

)
χAjn(xn)

]
dµn.

Now applying 2.12, noting that
∫
χA(xn)dµn = µn (A) for A = An or Anj ,

and that
∏n−1
i=1 χAji(xi) is a constant:∫ [∑∞

j=1

(∏n−1

i=1
χAji(xi)

)
χAjn(xn)

]
dµn =

∑∞

j=1

∏n−1

i=1
χAji(xi)

∫
χAjn(xn)dµn

=
∑∞

j=1

∏n−1

i=1
χAji(xi)µn (Ajn) .

Similarly:∫ ∏n−1

i=1
χAi(xi)χAn(xn)dµn =

∏n−1

i=1
χAi(xi)

∫
χAn(xn)dµn,

and combining:∏n−1

i=1
χAi(xi)µn (An) =

∑∞

j=1

∏n−1

i=1
χAji(xi)µn (Ajn) .

This identity is true for all fixed x1, x2, ..., xn−1.
We now fix x1, x2, ..., xn−2 and repeat the derivation to conclude that∏n−2

i=1
χAi(xi)µn−1 (An−1)µn (An) =

∑∞

j=1

∏n−2

i=1
χAji(xi)µn−1 (Aj,n−1)µn (Ajn) .

Continuing in this way obtains:∏n

i=1
µi (Ai) =

∑∞

j=1

∏n

i=1
µi (Aji) ,

which is 2.14 by the definition of µ0.

Corollary 2.32 The product measure µ0 is finitely additive on A′.
Proof. Simply choose Bj = ∅ for all but finitely many j in the above
proposition, and note that by definition, µ0(∅) = 0.

Recall corollary 7.3 of book 1 which definedA′ (A′i), respectivelyA′ (Ai) :

Definition 2.33 A′( ) denotes the collection of measurable rectangles in X,
defined by A = Πn

i=1Ai with:
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1. A′ (A′i) : Ai ∈ A′i, where A′i ⊂ σ(Xi) is a semi-algebra, or,

2. A′ (Ai) : Ai ∈ Ai, where Ai ⊂ σ(Xi) is an algebra.

It was then proved in this corollary that each collection of rectangles is
again a semi-algebra, and by definition with transparent notation:

A′(A′i) & A′(Ai) & A′(σ(Xi)).

Using the same proof as above we have:

Proposition 2.34 The product measure µ0 is countably additive on A′ (A′i),
respectively A′ (Ai) , and hence also finitely additive.

Remark 2.35 As noted in section 7.3.2 of book 1, the assumption of propo-
sition 7.18 there, that the given component measure spaces were σ-finite, was
only needed due the approach taken to prove countable additivity on A, the
algebra of all finite unions of disjoint elements from A′(σ(Xi)). Specifically,
this proof used continuity from above of measures (see section 2.7.2 of book
1). As can be seen from the above proof, countable additivity of µ0 can be
proved on the respective A′ collections without this σ-finiteness assumption,
and then extended to countably additive measures µA on the respective alge-
bras.

That said, the σ-finite assumption is still needed to assure uniqueness
of the extension from a measure µA defined on the algebra A, to a measure
µ defined on σ(A), the smallest sigma algebra that contains A. This is
proposition 6.14 of book 1.

2.3 Integrating General Measurable Functions

The final step in the µ-integration sequence is to extend the definition
from nonnegative to general µ-measurable functions, and this is relatively
easy to do. First we recall the definition and formulas from book 3.

Definition 2.36 Given f(x), the positive part of f(x), denoted f+(x), is
defined by:

f+(x) = max{f(x), 0}, (2.15)

and the negative part of f(x), denoted f−(x), is defined by:

f−(x) = max{−f(x), 0}. (2.16)
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Both the positive and negative part of a function are nonnegative func-
tions, so we can apply the previous section’s results to either part. The
original function and its absolute value can then be recovered from these
component functions:

f(x) = f+(x)− f−(x), |f(x)| = f+(x) + f−(x), (2.17)

and these will provide a basis for the definitions of
∫
E
f(x)dx and

∫
E
|f(x)| dx.

If f(x) is µ-measurable, then by proposition 1.9 so too is f+(x) and
f−(x), and hence so too |f(x)| . For example, if A ≡ {x|f(x) > 0} then:

f+(x) = f(x)χA(x),

and χA(x) is µ-measurable because A ∈ σ(X). Recalling the Lebesgue de-
velopment of section 2.5 of book 3, the following will be no surprise.

Definition 2.37 A µ-measurable, extended real valued function f(x) is said
to be µ-integrable over a µ-measurable set E if both f+(x) and f−(x) are
integrable over E, and in this case we define:∫

E
f(x)dµ =

∫
E
f+(x)dµ−

∫
E
f−(x)dµ. (2.18)

In this case |f(x)| is also µ-integrable over E and we define:∫
E
|f(x)| dµ =

∫
E
f+(x)dµ+

∫
E
f−(x)dµ. (2.19)

If one of the functions f+(x) and f−(x) is µ-integrable and one is not,
then f(x) is said to be not µ-integrable although it is then common to

define
∫
E

f(x)dµ =∞ or
∫
E

f(x)dµ = −∞ as appropriate. If neither function

is µ-integrable, then f(x) is said to be not µ-integrable, and
∫
E

f(x)dx,

which formally equals the expression ∞−∞, is undefined. But in this case

we can again say
∫
E

|f(x)| dµ =∞.

Identical to the case for nonnegative Lebesgue integrable functions of
example 2.42 of book 3:
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Proposition 2.38 If f(x) is µ-integrable, then

µ({x|f(x) = ±∞}) = 0.

Proof. If E = {x|f(x) = ∞}, E′ = {x|f(x) = −∞} and µ(E ∪ E′) > 0,
then at least one of E or E′ has positive µ-measure and hence at least one
of f+(x) and f−(x) would not be integrable, and thus f(x) would not be
integrable.

But also as in the Lebesgue case, µ(E) = µ(E′) = 0 does not assure
µ-integrability as the following examples demonstrates.

Example 2.39 Recall example 2.25 above with (X,σ(X), µ) = (R,MµF (R), µF ),
the Borel measure space on R defined with F (x) = x2, but now we attempt to

evaluate
∫
E
f(x)dµF for E = [0,∞) and f(x) = x2. Because E is an interval

we again utilize a sequence of simple functions defined to be step functions.
Since f(x) is nonnegative, recall that if it can be shown that f(x) is the
pointwise limit of an increasing sequence of simple functions, the integral of
f(x) can be evaluated by Lebesgue’s monotone convergence theorem.

Given n define a partition of EN ≡ [0, N ] by {Ai}ni=1 with Ai = [N (i− 1) /n,Ni/n],
and a simple function with ϕn(x) ≤ f(x) defined on EN by:

ϕn(x) =
∑n

i=1
[N (i− 1) /n]2 χAi(x).

To ensure that {ϕn(x)} is an increasing sequence we again use interval bi-
section, meaning n = 2m for positive integers m. Then∫

EN

χAi(x)dµF = N2 [2i− 1] /n2,

and then by 2.1 have that∫
EN

ϕn(x)dµF = N4
∑n−1

i=1

(
2i3 + i2

)
/n4,

and by proposition 2.26:∫ ∞
0
x2dµF ≥

∫
EN

ϕn(x)dµF = N4/2.

Hence, x2 is not µF -integrable on E.

We summarize the essential properties of the µ-integral in the following.
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Proposition 2.40 If f(x) and g(x) are µ-integrable functions defined on a
µ-measurable set E, then:

1. For any a, ∫
E
af(x)dµ = a

∫
E
f(x)dµ.

2. Arbitrarily defining f(x) + g(x) on the set of µ-measure 0 for which
this sum is ∞−∞ or −∞+∞ :∫

E
[f(x) + g(x)]dµ =

∫
E
f(x)dx+

∫
E
g(x)dµ.

3. If f(x) = g(x) a.e., then∫
E
f(x)dµ =

∫
E
g(x)dµ.

4. If f(x) ≤ g(x) a.e., then∫
E
f(x)dµ ≤

∫
E
g(x)dµ.

5. If measurable E′ ⊂ E, then∫
E
f(x)dµ ≤

∫
E′
f(x)dµ.

6. If E =
⋃
iEi, a union of disjoint µ-measurable sets, then∫

E
f(x)dµ =

∑
i

∫
Ei

f(x)dµ. (2.20)

7. The triangle inequality:∣∣∣∣∫
E
f(x)dµ

∣∣∣∣ ≤ ∫
E
|f(x)| dµ. (2.21)

Proof. The proof is left as an exercise, applying the results for nonnegative
functions.
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2.4 Integration to the Limit

For nonnegative measurable functions, Fatou’s lemma and Lebesgue’s
Monotone Convergence theorem of the above section provide
important results on the relationship between the limit of the integrals of a
function sequence and the integral of the pointwise limit function. In this
section, additional results relating to "integration to the limit" are
developed. The first result is a generalization of Lebesgue’s monotone
convergence theorem known as Beppo Levi’s theorem, and named for
Beppo Levi (1875 —1961). In contrast to the earlier result, for this
generalization it must be assumed that the functions in the sequence are in
fact integrable and that the associated integral values have finite
supremum. But this is then suffi cient to guarantee that the limiting
function is integrable, and to specify the value of its integral.

Remark 2.41 As was the case for earlier results, this result and those below
are sometimes expressed as∫

E
lim
n→∞

fn(x)dµ = lim
n→∞

∫
E
fn(x)dµ,

to emphasize the interchanging of two limiting processes.

Proposition 2.42 (Beppo Levi’s theorem) Let {fn(x)} is an increas-
ing sequence of µ-measurable functions which converge pointwise on a µ-

measurable set E to a function f(x). Assume that
∫
E
fn(x)dµ ≤ K <∞ for

all n. Then f is integrable, and:∫
E
f(x)dµ = lim

n→∞

∫
E
fn(x)dµ. (2.22)

Proof. Consider the nonnegative, increasing function sequence, {fn(x) −
f1(x)}n≥2 with pointwise limit f(x)−f1(x). By 2.11 of Lebesgue’s monotone
convergence theorem and the assumption of integrability of fn :∫
E

[f(x)− f1(x)] dµ = lim
n→∞

∫
E

[fn(x)− f1(x)] dµ = lim
n→∞

∫
E
fn(x)dµ−

∫
E
f1(x)dµ.

The sequence of integrals on the right is increasing and bounded by K, and
so f(x)− f1(x) is integrable. The integrability of f and the identity in 2.22

now follow by addition, since
∫
E
f1(x)dµ is finite.
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The next result is a cornerstone limit theorem for function sequences,
Lebesgue’s Dominated Convergence theorem named for Henri Léon
Lebesgue (1875 —1941), which parallels the result of Lebesgue integration
theory. After noting a few corollaries to this result, one of which is the
Bounded Convergence theorem, a new integration to the limit result
is developed that reflects the notion of uniform integrability introduced in
definition 3.63 of book 4. .

Proposition 2.43 (Lebesgue’s Dominated Convergence theorem) Let
{fn(x)} be a pointwise convergent sequence of µ-measurable functions on a
µ-measurable set E, with f(x) ≡ limn→∞ fn(x), and assume that there is a
µ-integrable function g(x) so that:

|fn(x)| ≤ g(x), all n.

Then f(x) is integrable on E and∫
E
f(x)dµ = lim

n→∞

∫
E
fn(x)dµ. (2.23)

Further, ∫
E
|fn(x)− f(x)| dµ→ 0, as n→∞. (2.24)

Proof. Note that the limit function f(x) is µ-measurable by proposition 1.9,
and since |fn(x)| ≤ g(x) implies that |f(x)| ≤ g(x), all fn(x) and the limit
function f(x) are µ-integrable. Now if 2.10 is demonstrated, the triangle
inequality in 2.21 obtains:∣∣∣∣∫

E
[fn(x)− f(x)]dµ

∣∣∣∣ ≤ ∫
E
|fn(x)− f(x)| dµ,

and thus ∫
E

[fn(x)− f(x)]dµ→ 0.

Since f(x) is µ-integrable, 2.23 is proved by addition of finite
∫
E
f(x)dµ.

For 2.10, it follows from Fatou’s lemma applied to nonnegative g(x) +
fn(x) : ∫

E
[g(x) + f(x)] dµ ≤ lim inf

n→∞

∫
E

[g(x) + fn(x)] dµ,



2.4 INTEGRATION TO THE LIMIT 41

noting that f(x) = lim infn→∞ fn(x) by definition. Subtracting finite
∫
E
g(x)dµ:

∫
E
f(x)dµ ≤ lim inf

n→∞

∫
E
fn(x)dµ.

Next, apply Fatou’s lemma to nonnegative g(x)− fn(x) :∫
E

[g(x)− f(x)] dµ ≤ lim inf
n→∞

∫
E

[g(x)− fn(x)] dµ,

and subtracting finite
∫
E
g(x)dµ :

∫
E
f(x)dµ ≥ − lim inf

n→∞

∫
E

[−fn(x)] dµ = lim sup
n→∞

∫
E
fn(x)dµ.

Combining:

lim sup
n→∞

∫
E
fn(x)dµ ≤

∫
E
f(x)dµ ≤ lim inf

n→∞

∫
E
fn(x)dµ,

and these inequalities yield 2.23 since they imply the limits superior and
inferior agree.

Remark 2.44 For the following results which involve µ-a.e convergence,
fn(x)→ f(x), there are two approaches to an affi rmative conclusion:

1. Assume that (X,σ(X),µ) is complete, and then the measurability of
f(x) is part of the conclusion, along with its integrability and the lim-
iting result in 2.23;

2. For general (X,σ(X),µ) the measurability of f(x) must be assumed,
and then the conclusion is the integrability of f(x) and the limit result
in 2.23.

For simplicity, the following results are stated consistent with approach
1.

Corollary 2.45 (Lebesgue’s Dominated Convergence theorem) Let
{fn(x)} be a sequence of µ-measurable functions on a complete measure space
(X,σ(X), µ) with f(x) ≡ limn→∞ fn(x) µ-a.e on a µ-measurable set E. If
for all n, |fn(x)| ≤ g(x) µ-a.e for µ-integrable g(x), then the conclusions of
Lebesgue’s dominated convergence theorem remain true.
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Proof. As for the corollaries to the Fatou’s lemma and Lebesgue’s monotone
convergence theorem above, completeness assures the µ-measurability of f(x).
Then f(x) can be arbitrarily redefined on the exceptional sets of µ-measure
0 on which it is not bounded by g(x), nor is equal to the limit of the fn(x)-
series, without affecting µ-measurability, µ-a.e convergence, or the value of
the integral.

Proposition 2.46 (Bounded Convergence theorem) Let {fn(x)} be a
sequence of µ-measurable functions with f(x) ≡ limn→∞ fn(x) on a µ-
measurable set E with µ [E] < ∞. If |fn(x)| ≤ M < ∞ on E, then the
conclusions of Lebesgue’s dominated convergence theorem remain true.

If f(x) ≡ limn→∞ fn(x) µ-a.e and |fn(x)| ≤M <∞ µ-a.e on E, then
the conclusions of Lebesgue’s dominated convergence theorem remain true if
the measure space (X,σ(X), µ) is complete.
Proof. Let g(x) = MχE(x) above.

Remark 2.47 (Evaluating Integrals of Functions) The definition of the

integral
∫
E
f(x)dµ in 2.18, as was the case for the definition in 2.6, con-

templates potentially uncountably many simple functions in the supremum
calculation. Analogous to the case of nonnegative functions addressed in re-
mark 2.24, Lebesgue’s dominated convergence theorem gives a more practical
and useful way to evaluate the µ-integral of a general function.

Specifically, if {fn(x)} is a sequence of µ-measurable simple func-
tions defined on a µ-measurable set E with |fn(x)| < g(x) for some µ-
integrable g(x) and fn(x)→ f(x) for x ∈ E, then∫

E
f(x)dx = lim

n→∞

∫
E
fn(x)dx.

In theory, the Lebesgue integral can be evaluated using any such sequence
of functions, but by using simple functions the integrals in the sequence are
then easily evaluated by 2.1.

When (X,σ(X),µ) is complete, the same conclusion follows if only fn(x)→
f(x) for µ-almost all x ∈ E.

This result is useful because of remark 1.19 that shows that proposition
1.18 can be applied to derive that given any µ-measurable function f(x),
there is a sequence of simple functions, {ϕn(x)}, so that ϕn(x) → f(x) for
all x ∈ E, and {|ϕn(x)|} is an increasing sequence with |ϕn(x)| → |f(x)| .
By Lebesgue’s monotone convergence theorem,∫

E
|f(x)| dx = lim

n→∞

∫
E
|ϕn(x)| dx,
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and hence if
∫
E
|ϕn(x)| dx is bounded in n then this limit exists and f(x) is

µ-integrable. If
∫
E
|ϕn(x)| dx is unbounded in n then f(x) is not µ-integrable.

To then evaluate
∫
E
f(x)dx when finite also requires that |ϕn(x)| ≤ g(x)

for some µ-integrable g(x).

We next record important corollaries to the Lebesgue dominated con-
vergence theorem, generalizing the earlier results for nonnegative functions.
We leave the proofs as exercises. We state the first result in the general case
of almost everywhere convergence, thereby necessitating the assumption of
completeness.

Corollary 2.48 Let {hj(x)} be a sequence of µ-measurable functions on a
µ-measurable set E in a complete measure space (X,σ(X), µ), and assume
that f(x) ≡

∑∞
j=1 hj(x) converges except on a set of µ-measure 0. If there

is a µ-measurable function g(x), integrable on E, so that for all n :∣∣∣∑n

j=1
hj(x)

∣∣∣ ≤ g(x), µ-a.e.,

then f(x) is integrable on E and∫
E
f(x)dµ =

∑∞

j=1

∫
E
hj(x)dµ. (2.25)

Further as n→∞, ∫
E

∣∣∣∑∞

j=n
hj(x)

∣∣∣ dµ→ 0.

Corollary 2.49 If f(x) is a µ-integrable function on µ-measurable set E
and E =

⋃
j Ej , a union of disjoint µ-measurable sets, then:∫

E
f(x)dµ =

∑∞

j=1

∫
Ej

f(x)dµ. (2.26)

2.4.1 Uniform Integrability Convergence theorem

The final limit theorem is "new" in the sense that it does not generalize a
result of Lebesgue integration from book 3. There is a simple reason for
this, and that is that this result is applicable in finite measure spaces such
as probability spaces, and thus the Lebesgue measure space does not
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qualify. This new result is sometimes useful when the function sequence
converges pointwise or pointwise µ-a.e., but does not satisfy one of the
conditions addressed in the propositions noted above and summarized
below.

Each of the prior results is applicable to a sequence of measurable func-
tions {fn}∞n=1 when fn → f pointwise, as well as for µ-a.e. convergence with
the additional assumption either that f is measurable or that (X,σ(X), µ)
is complete. The additional requirements are then:

1. If {fn(x)} is nonnegative and monotonically increasing, this allows the
application of Lebesgue’s monotone convergence theorem;

2. If {fn(x)} is bounded by a constant and the measure space is finite,
µ [X] <∞, this allows the application of the bounded convergence
theorem;

3. If {fn(x)} is absolutely bounded by an integrable function g(x), this
allows the application of Lebesgue’s dominated convergence the-
orem.

The next result uses the notion of uniform integrability introduced in
definition 3.63 of book 4, but here adapted to the current notation:

Definition 2.50 Given a finite measure space (X,σ(X), µ), a sequence of
measurable functions {fn}∞n=1 is said to be uniformly integrable if:

lim
N→∞

sup
n

∫
|fn|≥N

|fn(x)| dµ = 0. (2.27)

Remark 2.51 As noted above the following result requires that (X,σ(X), µ)
be a finite measure space, µ(X) < ∞. Then the assumption of uniform
integrability assures that the functions in the sequence are in fact integrable,
and with integrals that are uniformly bounded. Indeed, choosing N so that
supn

∫
|fn|≥N |fn(x)| dµ ≤ 1 say:∫

X
|fn(x)| dµ ≤

∫
|fn|≤N

|fn(x)| dµ+ sup
n

∫
|fm|≥N

|fn(x)| ≤ Nµ(X) + 1.

If fn → f µ-a.e., this will be enough below to assure that f is also integrable,
and that the integrals converge.
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If X is not a finite measure space then 2.27 does not assure that
{∫

X |fn(x)| dµ
}

is bounded, nor that f is integrable if fn → f, µ-a.e. This follows because
every uniformly bounded sequence of functions, |fn(x)| ≤ M say, satis-
fies 2.27. For example, on X = [1,∞) as a Lebesgue measure space, let
fn(x) = x−1−1/n, and f(x) = x−1. Then {fn} are uniformly bounded and
satisfy 2.27, fn → f everywhere, yet

∫
X |fn(x)| dm = n and f is not inte-

grable. If fn(x) = 1 + 1/n and f(x) = 1, then again {fn} satisfy 2.27 and
fn → f everywhere, but none of these functions are integrable.

Hence while the notion of uniform integrability has important applica-
tions in probability spaces or more generally finite measure spaces, this is
not the case in more general measure spaces.

Proposition 2.52 (Uniform Integrability Convergence theorem) Let
{fn(x)} be a uniformly integrable sequence of functions on a finite mea-
sure space (X,σ(X), µ) with fn(x) → f(x) µ-a.e. Assume either that f is
µ-measurable or that (X,σ(X), µ) is complete. Then f is µ-integrable, and∫

X
fn(x)dµ→

∫
X
f(x)dµ. (2.28)

Proof. By either assumption f is µ-measurable, and thus by Fatou’s lemma
and the above remark there exists N so that:∫

X
|f(x)| dµ ≤ lim inf

∫
X
|fn(x)| dµ ≤ Nµ(X) + 1,

and thus f(x) is integrable. Given arbitrary N ∈ R let f (N)
n = fn for

|fn(x)| < N and f (N)
n = 0 otherwise, and similarly f (N) = f for |f(x)| < N

and f (N) = 0 otherwise. To ensure that f (N)
n → f (N) µ-a.e. it must be

verified that µ{|f | = N} = 0. This is because it is possible that |fn(x0)| <
N for all n yet |fn(x0)| → |f(x0)| = N, and then f

(N)
n (x0) 9 f (N)(x0).

However by integrability of f, µ{|f | = N} = 0 for all but countably many
N, and so with countably many exceptions in N , f (N)

n → f (N) µ-a.e. The
bounded convergence theorem now applies to assure that for all such N :∫

X
f (N)
n (x)dµ→

∫
X
f (N)(x)dµ. ((*))

Now: ∫
X
fn(x)dµ =

∫
X
f (N)
n (x)dµ+

∫
|fn|≥N

fn(x)dµ,
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and similarly ∫
X
f(x)dµ =

∫
X
f (N)(x)dµ+

∫
|f |≥N

f(x)dµ.

Thus,∣∣∣∣∫
X
fn(x)dµ−

∫
X
f(x)dµ

∣∣∣∣ ≤ ∣∣∣∣∫
X
f (N)
n (x)dµ−

∫
X
f (N)(x)dµ

∣∣∣∣
+

∫
|fn|≥N

|fn(x)| dµ+

∫
|f |≥N

|f(x)| dµ.

By the bounded convergence result in (∗) it follows that for all such N :

lim supn

∣∣∣∣∫
X
fn(x)dµ−

∫
X
f(x)dµ

∣∣∣∣ ≤ lim supn

∫
|fn|≥N

|fn(x)| dµ+

∫
|f |≥N

|f(x)| dµ

≤ supn

∫
|fn|≥N

|fn(x)| dµ+

∫
|f |≥N

|f(x)| dµ.

Letting N →∞, avoiding the countably many values noted above, it follows
that the right hand side converges to 0 by uniform integrability of {fn(x)}
and the integrability of f(x).

2.5 Lebesgue-Stieltjes Integrals by Riemann Sums

Important special cases of the general integrals above are provided by the
Borel measure space (R,MµF (R), µF ) and the n-dimensional counterpart
(Rn,MµF (Rn), µF ). These are often referred to as Lebesgue-Stieltjes
measure spaces and µF the Lebesgue-Stieltjes measure induced by
the function F. It is named for Henri Lebesgue (1875 —1941) and
Thomas Stieltjes (1856 —1894). Integration in these measure spaces is
then referred to as Lebesgue-Stieltjes integration, and the associated
integrals are called Lebesgue-Stieltjes integrals.

The 1-dimensional Borel measure space (R,MµF (R), µF ) is developed in
chapter 5 of book 1, in which case every Borel measure µ can be identified
with a monotonically increasing, right continuous function F (x), and
conversely, any such function induces a Borel measure µF . In this latter
construction, µF is the unique measure on the Borel sigma algebra B(R)
induced by the set function µ0 defined on the semi-algebra A′ of right semi-
closed intervals (a, b] by:

µ0((a, b]) ≡ F (b)− F (a).
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This set function is then extended to a measure µA on the algebra A gen-
erated by A′, which then gives rise to the outer measure µ∗A of definition
5.15 of book 1 and defined on all subsets of R. The sigma algebraMµF (R)
of the final measure space (R,MµF (R), µF ) is defined to contain all sets
which are Carathéodory measurable by definition 5.18 of book 1, and
named for Constantin Carathéodory (1873 —1950). This sigma algebra
is complete, B(R) ⊂ MµF (R), and µF ≡ µ∗A onMµF (R). Further, µF is an
extension of µ0 in the sense that µF = µ0 on A′.

The n-dimensional measure space (Rn,MµF (Rn), µF ) is developed in
chapter 8 of book 1 with largely the same program. Again functions F (x)
defined on Rn and Borel measures on Rn can be identified, though the
development here was slightly less general. Specifically, every finite Borel
measure µ can be identified with an n-increasing and continuous from
above function F (x), and any such function gives rise to a (not-necessarily
finite) Borel measure µF . Recalling these notions from book 1:

Definition 2.53 A function F (x) defined on Rn is:

1. Continuous from above at x = (x1, x2, ..., xn) if given {x(m)} ⊂ Rn

with x(m)
i ≥ xi for all i and x(m) → x as m→∞:

F (x) = lim
m→∞

F (x(m)). (2.29)

2. F is n-increasing if given any bounded right semi-closed rectangle
A ≡

∏n
i=1(ai, bi]:

∆F ≡
∑

x
sgn(x)F (x) ≥ 0, (2.30)

where each x = (x1, ..., xn) in this summation is one of the 2n vertices
of A, so each xi = ai or xi = bi, and sgn(x) is defined as −1 if the
number of ai-components of x is odd, and +1 otherwise.

Given such F, a set function µ0 is defined on any bounded right semi-
closed rectangle

∏n
i=1(ai, bi] by:

µ0

[∏n

i=1
(ai, bi]

]
≡
∑

x
sgn(x)F (x), (2.31)

and then this set function is extended uniquely to a measure µF on B(Rn),
and to a complete sigma algebra MµF (Rn) with B(Rn) ⊂ MµF (Rn), and
once again µF extends µ0.
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2.5.1 Lebesgue-Stieltjes Integrals on R

For a continuous and thus Borel measurable function g(x), we can approx-
imate the Lebesgue-Stieltjes integral

∫ b
a gdµF by Riemann sums as follows.

Let ∆n = {xi}ni=0 be a partition of [a, b] with a = x0 < x1 · · · < xn = b,
and define the step function gn(x) on [a, b] by:

gn(x) =
∑n−1

i=0
g(x′i)χ(xi,xi+1](x).

As usual, χ(xi,xi+1](x) denotes the characteristic function of (xi, xi+1], de-
fined to equal 1 on this interval and 0 elsewhere, and x′i ∈ [xi, xi+1] is
arbitrary. For continuous g, gn(x)→ g(x) pointwise as n→∞ if the parti-
tions’mesh size δn ≡ max1≤i≤n{xi − xi−1} → 0. This follows since for all
x ∈ [a, b] :

|g(x)− gn(x)| ≤ supJ
∣∣g(x)− g(x′)

∣∣ ,
where x, x′ ∈ J ≡ [xi, xi+1] is a subinterval of length δn. By uniform conti-
nuity of g on [a, b], it then follows that gn(x)→ g(x) for all x as δn → 0.

As gn(x) is a simple function, we have by 2.1:∫ b

a
gndµF =

∑n−1

i=0
g(x′i) [F (xi+1)− F (xi)] . (2.32)

since µF ((xi, xi+1]) = F (xi+1)− F (xi) by the above discussion.
Now if

∫ b
a gndµF converges to a limit as n→∞, this limit must be inde-

pendent of the choice of {x′i}n−1
i=0 . This again follows by uniform continuity

of g(x) because if {x′′i }n−1
i=0 is another selection:∣∣∣∑n−1

i=0
g(x′i) [F (xi+1)− F (xi)]−

∑n−1

i=0
g(x′′i ) [F (xi+1)− F (xi)]

∣∣∣
≤ supJ

∣∣g(x′)− g(x′′)
∣∣∑n−1

i=0
|F (xi+1)− F (xi)| .

As above x′, x′′ ∈ J ≡ [xi, xi+1], a subinterval of length δn. If F is increasing
this summation equals F (b)− F (a), and so this difference converges to 0 as
δn → 0 since g is uniformly continuous.

We now prove the main result of this section for increasing F (x).

Proposition 2.54 (Lebesgue-Stieltjes Integrals by Riemann Sums)
Let F (x) be a right continuous increasing function and g(x) a continuous
function. Then for any sequence of partitions of [a, b], ∆n = {xi}ni=0 with
δn ≡ max1≤i≤n{xi − xi−1} → 0, and arbitrary {x′i}n−1

i=0 with x′i ∈ [xi, xi+1] :∑n−1

i=0
g(x′i) [F (xi+1)− F (xi)]→

∫ b

a
gdµF . (2.33)
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Proof. With uniqueness of the limit addressed above, we only need to prove
existence. It follows by continuity of g(x) that |g| ≤ K on [a, b], and thus
for increasing F : ∫ b

a
|g| dµF ≤ K [F (b)− F (a)] ,

and g(x) is µF -integrable. Next, define x
′
i ∈ [xi, xi+1] so that with Ji ≡

[xi, xi+1] , g(x′i) = infx∈Ji g(x). Note that x′i exists by continuity of g(x) and
compactness of Ji. Let gn(x) be defined as above by:

gn(x) =
∑n−1

i=0
g(x′i)χ(xi,xi+1](x).

Then for all x, gn(x) ≤ g(x) and gn(x) → g(x) pointwise if δn → 0. Hence
by Lebesgue’s dominated convergence theorem:∫ b

a
gndµF →

∫ b

a
gdµF ,

and the result follows by 2.32.

Remark 2.55 It should be noted that if F (x) is right continuous and of
bounded variation (see definition 3.23 of book 3), then the decomposition
F (x) = F1(x) − F2(x) into increasing functions is provided by proposition

3.27 of book 3. The above discussion then assures that
∑n−1

i=0
g(x′i) [F (xi+1)− F (xi)]

converges as δn → 0 for arbitrary {x′i}n−1
i=0 , and that this limit is indepen-

dent of {x′i}n−1
i=0 . We must be hesitant to declare however that this sequence

converges to
∫ b
a gdµF since we have not defined such integrals, nor indeed

such measures. If such a "measure" existed, it would no longer be the case
that µF ((xi, xi+1]) = F (xi+1) − F (xi) ≥ 0 since F need not be increasing.
Thus µF would be called a signed measure, a notion which is studied in
the last chapter of this book.

Lebesgue-Stieltjes vs. Riemann-Stieltjes Integrals

To induce a Borel measure µF on R it is necessary and suffi cient for the
function F (x) to be increasing and right continuous by chapter 5 of book
1. To attempt to define an associated Lebesgue-Stieltjes integral∫ b
a gdµF above, the function g(x) must be µF -measurable. For the

Riemann-Stieltjes integrals of chapter 4 of book 3, denoted
∫ b
a gdF, one

existence result is that if the integrator function F (x) is increasing and
g(x) continuous then this integral is well-defined (see proposition 4.19 of
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book 3). That the Lebesgue-Stieltjes and Riemann-Stieltjes integrals can
agree under certain assumptions generalizes the equality of Riemann and
Lebesgue integrals in certain cases as noted in propositions 2.31 and 2.64
of book 3.

These earlier results were quite general. For the current context we settle
for a more limited result.

Proposition 2.56 (Lebesgue-Stieltjes vs. Riemann-Stieltjes Integrals)
If F (x) is increasing and right continuous and g(x) is continuous on [a, b],
then the associated Riemann-Stieltjes and Lebesgue-Stieltjes integrals agree:∫ b

a
gdµF =

∫ b

a
gdF. (2.34)

Proof. By proposition 2.54 above and proposition 4.20 of book 3, each
integral equals the limit of the same Riemann sums.

Remark 2.57 By either remark 4.21 or exercise 4.22 of book 3,
∫ b
a gdF also

exists if g(x) is continuous and F (x) is of bounded variation. This inte-
gral is again the limit of

∫ b
a gndF as n → ∞, and this limit is independent

of {x′i}n−1
i=0 . In addition, proposition 4.27 of book 3 provides the relationship

between such Riemann-Stieltjes integrals with bounded variation integrators
and Riemann-Stieltjes integrals defined with respect to the increasing com-
ponent function integrators, where F (x) = F1(x) − F2(x) as noted in re-
mark 2.55. However, we have not developed the definitional counterpart for∫ b
a gdµF in the case of general bounded variation F .

2.5.2 Lebesgue-Stieltjes Integrals on Rn

This section will follow the template for n = 1 almost identically, with
appropriate generalizations of notation and references to results from
books 1 and 3. In this context we address integrals:∫

R
gdµF

for appropriate F, where R =
∏n
i=1(ai, bi], a bounded, right semi-closed

rectangle in Rn, and where g(x) is continuous on the closed set
R̄ =

∏n
i=1[ai, bi].
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To partition R into subrectangles we introduce some notation from sec-
tion 4.2 of book 3. Let each interval (aj , bj ] be partitioned:

aj = xj,0 < xj,1 < · · · < xj,mj−1 < xj,mj = bj ,

with mesh size µ of this collection of partitions defined by:

µ ≡ max{xj,i − xj,i−1},

where the maximum is defined over 1 ≤ i ≤ mj and 1 ≤ j ≤ n. These
interval partitions lead to a partition of R into disjoint right semi-closed
rectangles: ⋃

J∈I
RJ = R,

where RJ ≡
∏n
j=1Rj,ij with Rj,ij ≡ (xj,ij−1, xj,ij ] and I = {(i1, i2, ..., in)|1 ≤

ij ≤ mj}. The index set I identifies the
∏n
j=1mj disjoint rectangles that are

defined by this partition. For notational convenience in this section we will
assume that all mj = m.

To approximate g(x) on R by a step function, first note that ∆F defined
as in 2.30 is finitely additive over this partition. That is, if {RJ}J∈I is the
collection of disjoint right semi-closed rectangles defined above, then

∆F =
∑

J∈I
∆FJ , (2.35)

where ∆FJ denotes ∆F applied to RJ . This result is proposition 8.11 of
book 1.

With this notation, define the step functions gm(x) on R by:

gm(x) =
∑

J∈I
g(x′J)χRJ (x),

where the subrectangles {RJ} are defined as above with all mj = m, and
x′J ∈ R̄J the closure of RJ . For continuous g, gm(x) → g(x) pointwise as
m→∞ if the partitions’s mesh size µ ≡ max{xj,i−xj,i−1} → 0. This follows
since if x ∈ R̄J :

|g(x)− gm(x)| ≤ supR̄J
∣∣g(x)− g(x′)

∣∣ ,
and thus gm(x)→ g(x) as µ→ 0 by uniform continuity of g on R̄.

As gm(x) is a simple function, we have by 2.1:∫
R
gmdµF =

∑
J∈I

g(x′J)∆FJ , (2.36)
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since µF [RJ ] = ∆FJ by 2.31 and the remarks that followed there.
As before for n = 1, if

∫
R gmdµF converges to a limit as m → ∞,

this limit must be independent of {x′J}J∈I . This again follows by uniform
continuity of g(x) because if {x′′J}J∈I is another selection:∣∣∣∑

J∈I
g(x′J)∆FJ −

∑
J∈I

g(x′′J)∆FJ

∣∣∣ ≤ supR̄J
∣∣g(x′)− g(x′′)

∣∣∑
J∈I
|∆FJ | .

As F is n-increasing this summation equals∆F by 2.35 and so this difference
converges to 0 by uniform continuity of g(x).

Proposition 2.58 (Lebesgue-Stieltjes Integrals by Riemann Sums)
Let F (x) be a continuous from above and n-increasing function on Rn,
and g(x) a continuous function on the closure R̄ of the right semi-closed
rectangle R. Then for any sequence of partitions of R =

⋃
J∈I RJ with

µ ≡ max{xj,i−xj,i−1} → 0 asm→∞, and arbitrary {x′J}J∈I with x′J ∈ R̄J :

∑
J∈I

g(x′J)∆FJ →
∫
R
gdµF . (2.37)

Proof. Uniqueness of this limit is addressed above, so only existence is left
to prove. By uniform continuity |g| ≤ K on R̄ and thus:∫

R
|g| dµF ≤ K

∫
R
dµF = K∆F,

so g(x) is µF -integrable. Next, define x
′
J ∈ R̄J so that g(x′J) = infR̄J g(x) and

note that x′J exists by continuity of g(x) and compactness of R̄J . Then with
such x′J ∈ R̄J define gm(x) by:

gm(x) =
∑

J∈I
g(x′J)∆FJ .

Then for all x, gm(x) ≤ g(x) and gm(x)→ g(x) pointwise as m→∞. Hence
by Lebesgue’s dominated convergence theorem:∫

R
gmdµF →

∫
R
gdµF ,

and the result follows by 2.36.
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Lebesgue-Stieltjes vs. Riemann-Stieltjes Integrals

To induce a Borel measure µF on Rn it is suffi cient for the function F (x)
to be n-increasing and continuous from above by section 8.2.2 of book 1.
In that book’s section 8.2.1 it is also seen that these conditions are
necessary for finite Borel measures. To define an associated
Lebesgue-Stieltjes integral

∫
R gdµF above, the function g(x) must be

µF -measurable. For
∫
R gdF, the Riemann-Stieltjes integral of book 3,

one existence result provides that if the integrator function F (x) is
n-increasing and g(x) continuous then this integral is well-defined (see
proposition 4.67 of book 3). That the Lebesgue-Stieltjes and
Riemann-Stieltjes integrals can agree under certain assumptions again
generalizes the equality of Riemann and Lebesgue integrals in certain cases
as noted in propositions 2.31 and 2.64 of book 3.

These earlier results were quite general. For the current context we again
settle for a more limited result.

Proposition 2.59 (Lebesgue-Stieltjes vs. Riemann-Stieltjes Integrals)
If F (x) is n-increasing and continuous from above and g(x) is continuous
on R̄ the closure of R =

∏n
i=1(ai, bi], then the associated Riemann-Stieltjes

and Lebesgue-Stieltjes integrals agree:∫
R
gdµF =

∫
R
gdF. (2.38)

Proof. By proposition 2.58 above and corollary 4.68 of book 3, each integral
equals the limit of the same Riemann sums.





Chapter 3

Change of Variables Results

It is a common exercise in Riemann integration to use "change of
variables" or "method of substitution" in a Riemann integral to simplify
its evaluation.

Example 3.1 Let h(x) = x exp(−x2) and assume we wish to evaluate
∫∞

0 h(x)dx.
The familiar "method of substitution" or "change of variables" approach re-
quires one to define a new "variable" y ≡ g(x) = x2, and then by defining
dy ≡ g′(x)dx = 2xdx one obtains:∫ ∞

0
x exp(−x2)dx = 0.5

∫ g(∞)

g(0)
exp(−y)dy

= 0.5.

Within the Riemann context, this manipulation can be interpreted as a
trompe l’oeil, French for "deceive the eye," the goal of which is to sim-
plify the application of the fundamental theorem of calculus (proposition 3.1
of book 3) by making it easier to identify the integrand as a derivative. In
other words, if we can identify a function H(x) with H ′(x) = x exp(−x2),
then this result states that:∫ ∞

0
x exp(−x2)dx = H(∞)−H(0),

assuming H(∞) ≡ limx→∞H(x) exists.
The above identification of H(x) is based on an application of the formula

for the derivative of a composite function, that with H(x) = f (g(x)) :

H ′(x) = f ′ (g(x)) g′(x).

55
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So formally, this method seeks to find functions f and g so that,

x exp(−x2) = f ′ (g(x)) g′(x). ((*))

As x is a multiple of the derivative of x2, we choose g(x) = x2 and f ′(y) =
0.5 exp(−y), and then:

x exp(−x2) = f ′ (g(x)) g′(x).

Thus f(y) = −0.5 exp(−y)∫ ∞
0

x exp(−x2)dx = −
∫ ∞

0

[
0.5x exp(−x2)

]′
dx

= 0.5.

From a practical point of view, the mechanical technique of substitution
is simpler than the more formal approach of solving the equation in (∗)
for f and g. This is because the objective of the substitution is to help the
eye see an underlying function (here f ′(y) = 0.5 exp(−y)), with a simple
antiderivative (here f(y) = −0.5 exp(−y) + C). From a pedagogical point
of view, substitution also supports trial and error in determining the most
appropriate variable y = g(x), and also supports sequential substitutions to
ultimately reduce a complicated integrand to something manageable, if indeed
this is possible.

In this chapter we will see that this change of variable formula also has an
interpretation from a measure-theoretic perspective, and this has important
applications in probability theory in book 6. We begin with the special case
of evaluating certain Lebesgue-Stieltjes integrals by a change of measure.
We then turn to a general investigation into the transformation of measures
between measure spaces and the implications for integrals in the domain
and range spaces, and then to various applications of these results to change
of variables in Lebesgue integrals.

3.1 Change of Measure in Lebesgue-Stieltjes Inte-
grals

This section provides a simple approach for evaluating a Lebesgue-Stieltjes
integral in terms of a related Lebesgue integral when the Borel measure µ
is of a special type, and in particular, a type often found in probability
theory. A more general result, also needed for probability theory, will be
addressed in the next section.



3.1 CHANGE OFMEASURE IN LEBESGUE-STIELTJES INTEGRALS57

Let (Rn,B(Rn), µ) be a Borel measure space and assume that there is a
nonnegative Lebesgue measurable function f(x) defined on Rn so that for
any Borel set A ∈ B(Rn) :

µ(A) = (L)

∫
A
f(x)dx. (3.1)

Here x ≡ (x1, ..., xn) and dx with the (L)-qualifier denotes Lebesgue mea-
sure, which is also denoted dmn.

Example 3.2 Given nonnegative Lebesgue integrable f(x) for n = 1 define
F (x) by:

F (x) = (L)

∫ x

−∞
f(y)dy.

Then F is increasing since f ≥ 0, and continuous and thus right continuous
by proposition 3.33 of book 3. Hence the set function µF defined by:

µF ((a, b]) ≡ F (b)− F (a) = (L)

∫ b

a
f(y)dy,

is well defined on the semi-algebra of right semi-closed intervals A′ and can
be uniquely extended to a measure on B(R) as in chapter 5 of book 1. Since
µF = µ on this semi-algebra, with µ given by 3.1, it follows that µF = µ on
B(R) and thus µF is given by 3.1 for all A ∈ B(R).

This example extends to a result for general n in that given nonnegative
Lebesgue integrable f, define:

F (x1, ..., xn) = (L)

∫
A(x1,...,xn)

f(y1, ..., yn)dy,

where A(x1, ..., xn) ≡
∏n
i=1(−∞, xi]. That such F is continuous from above

and n-increasing by definition 2.53 is left as an exercise. As in section 8.2.2
of book 1 a set function µF can be defined on a bounded right semi-closed
rectangle R =

∏n
i=1(ai, bi] as noted in 2.31:

µF

[∏n

i=1
(ai, bi]

]
≡
∑

x
sgn(x)F (x).

Recall that each x = (x1, ..., xn) in this summation is one of the 2n vertices
of A, so each xi = ai or xi = bi, and sgn(x) is defined as −1 if the number
of ai-components of x is odd, and +1 otherwise. The conclusion that µF
extends to a measure on B(Rn) and that µF = µ on B(Rn) with µ given by
3.1, then follows from section 8.2.2 of book 1.



58 CHAPTER 3 CHANGE OF VARIABLES RESULTS

Generalizing this example, when f is nonnegative and Lebesgue inte-
grable, the set function µ defined in 3.1 defines a measure on B(Rn) by
2.13 of corollary 2.29, a result also proved for Lebesgue integrals in corollary
2.55 of book 3. More generally we have the following.

Proposition 3.3 If f(x) is a nonnegative Lebesgue measurable function on
Rn, then the set function µ in 3.1 defines a measure on B(Rn).
Proof. Countable additivity is the only thing to prove, so assume {Bj} ⊂
B(Rn) are disjoint and let B =

⋃∞
j=1Bj . If f(x) is integrable over B then

countable additivity follows from corollary 2.29 as noted above. So assume
that B is so defined and f(x) is not integrable over B, which since non-
negative implies that µ (B) = ∞. Now if there exists j with f(x) also not
integrable over Bj , so µ (Bj) =∞, then countable additivity is satisfied and
we are done.

So assume that f(x) is integrable over all Bj , and thus µ (Bj) < ∞
for all j. Define Cn ≡

⋃n
j=1Bj and fn(x) ≡ f(x)χCn(x). Then fn(x) is

nonnegative, and Lebesgue integrable by 6 of proposition 2.40 with:∫
fn(x)dx ≡

∫
Cn

f(x)dx =
∑n

j=1

∫
Bj

f(x)dx =
∑n

j=1 µ(Bj).

Also, {fn} is a monotone sequence of nonnegative functions with fn(x) →
f(x)χB(x). Thus by Lebesgue’s monotone convergence theorem:∫

fn(x)dx→
∫
B
f(x)dx.

Combining: ∑n
j=1 µ(Bj)→

∫
B
f(x)dx =∞,

proving countable additivity in this case.

Remark 3.4 Note that using the same proof, it is seen that µ also defines a
measure on the complete Lebesgue sigma algebraMn

L(Rn), since the integral
in 3.1 is well-defined for A ∈ Mn

L(Rn). Recall that B(Rn) ⊂Mn
L(Rn). This

observation then extends to proposition 3.6 below, in that the results there
are valid for Lebesgue measurable g. However, for results below on change
of variables in Lebesgue integrals we will focus on Borel measurable g for
reasons to be clarified there.

Let g(x) be a measurable function defined on (Rn,B(Rn), µ):

g : (Rn,B(Rn), µ)→ (R,B(R),m),
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so g−1(A) ∈ B(Rn) for all A ∈ B(R). As (Rn,B(Rn), µ) is a measure space
and g is measurable, the µ-integral of g(x) over any Borel set A ∈ B(Rn) :∫

A
g(x)dµ,

is definable as a Lebesgue-Stieltjes integral by definition 2.37.
The following result relates the µ-integrability of g(x) and the value of

its Lebesgue-Stieltjes integral to the Lebesgue integrability of f(x)g(x) and
the value of the associated Lebesgue integral.

Remark 3.5 It should be noted that the next result substantially generalizes
the result of proposition 4.75 of book 3, which required continuity of f(x) and
g(x) to be able to utilize Riemann and Riemann-Stieltjes integrals. On the
other hand, the earlier result also applied to f(x) that was not nonnegative,
as long as the associated F (x) was of Vitali bounded variation (see definition
4.57 of book 3).

Proposition 3.6 Given a nonnegative Lebesgue measurable function f :
Rn → R and µ defined on B(Rn) as in 3.1. Then for any Borel measurable
function g : (Rn,B(Rn),mn)→ (R,B(R),m) :∫

Rn
g(x)dµ = (L)

∫
Rn
g(x)f(x)dx, (3.2)

although both integrals may be infinite.
In addition, g is µ-integrable if and only if f(x)g(x) is Lebesgue inte-

grable, and when integrable,∫
A
g(x)dµ = (L)

∫
A
g(x)f(x)dx, (3.3)

for all A ∈ B(Rn).
Proof. First note that if this proposition is proved for nonnegative g(x)
then the general result follows by applying the special result to g+(x) and
g−(x), the positive and negative parts of g(x), and applying 2.17.

Now given A ∈ B(Rn), let g(x) = χA(x). Then 3.2 is satisfied because∫
g(x)dµ =

∫
A
dµ = µ(A),

and also:

(L)

∫
R
g(x)f(x)dx = (L)

∫
A
f(x)dx = µ(A).
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If g(x) is a simple function, then 3.2 again follows by linearity of both inte-
grals.

For general nonnegative g(x), let {gn(x)} be an increasing sequence of
nonnegative simple functions given by proposition 1.18 with gn(x) → g(x)
for all x. Since f is nonnegative it follows that {gn(x)f(x)} is an increasing
sequence of nonnegative Lebesgue measurable functions and gn(x)f(x) →
g(x)f(x). By Lebesgue’s monotone convergence theorem:∫

gn(x)dµ→
∫
g(x)dµ,

∫
gn(x)f(x)dx→

∫
g(x)f(x)dx,

and 3.2 follows since this identity is satisfied for all gn(x).
The conclusion of 3.2 now applies to general measurable g(x) as note

above, and to |g(x)| for a general measurable function:∫
|g(x)| dµ = (L)

∫
f(x) |g(x)| dx.

Hence g(x) is µ-integrable if and only if f(x)g(x) is Lebesgue integrable.
Finally, if g(x) is µ-integrable and A ∈ B(Rn), then so too is g(x)χA(x) µ-

integrable. Hence applying 3.2 to g(x)χA(x) over Rn obtains 3.3.

Example 3.7 (Expectations of Random Variables 1) Let (R,B(R), µF )
be a Borel measure space induced by an increasing, right continuous and
bounded function F (x) as in the construction of section 5.2 of book 1. If
F is absolutely continuous then F ′(x) = f(x) exists almost everywhere by
proposition 3.58 of book 3, and assuming that F (−∞) = 0 it follows by
proposition 3.61 of book 3 that:

F (x) = (L)

∫ x

−∞
f(y)dy.

It then follows as in example 3.2 above that µF is given as in 3.1 for all
A ∈ B(R).

If g : (R,B(R), µF )→ (R,B(R),m) is µF -measurable, then the Lebesgue-
Stieltjes integral of g(x) over A ∈ B(R) can be evaluated as a Lebesgue
integral as in 3.3. ∫

A
g(x)dµF = (L)

∫
A
g(x)f(x)dx.
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In addition, g(x) will be µF -integrable if and only if g(x)f(x) is Lebesgue
integrable.

If µF is a probability measure and thus (R,B(R), µF ) is a probability
space, such a function g(x) is called a random variable and often de-
noted by an upper case letter such as X, Y, etc.. Then by 3.7 of book 4 the
expectation of Y, denoted E[Y ], is defined:

E[Y ] ≡
∫
R
Y dµF .

Thus by 3.3, when F is absolutely continuous:

E[Y ] = (L)

∫
R
Y (x)F ′(x)dx.

For a more general result in this direction, see example 3.17 below which
utilizes the more general results on transformation of measures. See also
section 3.1.2 of book 4 for a summary of these results.

The result of proposition 3.6 can be generalized beyond Lebesgue and
the special Borel measures on Rn defined by 3.1. Specifically, if (X,σ(X),
µ) is a measure space and f(x) a nonnegative µ-measurable function, f :
(X,σ(X), µ)→ (R,B(R),m), then

υ(A) ≡
∫
A
f(x)dµ (3.4)

is a well defined, though not necessarily finite, set function for A ∈ σ(X).
Using the same proof as proposition 3.3 obtains that the set function υ is
again a measure on (X,σ(X)).

Hence (X,σ(X), υ) is a measure space and if g(x) is a ν-measurable
function on X, then

∫
A g(x)dυ is well defined though not necessarily finite

for all A ∈ σ(X), and the following is a straightforward generalization of the
above result.

Proposition 3.8 Given a nonnegative µ-measurable function f : (X,σ(X),µ)→
(R,B(R),m), and υ defined on σ(X) as in 3.4. Then for any ν-measurable
function g : X → R: ∫

X
g(x)dυ =

∫
X
g(x)f(x)dµ, (3.5)

although both integrals may be infinite.
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In addition, g(x) is υ-integrable if and only if f(x)g(x) is µ-integrable,
and when integrable, ∫

A
g(x)dυ =

∫
A
g(x)f(x)dµ, (3.6)

for any A ∈ σ(X).
Proof. Other than the change in notation, the proof is identical to that
above.

3.2 Transformations and Change of Variables

3.2.1 Measures Induced by Transformations

Given sets X and X ′, a transformation T : X → X ′, and sometimes
called a map or mapping, is simply a rule under which Tx ∈ X ′ for each
x ∈ X. Since this is virtually unusable as a general notion, transformations
of interest almost always have additional properties. As an example, a
measurable transformation is defined as follows. For this definition,
recall that if A′ ⊂ X ′:

T−1(A′) = {x ∈ X|Tx ∈ A′}. (3.7)

Definition 3.9 (Measurable transformations and Induced measures)
Given measure spaces (X,σ(X),µ) and (X ′, σ(X ′),µ′), a transformation,
T : X → X ′ is measurable and sometimes σ(X)/σ(X ′)-measurable if

T−1
[
σ(X ′)

]
⊂ σ(X),

meaning
T−1(A′) ∈ σ(X) for all A′ ∈ σ(X ′). (3.8)

If (X ′, σ(X ′),µ′) = (R,B(R), µ′) for some Borel measure µ′, then T is called
a measurable function.

A measurable transformation induces a new measure µT on the range
space X ′, and hence induces a new measure space denoted (X ′, σ(X ′), µT ).
The measure µT is called the measure induced by T and defined on A′ ∈
σ(X ′) by

µT (A′) = µ
[
T−1(A′)

]
. (3.9)

Since 3.9 only provides a set function definition, it must be checked that
µT so defined is indeed a measure on (X ′, σ(X ′)).
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Proposition 3.10 The set function µT defined in 3.9 is a measure on
(X ′, σ(X ′)).
Proof. That µT is a well-defined set function on σ(X ′) follows from the
measurability of T, while the property µT (A′) ≥ 0 for all such A′ is satisfied
because µ is a measure. Since µT (∅) = 0, the last property to check is
countable additivity, and to this end let {A′j}∞j=1 ⊂ σ(X ′) be disjoint. Then
{T−1(A′j)}∞j=1 ⊂ σ(X) are also disjoint by definition of a transformation,

and since T−1
(⋃∞

j=1
A′j

)
=
⋃∞

j=1
T−1

(
A′j

)
it follows that:

µT

[⋃∞
j=1

A′j

]
= µ

[⋃∞
j=1

T−1(A′j)
]

=
∑∞

j=1
µT
[
A′j
]
.

The measure µT is defined on a set A
′ ∈ σ(X ′) to equal the µ-measure

of the pre-image set T−1(A′). This may well sound like a familiar idea, as
we have encountered this already in earlier books.

Example 3.11 Let (S, E , µ) be a probability space and X a random vari-
able (r.v.):

X : S −→ R.

As defined in definition 3.1 of book 2, this means that given any bounded or
unbounded interval, 〈a, b〉 ⊂ R, where 〈a, b〉 denotes that this interval may
be open, closed or semi-closed:

X−1(〈a, b〉) ∈ E.

It was assigned as exercise 3.3 of book 2 to show that if X−1((a, b)) ∈ E for
all open intervals (a, b), then X−1(A) ∈ E for every Borel set A ∈ B(R).
Hence by the above definition, a random variable as defined in book 2 is a
measurable function between (S,E,µ) and (R,B(R),m).

The distribution function (d.f.) or cumulative distribution func-
tion (c.d.f.) associated with X, denoted F or FX , was then defined on R
by:

F (x) ≡ µ[X−1(−∞, x]].

This definition is identical with that of µX as given in 3.9 for sets A′ =
(−∞, x]. In other words:

F (x) = µX [(−∞, x]] ,
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and thus by finite additivity, for any right semi-closed interval (a, b] :

µX [(a, b]] = F (b)− F (a).

The random variable X thus induces the measure space (R,B(R), µX) by the
above definition.

Proposition 3.60 of book 1 assures that such F as defined above is an
increasing, right continuous function, and thus in chapter 5 of book 2 these
distribution functions provided the first step in defining an induced Borel
measure µF on the range space R. By this construction, any random variable
X : S −→ R induces a measure on the range space (R,B(R),m), producing
(R,B(R), µF ).

Since µF = µX on A′, the semi-algebra of right semi-closed intervals
(a, b], this identity extends by proposition 6.14 of book 1 to the smallest
sigma algebra that contains A′, which is B(R). Thus except for notation:

µX ≡ µF .

Although µT is defined on the same space and sigma algebra as was
the original measure µ′, the induced measure and original measure can be
closely related or quite different.

Example 3.12 1. Let X1 be defined on a probability space, X1 : (S, E , µ)→
(R,B(R),m), with range N = {0, 1, 2, 3...} such that for any j ∈ N :

µ
[
X−1

1 (j)
]

= e−λλj/j!

for some λ > 0. Hence

F1(x) = µ[X−1
1 (−∞, x]] = e−λ

∑
j≤x

λj/j!.

The induced measure µX1 on R is the Poisson probability measure
µP introduced in section 1.3 of book 2, and so in the various notations:

µF1 ≡ µX1 = µP .

This induced measure µX1 is quite different from the original Lebesgue
measure in that m assigns measure 0 to the set N on which µX1 as-
signs all of its measure. In chapter 7 we will say that m and µX1 are
mutually singular, denoted m ⊥ µX1 , and define this to mean that
there is a Borel set A so that m(A) = µX1(Ã) = 0. In this example,
A = N and Ã = R− N.
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2. Let X2 be defined on a probability space, X2 : (S, E , µ)→ (R,B(R),m),
with range R+ ≡ {x ∈ R|x ≥ 0} such that for x ≥ 0:

F2(x) = µ[X−1
2 (−∞, x]] = 1− e−λx

for some λ > 0. The induced measure µX2 on R is the exponential
probability measure µE introduced in section 1.3 of book 2, and so
in the various notations:

µF2 ≡ µX2 = µE .

In this case the induced measure µX2 is closely related to the original
Lebesgue measure m. In particular, with the associated density function
fE(x) defined for x ≥ 0 by

fE(x) = λe−λx

and 0 elsewhere, we have that for A ∈ B(R),

µX2(A) = (L)

∫
A
fE(x)dx.

Hence for any set A ∈ B(R) with m(A) = 0, it must be the case
that µX2(A) = 0. In chapter 7 we will say that µX2 is absolutely
continuous with respect to m, denoted µX1 � m, where this notation
is meant to suggests that if m(A) = 0 on a Borel set A, then µX1(A) =
0.

3.2.2 General Change of Variables Under Transformations

The goal of this section is to relate integrals defined on the induced
measure space (X ′, σ(X ′), µT ) with related integrals defined on the domain
space (X,σ(X), µ). Intuitively, such integrals ought to be related because
the µT -measures of sets in σ(X ′) are defined in terms of the µ-measures of
pre-image sets in σ(X). Specifically, given general measure spaces
(X,σ(X), µ) and (X ′, σ(X ′), µ′), a measurable transformation
T : X → X ′ induces the measure µT on the range space X

′ defined on
A′ ∈ σ(X ′) by 3.9:

µT (A′) = µ
[
T−1(A′)

]
.

Now consider a measurable function g defined on (X ′, σ(X ′), µ′) with
range in (R,B(R),m). By definition g is also measurable on (X ′, σ(X ′), µT )
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since the definition of measurability depends only on the sigma algebra
σ(X ′). Diagrammatically:

(X,σ(X), µ) T
−−→

(X ′, σ(X ′), µT ) g−−→ (R,B(R),m).

As (X ′, σ(X ′), µT ) is a measure space and g is a measurable function,∫
A′
g(x′)dµT

is definable for any measurable set A′ ∈ σ(X ′) by the development in chapter
2, though such integrals need not be finite.

Measurability of g as defined on (X ′, σ(X ′), µT ) ensures that the com-
posite function g ◦ T is measurable as a function defined on (X,σ(X), µ).
This follows because if B ∈ B(R), then

[g ◦ T ]−1 (B) = T−1
[
g−1(B)

]
,

and g−1(B) ∈ σ(X ′) ensures that T−1
[
g−1(A)

]
∈ σ(X) by the measurabil-

ity of T. Hence as (X,σ(X), µ) is a measure space and g ◦ T ≡ g(T ) is a
measurable function, ∫

A
g(Tx)dµ,

is again definable for any measurable set A ∈ σ(X).
The goal of the next proposition is to relate the value of these integrals.

Remark 3.13 Note that although the µ′-integral
∫
g(x′)dµ′ can also be de-

fined on the original range measure space (X ′, σ(X ′), µ′), this proposition is
silent on its value. Instead because the range space X ′ is endowed with a
new measure µT which provides a link to the measure in the domain measure
space (X,σ(X), µ), this proposition can make a statement about the relative
values of integrals on the given measure spaces. It is this linkage between the
measures µ and µT that allows the following results.

Proposition 3.14 Let T : (X,σ(X), µ) → (X ′, σ(X ′), µ′) be a measurable
transformation and µT defined on the range space by 3.9. Then for any
nonnegative measurable function g : X ′ → R:∫

X
g(Tx)dµ =

∫
X′
g(x′)dµT , (3.10)

though both integrals may be infinite.
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More generally, a measurable function g is µT -integrable if and only if
g(Tx) is µ-integrable, and when integrable:∫

T−1A′
g(Tx)dµ =

∫
A′
g(x′)dµT (3.11)

for any A′ ∈ σ(X ′).
Proof. Given A′ ∈ σ(X ′), let g(x′) = χA′(x

′). Then
∫
X′ g(x′)dµT = µT [A′] ,

and since g(Tx) = χT−1A′(x) it follows that
∫
X g(Tx)dµ = µ

[
T−1(A′)

]
. By

3.9 this proves 3.10 for characteristic functions of sets in σ(X ′), and also
for all simple functions on X ′ by linearity of the integral. For general non-
negative g(x′), let {gn(x′)} be an increasing sequence of nonnegative simple
functions given by proposition 1.18 so that gn(x′) → g(x′) for all x′. Then
also {gn(Tx)} is an increasing sequence of simple functions defined on X
with gn(Tx)→ g(Tx). So by Lebesgue’s monotone convergence theorem:∫

X
gn(Tx)dµ→

∫
X
g(Tx)dµ,

∫
X′
gn(x′)dµT →

∫
X′
g(x′)dµT ,

and the result follows since 3.10 is satisfied for this sequence of simple func-
tions.

Applying this conclusion to |g(x′)| for a general measurable function, we
conclude that ∫

X
|g(Tx)| dµ =

∫
X′

∣∣g(x′)
∣∣ dµT ,

and hence g(x′) is µT -integrable if and only if g(Tx) is µ-integrable. This is
3.11 with A′ = X ′.

If g(x) is µT -integrable then so too is g(x′)χA′(x
′) for A′ ∈ σ(X ′). The

validity of 3.11 over X ′ implies that∫
X
g(Tx)χA′(Tx)dµ =

∫
X′
g(x′)χA′(x

′)dµT ,

while noting that χA′(Tx) = χT−1A′(x) completes the proof.

Remark 3.15 The reader is encouraged to look closely at 3.3 and 3.11.
Note that when converting from a Lebesgue-Stieltjes integral to a Lebesgue
integral in 3.3, that the domain of integration A ∈ B(R) is not changed.
The same is true of 3.6 for A ∈ σ(X). For a general integral induced by a
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transformation T as in 3.11, the domain of integration in the range space
must be transformed into its pre-image for the integral in the domain space.

It is tempting to rewrite 3.11 in terms of µ-integrals over sets A ∈ σ(X)
in the domain space and µT -integrals over T (A), as this initially appears to
be merely a change of notation. But as will be seen in the example of the
next section, while T−1A′ ∈ σ(X) for all A′ ∈ σ(X ′), there may well exist
A ∈ σ(X) which cannot be so represented. This is because measurability of
T means that the sigma algebra T−1 [σ(X ′)] ⊂ σ(X), but it need not be the
case that T−1 [σ(X ′)] = σ(X). See example 3.187 below.

Given this remark, the above result provides the following corollary.

Corollary 3.16 A measurable function g(x′) is µT -integrable if and only if
g(Tx) is µ-integrable, and when integrable,∫

A
g(Tx)dµ =

∫
T (A)

g(x′)dµT (3.12)

for any A ∈ T−1 [σ(X ′)] .

Proof. If A ∈ T−1 [σ(X ′)] , then by definition A = T−1 [A′] for some A′ ∈
σ(X ′).

Example 3.17 (Expectations of Random Variables 2) If X is a ran-
dom variable defined on a probability space, X : (S,E,λ) → (R,B(R),m),
then as noted in example 3.7 above, the induced measure λX on (R,B(R)),
which takes the place of µT in the current notation, is the Borel measure
λX ≡ µF where F is the distribution function of X. Hence if g(x) is a mea-
surable function defined on (R,B(R),m), or equivalently (R,B(R), µF ) since
measurability on depends on the sigma algebra B(R), 3.10 becomes:∫

S
g(X)dλ =

∫
R
g(x)dµF .

Thus the "expectation" of g(X), defined in 3.7 of book 4 as a λ-integral on S
and denoted E[g(x)], can be evaluated as a Lebesgue-Stieltjes integral on R
with the Borel measure µF induced by the distribution function F. If F has
an associated density function f , this Lebesgue-Stieltjes integral can then be
evaluated as discussed in example 3.7. These transformations of E[g(x)],
initially defined as an integral on (S,E,λ), were introduced in section 3.1.2
of book 4.
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3.3 Special Cases of Change of Variables

3.3.1 Method of Substitution in Riemann and Lebesgue In-
tegrals on R

We first revisit example 3.1 above, applying the results from propositions
3.6 and 3.14 to provide a measure-theoretic framework for this familiar
procedure.

Example 3.18 (Continuation) 1. False Start: Recall that the goal
was to evaluate

∫∞
0 x exp(−x2)dx as a Riemann integral. By propo-

sition 2.64 of book 3, since x exp(−x2) is absolutely Riemann inte-
grable it is also Lebesgue integrable and the integrals agree. Thus this
can be considered as an exercise to evaluate (L)

∫∞
0 x exp(−x2)dx. The

"method of substitution" or "change of variables approach" begins by
defining a new variable: y ≡ x2. This substitution can be interpreted
as a continuous and thus measurable transformation:

T : (R,B(R),m)→ (R+,B(R+),mT ),

where Tx = x2, R+ = [0,∞) and B(R+) ≡ B(R)∩[0,∞).

The induced measure in the range space mT is given by 3.9 and we
first investigate mT on the semi-algebra of right semi-closed intervals,
A′ ⊂ B(R+), which includes {[0, b]} for b > 0. Given (a, b] ∈ A′, since
T−1(a, b] = (

√
a,
√
b] ∪ (−

√
b,−
√
a] we obtain by 3.9:

mT ((a, b]) ≡ m
(
T−1(a, b]

)
= 2

(√
b−
√
a
)
,

and this formula also works for [0, b]. Diagraming in the notation of
the above proposition,

(R,B(R),m) T
−−→

(R+,B(R+),mT ) g−−→ (R,B(R),m),

where g is defined so that g(T (x)) = x exp(−x2).

Hence as a function on (R+,B(R+),mT ), the range space of T :

g(x′) =
√
x′ exp(−x′),

and 3.11 becomes:∫
T−1A′

x exp(−x2)dm =

∫
A′

√
x′ exp(−x′)dmT .
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Unfortunately there is no A′ ∈ B(R+) with T−1A′ = [0,∞). More gen-
erally, this is an example noted in remark 3.15 for which T−1

[
B(R+)

]
&

B(R).

2. Corrected Attempt: By redefining the domain of T :

T : (R+,B(R+),m)→ (R+,B(R+),mT ),

now mT ((a, b]) =
√
b −
√
a for (a, b] ∈ A′, and applying 3.11 with

A′ = [0,∞):∫ ∞
0

x exp(−x2)dm =

∫ ∞
0

√
x′ exp(−x′)dmT .

The integrand on the right seems equally intractable as that on the left,
in fact perhaps more so since a somewhat familiar Lebesgue integral
has been replaced by a Lebesgue-Stieltjes integral with Borel measure
mT . But contemplating this Borel measure, it is verified that it is of
the special type in 3.1 and addressed by proposition 3.6. Namely, with
f(x) = 0.5x−1/2 for x > 0 and 0 otherwise, we have that for any set
in A′,

mT ((a, b]) = (L)

∫ b

a
f(x)dx,

and similarly for mT ([0, b]).

Hence, proposition 3.6 allows the above Lebesgue-Stieltjes integral to be
restated in terms of a Lebesgue integral in which the original integrand
is multiplied by f(x). The domain of integration is kept the same as
seen in 3.3:∫ ∞

0

√
x′ exp(−x′)dmT = (L)

∫ ∞
0

0.5 exp(−x′)dx′.

Putting these results together, we have with the benefit of two measure-
theoretic change of variable formulas, that:

(L)

∫ ∞
0

x exp(−x2)dx = (L)

∫ ∞
0

(0.5) exp(−x′)dx′.

As both x exp(−x2) and 0.5 exp(−x′) are continuous and Lebesgue in-
tegrable, these integrals again equal the corresponding Riemann inte-
grals. Hence:

(R)

∫ ∞
0

x exp(−x2)dx = (R)

∫ ∞
0

(0.5) exp(−x′)dx′.
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The following proposition generalizes this example. It requires the as-
sumption of absolute continuity for g−1, a notion introduced in definition
3.54 of book 3. The details of the proof are assigned as an exercise in ap-
plying the approach of the above example.

Proposition 3.19 Let f(x) be a Lebesgue integrable function on a finite or
infinite interval I = [a, b]. Then given a differentiable function g : R → R
with g′(x) 6= 0 and g−1 absolutely continuous, then for (a, b] ⊂ Rng[g], the
range of g :

(L)

∫ b

a
f(y)dy = (L)

∫ g−1(b)

g−1(a)
f(g(x))g′(x)dx. (3.13)

Proof. Given such g, define the continuous and thus measurable transfor-
mation g : (R,B(R),m)→ (R,B(R),m). Then with y = g(x) it follows from
3.11 that

(L)

∫ g−1(b)

g−1(a)
f(g(x))g′(x)dx =

∫ b

a
f(y)g′(g−1(y))dmg.

The induced measure mg is defined as in 3.9 by mg((a, b]) = g−1(b)−g−1(a)
since g is continuous and (a, b] ⊂ Rng[g]. By absolute continuity and the
fundamental theorem in proposition 3.61 of book 3:

mg((a, b]) =

∫ b

a

dg−1

dy
dy.

But dg
−1

dy = 1/g′(g−1(y)), and since g′(x) 6= 0 3.13 now follows from 3.3.

Remark 3.20 If f is continuous and Riemann integrable, and also ab-
solutely integrable when the interval is infinite, the above proposition pro-
vides a Riemann integration result if g′(x) is continuous. This follows from
propositions 2.31 and 2.64 of book 3.

3.3.2 Change of Variables for Linear Transformations on Rn

In this section, we provide a detailed result in the special case where T is
an invertible linear transformation, T : Rn → Rn. This result will be
generalized to continuously differentiable and invertible transformations on
Rn in the coming section, Change of Variables for Differentiable
Transformations on Rn.



72 CHAPTER 3 CHANGE OF VARIABLES RESULTS

Let T : Rn → Rn be an invertible linear transformation and denote the
standard matrix representation of this transformation as A = (aij)

n
i,j=1 :

T (x) =


a11 a12 · · · a1n

a21 a22 · · · a2n

...
...

...
...

an1 an2 · · · ann




x1

x2

...

xn

 .

The "vector" x is conventionally identified with a column vector in linear
algebra, and thus with xt ≡ (x1, x2, ..., xn) denoting the the transpose of
x as a row vector:

T (x) = Axt ≡
(∑n

j=1
a1jxj ,

∑n

j=1
a2jxj , · · · ,

∑n

j=1
anjxj

)t
. (3.14)

Notation 3.21 For most expressions involving vectors, there is no reason
to "identify" vectors as column vectors. In other words, stating that xt ≡
(x1, x2, ..., xn) or x ≡ (x1, x2, ..., xn) conveys exactly the same information,
and it is common to drop the transpose designation unless required. For
expressions involving matrices this notation is considered essential. If A is
an n × n matrix, then xAx is not defined although it could be argued that
this expression is uniquely defined as xtAx. On the other hand, xx is also
not defined, nor is there a unique interpretation since both xtx and xxt are
well defined and very different.

Define a Lebesgue measure µ on B(Rn) or on the complete Lebesgue
sigma algebraMn

L(Rn) by:

µ(B) = |det(A)|mn(B). (3.15)

Here mn is Lebesgue measure and det(A) is the determinant of the matrix
induced by T. Note that det(A) 6= 0 since this matrix is invertible. Next,
consider the transformation between measure spaces:

T : (Rn,B(Rn), µ)→ (Rn,B(Rn), µT ),

where µT is the measure induced by T. That T is a measurable transforma-
tion follows by noting that both T and T−1 are continuous, and hence both
T (G) and T−1(G) are open sets for all open G. Since B(Rn) is the smallest
sigma algebra that contains the open sets, measurability follows.
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Proposition 3.22 The measure induced by T in 3.14 satisfies: µT = mn,
Lebesgue measure.
Proof. For B ∈ B(Rn):

µT (B) ≡ µ
[
T−1(B)

]
≡ |det(A)|mn(T−1(B)).

If B =
∏n
j=1(0, bj ] is a right semi-closed rectangle and Bt

j = (0, ..., 0, bj , 0, ..., 0)) ∈
Rn with jth component equal to bj > 0, then B =

{∑n
j=1 λjBj |0 < λj ≤ 1

}
.

Because T−1 is also a linear transformation:

T−1(B) =
{∑n

j=1
λjA

−1(Bj)|0 < λj ≤ 1
}
.

Invertibility of T implies that {A−1(Bj)}nj=1 are linearly independent so
T−1(B) is a parallelepiped in Rn and thus its Lebesgue measure equals ordi-
nary Euclidean volume. Since A−1 is a linear transformation, the Euclidean
volume of a linearly transformed rectangle satisfies:

mn(T−1(B)) =
∣∣det(A−1)

∣∣mn(B).

Finally,
∣∣det(A−1)

∣∣ = |det(A)|−1 , and the result follows.
The identity that µT = mn then applies to the semi-algebra A′ of all right

semi-closed rectangles,
{∏n

j=1(aj , bj ]
}
, since given B of this form, linearity

of T−1 obtains:

T−1(B) =
{
A−1(a1, a2, ..., an)t +

∑n

j=1
λjA

−1(B̃t
j)|0 < λj ≤ 1

}
,

where B̃t
j = (0, ..., 0, bj−aj , 0, ..., 0)). Now since mn is translation invariant,

again µT (B) = mn(B).

The transition of this identity from this semi-algebra to the algebra A of
all disjoint unions of A′-sets and then to the sigma algebra B(Rn) follows by
the extension process and uniqueness result developed in section 6.2 of book
1.

Now since µT = mn we have from proposition 3.14 the following propo-
sition and corollary. These results will be generalized below to continuously
differentiable invertible transformations T : Rn → Rn, where the absolute
value of the Jacobian determinant of T will take the place of |det(A)|
below.
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Remark 3.23 Recalling remark 3.4, the following proposition is restricted
to Borel measurable g, and does not attempt to generalize to Lebesgue mea-
surable functions. The reason for this echoes the discussion surrounding
proposition 3.33 of book 1 on the measurability of composite functions, While
originally presented as a discussion on R, it is easy to appreciate that the
discussion does not simplify in Rn.

Looking to 3.16, since both are Lebesgue integrals one needs to assure
that the integrands are appropriately measurable. If g is Borel measurable,
then since T is continuous it follows that g(T ) is Borel measurable and both
integrals are definable. If g is merely Lebesgue measurable, then Lebesgue
measurability of g(T ) requires that T−1 (Mn

L(Rn)) ⊂Mn
L(Rn). For the cur-

rent linear T, this seems like a reasonable result though it appears quite
challenging to prove. In any event it is not worth the effort since for the
next result on continuously differentiable T such a conclusion would certainly
appear elusive, if even true.

Hence in this section and the next we focus on Borel measurable g, though
the domain of integration can be more generally defined. But note that for
corollary 3.25, the domain of integration is again restricted to B ∈ B(Rn).
The reader is invited to determine why this proof does not readily apply to
B ∈Mn

L(Rn).

Proposition 3.24 Let T : Rn → Rn be an invertible linear transformation,
and |det(A)| the absolute value of the determinant of the matrix implied by
T. Then for any nonnegative Borel measurable function g : Rn → R :∫

Rn
g(Tx) |det(A)| dmn =

∫
Rn
g(y)dmn, (3.16)

though both integrals may be infinite.
More generally, a Borel measurable function g is Lebesgue integrable if

and only if g(Tx) |det(A)| is Lebesgue integrable, and when integrable:∫
T−1B

g(Tx) |det(A)| dmn =

∫
B
g(y)dmn (3.17)

for all B ∈Mn
L(Rn).

Proof. As µ ≡ |det(A)|mn and the induced µT = mn, the result follows
from proposition 3.14 by substitution.

Corollary 3.25 If T : Rn → Rn is an invertible linear transformation, then
for all B ∈ B(Rn) :

mn [T (B)] = |det(A)|mn [B] . (3.18)
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Proof. Letting g(x) = 1, 3.17 implies that for any B′ ∈ B(Rn), mn [B′] =
|det(A)|mn

[
T−1 (B′)

]
. As T and T−1 are continuous, B′ ∈ B(Rn) if and

only if T−1 (B′) ∈ B(Rn), so given B, let B′ = T (B) in this identity.

Remark 3.26 It may seem odd that in contrast to the expression in 3.17,
that g′(x) in 3.13 appears without absolute values since g(x) = ax is a
linear transformation on R to which either result applies. In 3.17 we would
have |det(A)| = |a| , while in 3.13, g′(x) = a. Below, we generalize 3.17 to
continuously differentiable transformations and again an absolute value will
be seen in the term that generalizes the role of det(T ), so the same problem
is apparently observed for general g(x).

The explanation for this is that over any interval [c, d] for which g′(x) <
0, it would follow that g−1(d) < g−1(c) and hence:∫ g−1(d)

g−1(c)
f(g(x))g′(x)dx =

∫ g−1(c)

g−1(d)
f(g(x))

∣∣g′(x)
∣∣ dx =

∫
g−1([c,d])

f(g(x))
∣∣g′(x)

∣∣ dx.
For subintervals on which g′(x) > 0, g−1(c) < g−1(d) and so∫ g−1(d)

g−1(c)
f(g(x))g′(x)dx =

∫ g−1(d)

g−1(c)
f(g(x))

∣∣g′(x)
∣∣ dx =

∫
g−1([c,d])

f(g(x))
∣∣g′(x)

∣∣ dx.
Hence in any case, integrating with |g′(x)| over the interval g−1 ([c, d]) as
in 3.17 produces the same result as integrating with g′(x) from g−1(c) to
g−1(d) as in 3.13.

3.3.3 Change of Variables for Differentiable Transformations
on Rn

In this section we generalize 3.13 and 3.17 to multivariate Lebesgue
integrals and invertible, continuously differentiable transformations. Recall
the set-up in the section General Change of Variables Under
Transformations, here modified to:

(Rn,B(Rn), µ) T
−−→

(Rn,B(Rn),mn) g−−→ (R,B(R),m).

Thus T is a transformation between an n-dimensional Borel measure space
with measure µ to be determined below, and the Lebesgue measure space.

For x = (x1, x2, ..., xn),

T (x) = (t1(x), t2(x), · · · , tn(x)) ,
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where ti : Rn → R for all i. We will say that T is continuous, differen-
tiable, continuously differentiable, etc., if the component functions {ti}ni=1

have such properties. As noted above, T (x) is by convention deemed to be a
column vector in Rn and is therefore expressed as the transpose of the given
row vector. When this transformation has differentiable component func-
tions, the Jacobian matrix associated with T, denoted T ′(x), is defined
as:

T ′(x) ≡



∂t1
∂x1

∂t1
∂x2
· · · ∂t1

∂xn

∂t2
∂x1

∂t2
∂x2
· · · ∂t2

∂xn
...

...
...

...

∂tn
∂x1

∂tn
∂x2
· · · ∂tn

∂xn

 . (3.19)

The Jacobian determinant associated with T, denoted det (T ′(x)) , is
defined as the determinant of T ′(x). This matrix and its determinant are
named for Carl Gustav Jacob Jacobi (1804 —1851), an early developer
of determinants and their applications in analysis.

Notation 3.27 The Jacobian matrix is denoted in many ways:

T ′(x) ≡ ∂(t1, t2, ..., tn)

∂(x1, x2, ..., xn)
=

(
∂(t1, t2, ..., tn)

∂(x1, x2, ..., xn)

)
=

(
∂T

∂x

)
,

and the Jacobian determinant

detT ′(x) ≡
∣∣∣∣ ∂(t1, t2, ..., tn)

∂(x1, x2, ..., xn)

∣∣∣∣ .
Absolute values are commonly used with a matrix to denote determinant,
but it can be ambiguous in the context of the current development where we
will want to use the absolute value of the Jacobian determinant, |detT ′(x)| ,
so we will avoid this alternative notation.

Remark 3.28 We do not review multivariate calculus in any detail in this
book, but there are two key properties of the Jacobian matrix which are used
below. The reader can find such results in Edwards (1973) in the references
and elsewhere.

1. Linear Approximations: If T : Rn → Rn is continuously differen-
tiable at x, then

T (y) = T (x) + T ′(x)(y − x) + o (|y − x|) ,
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where |y − x| is the standard Euclidean norm on Rn. In the notation of
the next chapter, this is also called the l2-norm of x ≡ (x1, x2, ..., xn)
and defined by:

|(x1, x2, ..., xn)| =
√∑n

j=1
x2
j . (3.20)

The "little o" error term means that

o (|y − x|)
|y − x| → 0 as |y − x| → 0.

Thus the Jacobian matrix serves the same role in linearly approxi-
mating T as does f ′(x) in the usual Taylor series approximation for
continuously differentiable functions:

f(y) = f(x) + f ′(x)(y − x) + o (|y − x|) ,

where here the absolute value norm on R is identical with the l2-norm
defined above.

As it turns out, the error in the linear approximation to T can be
bounded in terms of the errors in the component functions, {ti(x)}ni=1.
The next proposition identifies this connection and will be applied be-
low. For notational simplicity, we denote ∂ti

∂xj
by ∂jti.

Proposition 3.29 Let T : Rn → Rn be a continuously differentiable
transformation with T (x) = (t1(x), t2(x), · · · , tn(x)) , and A =

∏n
i=1[ai, bi]

a closed rectangle in Rn. If for all i, j:

|∂jti(y)− ∂jti(x)| ≤ β

for all x, y ∈ A, then∣∣T (y)− T (x)− T ′(x)(y − x)
∣∣ ≤ βn2 |y − x| (3.21)

for all x, y ∈ A.
Proof. First note that if x ≡ (x1, x2, ..., xn), then |x| ≤

∑n
j=1 |xi| as

follows by squaring both sides. Here |x| is defined as in 3.20 and |xi|
is equivalently defined in terms of this norm or simply as an absolute
value. Thus:∣∣T (y)− T (x)− T ′(x)(y − x)

∣∣ ≤∑n

i=1

∣∣∣ti(y)− ti(x)−
∑n

j=1
∂jti(x)(yj − xj)

∣∣∣ .
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Each ti is a continuously differentiable function, so the mean value
theorem obtains that for some 0 < λi < 1 :

ti(y)− ti(x) =
∑n

j=1
∂jti(x+ λi(y − x))(yj − xj).

Then: ∣∣T (y)− T (x)− T ′(x)(y − x)
∣∣

≤
∑n

i=1

∣∣∣∑n

j=1
[∂jti(x+ λi(y − x))− ∂jti(x)] (yj − xj)

∣∣∣
≤ |y − x|

∑n

i=1

∑n

j=1
|∂jti(x+ λi(y − x))− ∂jti(x)| ,

since |yj − xj | ≤ |y − x| for all j. The result now follows because if
x, y ∈ A, then x+ λi(y − x) ∈ A.

Remark 3.30 Note that while 3.21 implies that the error term T (y)−
T (x)− T ′(x)(y − x) is only bounded by O (|y − x|) , meaning that

O (|y − x|)
|y − x| → C as |y − x| → 0,

it is in fact o (|y − x|) as noted above since by continuity of ∂jti we
have that β → 0 as |y − x| → 0.

2. Inverse Function Theorem: If T is continuously differentiable at
x0 and detT ′(x0) 6= 0, there are open sets U with x0 ∈ U and V with
T (x0) ∈ V so that T−1 : V → U is continuously differentiable with(

T−1
)′

(v) =
(
T ′
[
T−1(v)

])−1
.

In words, the Jacobian matrix of T−1 at v is the inverse of the Jacobian
matrix of T at T−1(v).

Remark 3.31 This formula generalizes the one variable result whereby
if f ′(x) is continuously differentiable and f ′(x0) 6= 0, then there are
open intervals U with x0 ∈ U and V with f(x0) ∈ V so that f−1 :
V → U is continuously differentiable with(

f−1
)′

(v) = 1/f ′
[
f−1(v)

]
.
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Generalizing the approach in 3.15 where T was a linear transformation,
we define a measure µ on B(Rn) orMn

L(Rn) by:

µ(B) =

∫
B

∣∣det(T ′(x))
∣∣ dmn, (3.22)

where mn is Lebesgue measure and det(T ′(x)) is the Jacobian determinant
of T. When T is continuously differentiable this integral is well-defined and
finite for bounded B, since continuous |det(T ′(x))| is bounded on B̄ the
closure of B. More generally:

Proposition 3.32 If T is a continuously differentiable transformation on
Rn, then µ in 3.22 defines a measure on B(Rn) orMn

L(Rn).
Proof. This is a corollary to proposition 3.3 and remark 3.4 since |det(T ′(x))|
is nonnegative, and the assumption of continuity assures Lebesgue measur-
ability.

This definition of µ generalizes that in 3.15 for a linear transformation.
If x = (x1, x2, ..., xn) and T is a linear transformation as in 3.14, then T ′(x)
is constant matrix given by the matrix of coeffi cients:

T ′(x) = A ≡


a11 a12 · · · a1n

a21 a22 · · · a2n

...
...

...
...

an1 an2 · · · ann

 .

Hence for linear T 3.22 becomes:

µ(B) = |det (A)|mn(B),

which is 3.15.
We first restate proposition 3.6 and the results of 3.2 and 3.3 in the

current context, recalling remark 3.4.

Proposition 3.33 Let T : Rn → Rn be a continuously differentiable, one-
to-one, and satisfy det(T ′(x)) 6= 0 for all x. With µ as in 3.22, then for any
nonnegative Lebesgue measurable function g(x) defined on Rn:∫

Rn
g(x)dµ =

∫
Rn
g(x)

∣∣det(T ′(x))
∣∣ dmn, (3.23)
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although both integrals may be infinite.
In addition, Lebesgue measurable g(x) is µ-integrable if and only if g(x) |det(T ′(x))|

is Lebesgue integrable, and when integrable,∫
A
g(x)dµ =

∫
A
g(x)

∣∣det(T ′(x))
∣∣ dmn, (3.24)

for any A ∈Mn
L(Rn).

Proof. This is a corollary to proposition 3.3 and remark 3.4, since f(x) ≡
|det(T ′(x))| is nonnegative and Lebesgue measurable.

The following result on change of variables in Lebesgue integrals is tech-
nically a corollary of the general results in proposition 3.14 using the above
proposition 3.33. But to apply the earlier results we must demonstrate the
following. If T : Rn → Rn is a continuously differentiable, one-to-one trans-
formation with det(T ′(x)) 6= 0, then:

µT (A) = mn(A)

for all A ∈ Mn
L(Rn). Here µT denotes the measure on the range space

induced by T, where µ is defined as in 3.22 on the domain space. The
demonstration of this identity is the essence of the following rather long
proof.

That the following result is restricted to Borel measurable g, see remark
3.4.

Proposition 3.34 Let T : Rn → Rn be a continuously differentiable, one-
to-one transformation with det(T ′(x)) 6= 0 for all x. Then for any nonneg-
ative Borel measurable function g:∫

Rn
g(Tx)

∣∣det(T ′(x))
∣∣ dmn =

∫
Rn
g(y)dmn, (3.25)

although both integrals may be infinite.
More generally, a Borel measurable function g is Lebesgue integrable if

and only if g(Tx) |det(T ′(x))| is Lebesgue integrable, and when integrable,∫
T−1A

g(Tx)
∣∣det(T ′(x))

∣∣ dmn =

∫
A
g(y)dmn (3.26)

for all A ∈Mn
L(Rn).
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Proof. As noted above, the statement of the result in 3.25 is exactly 3.10
if µT = mn once 3.23 is applied to g(T ). In detail, applying 3.23 to g(Tx),
then 3.10 yields:∫

Rn
g(Tx)

∣∣det(T ′(x))
∣∣ dmn =

∫
Rn
g(Tx)dµ =

∫
Rn
g(y)dµT ,

which is 3.25 if µT = mn. Similarly, 3.26 is exactly 3.11 and 3.24:∫
T−1A

g(Tx)
∣∣det(T ′(x))

∣∣ dmn =

∫
T−1A

g(Tx)dµ =

∫
A
g(y)dµT .

Turning to the proof of µT = mn, continuity of T obtains that T−1(G)
is open for all open G, while the inverse mapping theorem yields that T (G) is
open for all open G. This then implies that B(Rn) = T [B(Rn)] = T−1 [B(Rn)] .
Thus the definition µT (A) ≡ µ

[
T−1(A)

]
for all A ∈ B(Rn) is equivalent to

µT [T (A)] ≡ µ [A] so for all A ∈ B(Rn) because T is one-to-one and so(
T−1

)−1
= T. To prove µT = mn, it is therefore suffi cient to prove that for

all A ∈ B(Rn) :

mn [T (A)] =

∫
A
|J(x)| dmn, ((*))

where J(x) ≡ det(T ′(x)) to simplify notation.
For this it is enough to restrict A to the semi-algebra of right semi-closed

rectangles, A′ ≡
{∏n

j=1
(aj , bj ]

}
, since by the extension process of chapter 6

of book 1, this equality then applies to all A ∈ B(Rn). This extension process
is applicable because the set functions:

µ1(A) ≡ mn [T (A)] , µ2(A) ≡
∫
A
|J(x)| dmn,

are each countably additive on A′. In the first case T is one-to-one, while
in the second, 2.26 applies. By proposition 6.13 of book 1 both set functions
can be extended to measures on the algebra A defined as the collection of all
finite disjoint unions of A′-sets, and looking to the proof reveals that then
µ1(A) = µ2(A) for all A ∈ A. Proposition 6.14 of book 1 now applies since
both measures are σ-finite, and thus µ1(A) = µ2(A) for all A in the smallest
sigma algebra that contains A, and this is B(Rn).

Finally, we can also restrict the proof of (∗) to such rectangles A ∈ A′
that are bounded since every A ∈ A′ is at most a countable union of disjoint
bounded rectangles, and thus the bounded case implies the general case by
countable additivity.
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So assume A =
∏n
j=1(aj , bj ] is bounded and hence the closure A =∏n

j=1[aj , bj ] is compact. As J(x) is continuous on A it is uniformly con-
tinuous, so given ε > 0 there is a δ1 such that for x, y ∈ A with |x− y| <
δ1 we have that |J(x)− J(y)| < ε. Partition the intervals (aj , bj ] so that
A =

⋃N
k=1Rk is a finite disjoint union of rectangles with the property that

if x, y ∈ Rk then |x− y| < δ2 ≤ δ1, such δ2 now being arbitrary but will
be specified below. Thus for x, y ∈ Rk, |J(x)− J(y)| < ε implies that
||J(x)| − |J(y)|| < ε, and so:

|J(y)| − ε < |J(x)| < |J(y)|+ ε.

Arbitrarily choose x = xk ∈ Rk and integrate this inequality over
Rk to obtain:∫
Rk

|J(y)| dmn − εmn [Rk] < |J(xk)|mn [Rk] <

∫
Rk

|J(y)| dmn + εmn [Rk] .

Note for later that because {Rk} is a finite disjoint collection of rectangles
that this same inequality is proved for A in place of Rk :∫
A
|J(y)| dmn− εmn [A] <

∑N
k=1 |J(xk)|mn [Rk] <

∫
A
|J(y)| dmn+ εmn [A] ,

((**))
where xk ∈ Rk are arbitrary, but will be fixed next.

The last step is to show that the middle terms in these inequalities, each
|J(xk)|mn [Rk] , can be made arbitrarily close to mn [T (Rk)] . To this end,
fix xk ∈ Rk as the "midpoint" of any such rectangle, meaning that if Rk =∏n
j=1(cj , dj ] then xkj = (cj + dj)/2. For ε > 0 above, and we can assume

ε < 1, then define R+ε
k and R−εk to be rectangles centered on xk but with

respective sides of length (1 + ε)(dj − cj) and (1− ε)(dj − cj). We now show
that given such ε there exists δ2 ≤ δ1 so that:

T (xk) + T ′(xk)
[
R−εk − xk

]
⊂ T (Rk) ⊂ T (xk) + T ′(xk)

[
R+ε
k − xk

]
, (***)

where R±εk − xk denotes the respective rectangles translated to be centered at
the origin. Since Lebesgue measure is translation invariant, these inclusions
assure inequalities for mn [T (Rk)] and mn [A] as follows.

Recalling 3.18 in corollary 3.25, and noting thatmn
[
R±εk

]
= (1±ε)nmn [Rk] ,

the set inclusions in (∗ ∗ ∗) imply that:

(1− ε)n |J(xk)|mn [Rk] ≤ mn [T (Rk)] ≤ (1 + ε)n |J(xk)|mn [Rk] ,



3.3 SPECIAL CASES OF CHANGE OF VARIABLES 83

and since T is one-to-one this obtains by summation:

(1− ε)n
∑N

k=1 |J(xk)|mn [Rk] ≤ mn [T (A)] ≤ (1 + ε)n
∑N

k=1 |J(xk)|mn [Rk] .

Combining with the inequalities in (∗∗) produces:

(1−ε)n
[∫

A
|J(y)| dmn − εmn [A]

]
≤ mn [T (A)] ≤ (1+ε)n

[∫
A
|J(y)| dmn + εmn [A]

]
,

and (∗) then follows because ε > 0 is arbitrary.
To prove the set inclusions in (∗ ∗ ∗), note first that because ∂jti(x) is

continuous for all i, j, and hence uniformly continuous on A =
∏n
k=1[ak, bk],

given ε above there exists δ′1 ≤ δ1 so that if |y − x| < δ′1 then for all i, j,

|∂jti(y)− ∂jti(x)| ≤ ε/n2.

By 3.21 we have that on every Rk defined as above relative to δ′1 that for
x, y ∈ Rk : ∣∣T (y)− T (x)− T ′(x)(y − x)

∣∣ ≤ ε |y − x| .
So letting x = xk constructed as above, we conclude that if y ∈ Rk, T (y) is
contained in a ball of radius ε |y − xk| centered on T (xk) + T ′(xk) [y − xk] .
Thus T (y) ∈ T (xk) +T ′(xk)

[
R+ε
k − xk

]
, proving the inclusion on the right.

To prove the inclusion on the left let y ∈ R−εk , and we show that for
some δ′′1 ≤ δ1, the Rk-rectangles defined as above relative to δ′′1 have the
property that T (xk) + T ′(xk) [y − xk] ∈ T (Rk) , and we do this by proving
that T−1 [T (xk) + T ′(xk) [y − xk]] ∈ Rk. For notational convenience, denote
T−1(u) = (s1(u), s2(u), · · · , sn(u)) . Since ∂jsi(u) is continuous for all i, j by
the inverse function theorem and hence uniformly continuous on the compact
set T

[
A
]
≡ T [

∏n
k=1[ak, bk]] . So given ε above there is a δ′ ≤ δ1 such that if

|u− v| < δ′ then for all i, j :

|∂jsi(u)− ∂jsi(v)| ≤ ε/Mn2,

where M is defined by:

M = max

[
1, max
x∈A,|y|=1

∣∣T ′(x)y
∣∣] .

Note thatM is finite because it equals the maximum of a continuous function
on a compact set. By 3.21 we then have that if |u− v| < δ′ :∣∣∣T−1(v)− T−1(u)−

[
T−1

]′
(u)(v − u)

∣∣∣ ≤ ε

M
|v − u| .
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Now let v = T (xk) + T ′(xk) [y − xk] and u = T (xk). Note that |u− v| =
|T ′(xk) [y − xk]| ≤ M |y − xk| , and so |u− v| < δ′ if |y − xk| < δ′′1 ≡ δ′/M.
Now construct the Rk-rectangles relative to δ′′1, and we have that T

−1(u) =
xk,

[
T−1

]′
(u) = [T ′(xk)]

−1 by the inverse function theorem, and so T−1(u)+[
T−1

]′
(u)(v − u) = y and thus∣∣T−1(v)− y

∣∣ ≤ ε

M

∣∣T ′(xk) [y − xk]
∣∣ ≤ ε |y − xk| .

Hence, T−1(v) is within ε [y − xk] of y, and since y ∈ R−εk this demonstrates
that T−1 [v] ∈ Rk as was to be shown.

The proof is complete by setting δ2 ≡ min(δ′1, δ
′′
1) in the fifth paragraph

above, defining the Rk-sets.

Remark 3.35 1. As justified in the above proof, B(Rn) = T−1 [B(Rn)] ,
and so 3.26 can be restated in the alternative version of 3.12, that for
all A ∈ B(Rn):∫

A
g(Tx)

∣∣det(T ′(x))
∣∣ dmn =

∫
T (A)

g(y)dmn. (3.27)

2. The above proposition also applies to T : U → V with open U, V ⊂ Rn
and T (U) = V when T is a continuously differentiable, one-to-one
transformation with det(T ′(x)) 6= 0 for all x ∈ U. To prove this requires
that the general results be applied to measure spaces as follows:

(U,B(U), µ) T
−−→

(V,B(V ),mn) g
−−→

(R,B(R),m).

The essential observation that makes the proof of this local result work
is that the inverse mapping theorem is fundamentally a local result.

Generalizing corollary 3.25, we have the following result,

Proposition 3.36 Let T : Rn → Rn be a continuously differentiable, one-
to-one transformation with det(T ′(x)) 6= 0. Then for any A ∈ B(Rn):

mn[T (A)] =

∫
A

∣∣det(T ′(x))
∣∣ dmn. (3.28)

Proof. The proof follows from 3.27 with g ≡ 1.



Chapter 4

The Lp Spaces

In this chapter we introduce an important collection of function spaces
called the Lp Spaces and sometimes denoted Lp Spaces. While of interest
generally in the development of measure spaces with special properties,
these spaces will be crucial in the later books on stochastic integration.
The Lp spaces are examples of Banach spaces, named for Stefan
Banach (1892 —1945), who axiomatized this theory in the early 1920s.
Other notable early contributors to this theory are Frigyes Riesz (1880 —
1956), Ernst Fischer (1875 —1954), Hans Hahn (1879 —1934), and
Norbert Wiener (1894 —1964).

See section 4.1.4 of book 3 for a different example of a Banach space,
and other results on bounded linear functionals.

4.1 Introduction to Banach Spaces

We begin with a collection of definitions. While the notion of a vector
space initially appears very abstract, it is important to keep in mind that
this definition states abstractly all the operations one takes for granted in
the familiar vector space of Rn, which is formally a vector space over the
real field R. It is useful to formally translate this abstract definition to the
familiar context of Rn to provide concreteness. Beyond the notion of
vector space are the notions of norm, convergence of a sequence of points,
and completeness, collectively providing a definition of Banach space.

Again, Rn with Euclidean norm ‖x‖ =
√∑n

j=1 x
2
j for x = (x1, ..., xn) is the

quintessential example of a Banach space.

Note that the field F in this definition is virtually always R or C.

85
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Definition 4.1 A space V is called a vector space over a field F or a
linear space over a field F , if it is a collection of vectors or points on
which is defined vector addition and scalar multiplication which satisfy:

1. (Vector addition) For all x, y, z ∈ V :

(a) Closure: x+ y ∈ V
(b) Commutativity: x+ y = y + x

(c) Associativity: (x+ y) + z = y + (x+ z)

(d) Zero Vector: There is an element θ ∈ V so that x+ θ = x for
all x ∈ V. This element is often denoted 0.

2. (Scalar multiplication) For all x, y ∈ V, α, β ∈ F :

(a) αx ∈ V
(b) α (x+ y) = αx+ αy

(c) (α+ β)x = αx+ βx

(d) α (βx) = (αβ)x

3. For all x ∈ V :

(a) 0x = θ, where ”0” denotes the additive unit in F , meaning 0+α =
α for all α ∈ F .

(b) 1x = x, where ”1” denotes the multiplicative unit in F , meaning
1α = α for all α ∈ F .

Remark 4.2 Note that θ is unique by 1.b and 1.d. Given θ and θ′ :

θ′ = θ′ + θ = θ + θ′ = θ.

Also, vector spaces contain additive inverses, −x ≡ −1x, where −1 is
the additive inverse of 1 in F . That x+(−x) = θ follows from 2.c and
3.a.

Definition 4.3 A vector space is called a normed vector space or normed
linear space over a field F if there exists a functional denoted ‖‖ : V →
R+, so that:

4. ‖x‖ = 0 if and only if x = 0,
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5. ‖αx‖ = |α| ‖x‖ for all x ∈ V and α ∈ F ,

6. Triangle inequality: ‖x+ y‖ ≤ ‖x‖+ ‖y‖ for all x, y ∈ V.

Definition 4.4 In a normed linear space, a sequence {sn}∞n=1 ⊂ V is a
Cauchy sequence if for any ε > 0 there is an N ∈ N so that ‖sn − sm‖ < ε
for all n,m ≥ N.

A normed linear space is complete if given any Cauchy sequence {sn}∞n=1 ⊂
V, there is an s ∈ V so that ‖sn − s‖ → 0. In other words, for any ε > 0
there is an N ∈ N so that ‖sn − s‖ < ε for all n ≥ N. This is then denoted
as sn → s as well as s = limn→∞ sn.

Definition 4.5 A Banach space is a complete normed linear space. A
real Banach space is a complete normed linear space over F = R, and
analogously for a complex Banach space.

Because addition is well defined in a linear space, there are also notions
of convergence of a given infinite series.

Definition 4.6 A series {xn}∞n=1 ⊂ V in a normed linear space is said

to be summable if there exists x ∈ V such that
∥∥∥∑n

j=1 xj − x
∥∥∥ → 0 as

n → ∞. The series {xn}∞n=1 ⊂ V is said to be absolutely summable if∑∞
j=1 ‖xj‖ <∞.

Perhaps not surprisingly, the notion of completeness in a normed linear
space can also be characterized in terms of the convergence properties of
series.

Proposition 4.7 A normed linear space V is complete if and only if every
absolutely summable series is summable.
Proof. If V is complete and {xn}∞n=1 ⊂ V an absolutely summable series,
then for any ε > 0 there is an N so that

∑∞
j=N ‖xj‖ < ε. Let sn =

∑n
j=1 xj

be the partial summation sequence. Then for n ≥ m ≥ N the triangle
inequality obtains that

‖sn − sm‖ ≤
∑n

j=m+1
‖xj‖ < ε.

Thus {sn}∞n=1 ⊂ V is a Cauchy sequence and hence converges to some point
x ∈ V by completeness.

Assume that absolutely summable series in V are summable, and let
{sn}∞n=1 ⊂ V be a Cauchy sequence. By definition, for any k there is an Nk
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so that ‖sn − sm‖ ≤ 1/2k for all n,m ≥ nk, and we can by construction as-
sure that {nk}∞k=1 is an increasing sequence. Then {snk}∞k=1 is a subsequence
of {sn}∞n=1. Define x1 = sn1 and xk = snk − snk−1 , then {xk}∞k=1 is a series
with partial sums given by

∑k
j=1 xj = snk . Also, since ‖xj‖ ≤ 1/2j−1 for

j ≥ 2, it follows that
∑k

j=1 ‖xj‖ ≤ ‖sn1‖+ 1 and so {xk}∞k=1is an absolutely
summable series which by assumption is summable to some x ∈ V . Hence,
the subsequence {snk}∞k=1 satisfies ‖snk − x‖ → 0. But since {sn}∞n=1 is a
Cauchy sequence, for any ε > 0 there is an N so that ‖sn − sm‖ < ε for all
n,m ≥ N. For this same ε there is a K so that ‖snk − x‖ < ε for k ≥ K.
Hence if n ≥ max{N,nK}:

‖sn − x‖ ≤ ‖sn − snk‖+ ‖snk − x‖ < 2ε,

and so sn → x and V is complete.

Example 4.8 The classical example of a real Banach space is Euclid-
ean space Rn under the standard Euclidean norm defined on x =
(x1, x2, . . . , xn) by:

‖x‖ ≡
√∑n

j=1
x2
j .

This same structure works in complex Euclidean space Cn with standard
norm defined on x = (x1, x2, . . . , xn) by:

‖x‖ ≡
√∑n

j=1
|xj |2,

where |xj | ≡
√
xj x̄j . Recall that x̄ denotes the complex conjugate of x =

a + bi , defined as x̄ = a − bi. In both cases, vector addition and scalar
multiplication are defined component-wise:

x+ y ≡ (x1 + y1, x2 + y2, . . . , xn + yn),

αx ≡ (αx1, αx2, . . . , αxn).

The Euclidean spaces Rn and Cn also have inner products which are
compatible with the above norms. See definition 4.23 for properties of inner
products. In these cases. if x = (x1, x2, . . . , xn) and y = (y1, y2, . . . , yn),
then the inner product (x, y) is defined:

(x, y) ≡
∑n

j=1
xjyj , x, y ∈ Rn,

(x, y) ≡
∑n

j=1
xjyj , x, y ∈ Cn.
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In both cases,
‖x‖ =

√
(x, x).

As it turns out, most Banach spaces do not have such compatible inner
products, though there is a special class of Banach spaces that do. See the
section below, The Special Case of p = 2, Hilbert Space.

These classical examples of Rn and Cn can be generalized in two direc-
tions separately or together:

1. Change to an lp-Norm

There are infinitely many norms that can be defined on Rn and Cn,
and a popular collection is referred to as the lp-norms which are para-
metrized by 1 ≤ p ≤ ∞ and defined on y = (y1, y2, . . . , yn), whether
real or complex, by:

‖y‖p ≡


(∑n

j=1 |yj |
p
)1/p

, 1 ≤ p <∞,

supj |yj | , p =∞.
(4.1)

In a finite dimensional space one can equally well define ‖y‖∞ =
maxj |yj | , but we use supremum to make this definition applicable be-
low where n = ∞. Also note that within this collection of norms that
the standard norm is the l2-norm, and so

‖y‖ = ‖y‖2 .

In this context, one sometimes see the notation Rnp and Cnp to denote
that the lp-norms are used in these linear spaces rather than the stan-
dard Euclidean norms.

2. Infinite Dimension with Standard Norm

There is an infinite dimensional variation of Rn and Cn, which we de-
note by RN and CN, defined as the collection of infinite real or complex
sequences:

y = (y1, y2, . . .),

which have finite norm:

‖y‖ ≡
√∑∞

j=1
|yj |2 <∞.
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3. Infinite Dimension with lp-Norm

These spaces are defined identically to RN and CN but with respect
to the lp-norms. Denoted lp, or lp(R) and lp(C) if needed for clarity,
these spaces include all sequences y = (y1, y2, . . .) with finite lp-norm,
‖y‖p <∞, where generalizing 4.1:

‖y‖p ≡


(∑∞

j=1 |yj |
p
)1/p

, 1 ≤ p <∞,

supj |yj | , p =∞.

Remark 4.9 Note that as a collection of points,

Rnp = Rn, Cnp = Cn,

for any p with 1 ≤ p ≤ ∞. In other words, while the norms of points change,
the collection of points does not.

However, for the infinite dimensional spaces the value of p has an effect
both on the norm of a sequence, as well as on the collection of points in the
given space. For example, y = (1, 1/2, 1/3, . . .) is an element of lp for p > 1
but not a point in l1. In general,

lp′ ( lp for p′ < p.

4.2 The Lp(X)-Spaces

The lp-spaces of sequences are generalized in this section to the Lp
function spaces. We first introduce the necessary definitions, then develop
some of the properties of these spaces. We restrict our definitions to real
valued functions, since that is what we need in later books, but nothing
significant changes for complex valued functions other than the definition
of |f(x)| , as noted in the example above, and the use C instead of R as the
underlying field F .

Definition 4.10 Given a measure space (X,σ(X),µ), we define Lp(X)-
space, and sometimes Lp(X,µ)-space when needed for clarity, as the space
of all extended real-valued µ-measurable functions f on X with finite Lp(X)-
norm, ‖f‖p <∞. When 1 ≤ p <∞, this norm is defined:

‖f‖p =

(∫
X
|f |p dµ

)1/p

. (4.2)
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For p = ∞, the L∞(X)-norm ‖f ‖∞ denotes the essential supremum
of f, denoted ess sup f, and defined by:

‖f ‖∞ = ess sup f ≡ inf{α|µ [{x| |f(x)| > α}] = 0}. (4.3)

So L∞(X) is the space of µ-measurable functions f on X that are
bounded outside a set of µ-measure 0. Such functions are sometimes re-
ferred to as essentially bounded functions.

Given index p with 1 < p < ∞, the index q is called the conjugate
index to p if 1

p + 1
q = 1. In this case 1 < q < ∞ since q = p

p−1 . The
pair (p, q) are called conjugate indexes, and this definition is sometimes
applied to (1,∞), notationally defining 1

0 =∞.

Remark 4.11 Note that ‖f ‖∞ is well-defined since for any α, {x| |f(x)| >
α} ∈ σ(X) by the µ-measurability of f. Also, the notion of conjugacy for
indexes is symmetric, so if (p, q) then (q, p).

Notation 4.12 When (X,σ(X),µ) = (Rn,Mn
L,m

n) , n-dimensional Lebesgue
measure space, the Lp(X)-spaces are often called the classical Lp (Rn)-
spaces.

Our goal is to prove that the Lp(X)-spaces are Banach spaces, but we
have an apparent problem. As stated, ‖f‖p is not a norm because it violates
item 4 in the above definition, that ‖x‖ = 0 if and only if x = 0. By
proposition 2.26, if 1 ≤ p <∞ and ‖f‖p = 0 we can only assert that f = 0
µ-a.e., and the same conclusion follows from ‖f ‖∞ = 0 by definition. The
most common approach to circumventing this "problem" is to identify a
function f of an Lp(µ)-space with an equivalence class of functions, so
that

f ≡ {f0|f0 = f µ-a.e.}.

In other words, we will not distinguish between different representatives of
this equivalence class, and any statement about f applies equally well to any
function in the equivalence class of f . Now with this convention, ‖f‖p = 0 if
and only if f = 0 since the latter statement simply means that f0 ≡ 0 ∈ f.

Remark 4.13 Regarding this convention, the language that is used can take
a little getting used to. Looking at the last sentence, the notion that ‖f‖p = 0
is well defined whether f denotes a function or an equivalence class. If this
is true for a given f of the class, it is true for all f in that class. On the
other hand, the statement f = 0 has a different meaning in these contexts.
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Interpreted as a statement about a function, this implies f = f0 above.
However, when understood as a statement about the equivalence class, this
only implies that f = 0, µ-a.e. Sometimes the "µ-a.e." will be emphasized
in a given conclusion if it is to be applied to a specific function, while this
qualifier is unnecessary if applied to f when this denotes the equivalence
class of f .

As many authors will now say: "The reader will rarely find this ambigu-
ous or confusing."

With this convention, we now prove that for any measure space (X,σ(X),µ),
the corresponding Lp(X)-space is a Banach space. This proof will be split
into two parts, the first establishing that Lp(X) is a normed linear space
over R, the second step proving completeness as a normed space.

Proposition 4.14 Given a measure space (X,σ(X),µ), the space Lp(X) is
a normed linear space over R for 1 ≤ p ≤ ∞.
Proof. It is apparent that these spaces satisfy most of the vector space and
norm requirements, except that we need to verify 1.a., that Lp(X) is closed
under addition, and 6, that the Lp(µ)-norm satisfies the triangle inequality.
Both results are proved by the following result.

Minkowski’s inequality or the Minkowski inequality of the next
result, is named for Hermann Minkowski (1864 —1909).

Proposition 4.15 (Minkowski’s Inequality) If 1 ≤ p ≤ ∞ and f, g ∈
Lp(X), then f + g ∈ Lp(X) and

‖f + g‖p ≤ ‖f‖p + ‖g‖p . (4.4)

Proof. As f + g is always measurable, that f + g ∈ Lp(X) follows from a
proof of 4.4. If p = 1 this norm inequality follows from the triangle inequal-
ity, that |f + g| ≤ |f | + |g| , while for p = ∞ this result follows from the
triangle inequality and the observation that:

{x| |f(x) + g(x)| > α+ β} ⊂ {x| |f(x)|+ |g(x)| > α+ β}
⊂ {x| |f(x)| > α} ∪ {x| |g(x)| > β}.

So assume that 1 < p < ∞. The next step requires Hölder’s inequality of
proposition 3.46 of book 4, and this in turn requires knowledge that f + g ∈
Lp(X). But this follows from the inequality: |(f + g) /2|p ≤ (|f |p + |g|p) /2,
which in turn follows from the convexity (definition 3.36 of book 4) of h(x) =
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xp on [0,∞) for p > 1.While this upper bound assures finiteness of ‖f + g‖p,
it falls short of the triangle inequality. For the last step we will assume that
‖f + g‖p 6= 0, since 4.4 is certainly valid in this case.

To better estimate the norm of f + g, note that by the triangle inequality
|f + g| ≤ |f |+ |g| and so:∫

X
|f + g|p dµ ≤

∫
X
|f | |f + g|p−1 dµ+

∫
X
|g| |f + g|p−1 dµ.

Since f, g, f + g ∈ Lp(X), Hölder’s inequality is applicable with q conjugate
to p because |f + g|p−1 ∈ Lq(X). This follows because (p− 1)q = p, and this
obtains: ∥∥∥|f + g|p−1

∥∥∥
q

=
(
‖f + g‖p

)p/q
<∞.

Thus: ∫
X
|f | |f + g|p−1 dµ ≤ ‖f‖p

∥∥∥|f + g|p−1
∥∥∥
q
,∫

X
|g| |f + g|p−1 dµ ≤ ‖g‖p

∥∥∥|f + g|p−1
∥∥∥
q
.

Combining results,

‖f + g‖pp ≤
(
‖f‖p + ‖g‖p

)(
‖f + g‖p

)p/q
,

and 4.4 follows by division since p− p/q = 1.

The final step in proving that Lp(X) is a Banach space is to prove that
this space is complete. This result is called the Riesz-Fischer theorem,
named for Frigyes Riesz (1880 —1956) and Ernst Fischer (1875 —1954),
who independently derived this conclusion for the space L2 in 1907.

Proposition 4.16 (Riesz-Fischer theorem) Given a measure space (X,σ(X),µ),
the space Lp(X) is a complete normed linear space over R for 1 ≤ p ≤ ∞,
and hence a Banach space.
Proof. First addressing p =∞, let {fn}∞n=1 be a Cauchy sequence in L∞(X)
and choose an increasing sequence {nk}∞k=1 so that ‖fn − fm‖∞ < 2−k for
n,m ≥ nk. Then

∥∥fnk+1 − fnk∥∥∞ < 2−k and so (recall remark 4.13) there
is Ak ∈ σ(X) with µ(Ak) = 0 and

∣∣fnk+1(x)− fnk(x)
∣∣ < 2−k for x /∈ Ak. In

other words, such {Ak} exists for any function sequence from these equiv-
alence classes. With A ≡ ∪kAk it follows that µ(A) = 0 and for x /∈ A,
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∣∣ < 2−k for all k. Hence for each x /∈ A, {fnk(x)}∞k=1 is a

Cauchy sequence in R, which is complete, so define f(x) = limk→∞ fnk(x)
for x /∈ A, and f(x) = 0 for x ∈ A. That f(x) so defined is measurable can
be seen as follows. Define f̃nk(x) ≡ fnk(x) for x /∈ A and f̃nk(x) = 0 for
x ∈ A. Then each f̃nk(x) is µ-measurable:

f̃−1
nk

((a,∞)) =
f−1
nk

((a,∞)) ∩ Ã, a > 0,[
f−1
nk

((a,∞)) ∩ Ã
]
∪A, a ≤ 0,

and thus f̃−1
nk

((a,∞)) ∈ σ(X) since A is measurable. Since f(x) = limk→∞ f̃nk(x)
for all x, f(x) is then µ-measurable as a pointwise limit of measurable func-
tions. Now if n ≥ nk, then for x /∈ A,

|fn(x)− f(x)| ≤ |fn(x)− fnk(x)|+ |fnk(x)− f(x)|
≤ 2−k + 2−k,

and so ‖fn − f‖∞ → 0. The last detail (which we will not repeat again)
is to prove that given another function sequence {f̃n(x)}∞n=1 from the asso-
ciated equivalence classes, and corresponding {Ãk}-collection, the resulting
function f̃ will satisfy f = f̃ , µ-a.e.. This assures that f̃ is in the same
equivalence class as the above constructed f . This follows because fn = f̃n

µ-a.e. assures that
∥∥∥f̃n − f∥∥∥

∞
→ 0, and this with

∥∥∥f̃n − f̃∥∥∥
∞
→ 0 obtains

the result.
Next, assume 1 ≤ p < ∞ and let {fn}∞n=1 be an absolutely summable

sequence in Lp(X), meaning
∑∞

n=1 ‖fn‖p = M < ∞. By proposition 4.7
completeness follows by showing that {fn}∞n=1 is summable, meaning there
exists s ∈ Lp(X) with

∑n
j=1 fj → s in Lp(X). To this end, define the partial

summation sequence gn(x) =
∑n

j=1 |fj(x)| . By the Minkowski inequality,
gn ∈ Lp(X) and ‖gn‖p ≤M, and hence:∫

X
gpndµ ≤Mp. ((*))

Now for each x, {gn(x)}∞n=1 is an increasing sequence of extended real num-
bers in R, so define g(x) = limn→∞ gn(x). As a limit of measurable func-
tions g(x) is measurable, and since gn(x) ≥ 0 we conclude by 2.9 of Fa-
tou’s lemma and (∗) that g ∈ Lp(X) and ‖g‖p ≤ M. This then implies
that g(x) =

∑∞
j=1 |fj(x)| < ∞ µ-a.e., and thus there exists A ∈ σ(X) with

µ(A) = 0 and for x /∈ A,
∑∞

j=1 fj(x) is absolutely convergent to a real num-
ber and hence is convergent. For x /∈ A, define s(x) = limn→∞ sn(x) where
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sn(x) =
∑n

j=1 fj(x), and s(x) = 0 on A . As above, defining f̃j(x) = fj(x)

for x /∈ A and f̃j(x) = 0 on A, f̃j(x) is µ-measurable and s(x) =
∑∞

j=1 f̃j(x)
for all x. Hence s(x) is measurable and s ∈ Lp(X) since |s| ≤ g ∈ Lp(X).
Also, |sn| ≤ g and so:

|s(x)− sn(x)| ≤ 2 |g(x)| ,

and because g ∈ Lp(µ), |s(x)− sn(x)|p is dominated by the integrable func-
tion |g(x)|p . By Lebesgue’s dominated convergence theorem, the almost every-
where pointwise convergence |s(x)− sn(x)|p → 0 obtains∫

X
|s(x)− sn(x)|p dµ→ 0,

and so ‖s− sn‖p → 0 and {fn}∞n=1 is summable to s ∈ Lp(X).

There is an important corollary to the Riesz-Fischer theorem that con-
nects the notion of Lp-convergence to convergence µ-a.e.

Corollary 4.17 (Riesz-Fischer theorem) If {fn}∞n=1 is a Cauchy sequence
with limit f in Lp(X) for 1 ≤ p <∞, then there is a subsequence {fnj}∞j=1

so that fnj → f, µ-a.e. If {fn}∞n=1 is a Cauchy sequence with limit f in
L∞(X), then fn → f uniformly µ-a.e.
Proof. First assume that p < ∞. Generalizing the construction in the
prior proof, let {fn}∞n=1 be a Cauchy sequence in Lp(X) and choose an
increasing sequence {nk}∞k=1 so that ‖fn − fm‖p < 2−k for n,m ≥ nk.

Thus
∥∥fnk+1 − fnk∥∥p < 2−k. Define gj(x) =

∑j
k=1

∣∣fnk+1(x)− fnk(x)
∣∣ and

g(x) =
∑∞

k=1

∣∣fnk+1(x)− fnk(x)
∣∣ . By construction ‖gj‖p ≤ 1 for all j,

and since p < ∞ we can apply Fatou’s lemma to {gpj }∞j=1 to conclude that
‖g‖p ≤ 1. Hence, g(x) <∞ µ-a.e. and so the series:

fn1(x) +
∑∞

k=1

(
fnk+1(x)− fnk(x)

)
converges absolutely µ-a.e. Define f to equal this summation when conver-
gent, and equal to 0 on the non-convergence set of µ-measure 0. Then since

fnj (x) = fn1(x) +
∑j−1

k=1

(
fnk+1(x)− fnk(x)

)
,

it follows that fnj → f µ-a.e.
If p = ∞, then ‖fn − f‖∞ → 0 implies that for each n there exists

An ⊂ X with µ(An) = 0, sup |fn(x)− f(x)| ≤ cn for x /∈ An, and cn → 0.
Let A = ∪An, then µ(A) = 0 and sup |fn(x)− f(x)| → 0 for x /∈ A. That
is, fn → f uniformly on Ã.
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4.3 Approximating Functions in Lp(X)-Spaces

The following result is one of many and shows that when 1 ≤ p ≤ ∞, every
f ∈ Lp(X) is the Lp(X)-limit of a sequence of simple functions, and when
X is σ-finite and p <∞ each such function can be defined to be zero
outside X sets of finite µ-measure. For the proof we will recall some of the
results from the above section, Approximating µ-Measurable Functions.
Example 4.19 demonstrates that the second part of this result does not
hold in L∞(X).

When X has a topology and σ(X) contains the open sets and is hence a
Borel sigma algebra, such f ∈ Lp(X) are also the Lp(X)-limit of a sequence
of continuous functions on X, which again can be defined to be zero outside
sets of finite µ-measure when X is σ-finite. We do not prove these results,
but see for example Doob (1994) or Rudin (1974) in the references.

Proposition 4.18 Given a measure space (X,σ(X),µ), let S denote the
space of simple functions on X. Then S is dense in Lp(X) for 1 ≤ p ≤ ∞.
In other words, for any f ∈ Lp(X) there is a sequence {ϕn}∞n=1 ⊂ S so that

‖f − ϕn‖p → 0.

If S0 ⊂ S is defined so that for all ϕ ∈ S0 :

µ [{x ∈ X|ϕ(x) 6= 0}] <∞,

then S0 is dense in Lp(X) for 1 ≤ p <∞ if X is σ-finite.
Proof. If f ∈ Lp(X) is nonnegative, f ≥ 0, define {ϕn}∞n=1 as in proposition
1.18 so {ϕn}∞n=1 ⊂ S and ϕn → f pointwise. Since 0 ≤ ϕn ≤ f it follows
that ϕn ∈ Lp(X) for all n. By construction |f − ϕn|p ≤ |f |p for p <∞ and
so Lebesgue’s dominated convergence theorem can be applied to conclude that
as n→∞, ∫

X
|f(x)− ϕn(x)|p dµ→ 0,

and hence ‖f − ϕn‖p → 0. When p =∞ it follows by definition of ‖f‖∞ <
∞ that |f | ≤ M for x /∈ A ⊂ X with µ(A) = 0. Then by the construction
in proposition 1.18, if n > M then sup |f − ϕn| ≤ 2−n for x /∈ A, and thus
‖f − ϕn‖∞ → 0.

For general f write f(x) = f+(x) − f−(x) where f+(x) and f−(x) are
nonnegative functions as in definition 2.36. Hence, there are sequences of
simple functions {ϕ+

n (x)} and {ϕ−n (x)} so that ϕ+
n (x)→ f+(x) and ϕ−n (x)→
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f−(x) pointwise. Defining ϕn(x) = ϕ+
n (x) − ϕ−n (x), then ϕn(x) → f(x)

pointwise. Also, since f − ϕn = (f+ − ϕ+
n ) − (f− − ϕ−n ) , the triangle in-

equality obtains

‖f − ϕn‖p ≤
∥∥f+ − ϕ+

n

∥∥
p

+
∥∥f− − ϕ−n ∥∥p ,

and the conclusion for nonnegative f then proves that ‖f − ϕn‖p → 0.

If X is σ-finite and p <∞ such simple functions can be chosen from S0

by corollary 1.22.

Example 4.19 That the second statement in proposition 4.18 is not true
in L∞(X), let X = R with Lebesgue measure, which is a σ-finite measure
space. If f ≡ 1 and g is any function that equals 0 outside a set of finite
measure, then ‖f − g‖∞ ≥ 1.

The details of the proof of the following result are assigned as an exercise.

Proposition 4.20 If 1 ≤ p <∞, then fn(x)→ f(x) in Lp(X) implies that:

‖fn(x)‖Lp → ‖f(x)‖Lp . (4.5)

Proof. Hint: For p = 1, note that

||a| − |b|| ≤ |a− b| ((*))

for all a and b. For p > 1, show using a Taylor series that for positive a, b :

|ap − bp| ≤ p |a− b| (a+ b)p−1 ,

and then apply the Hölder and Minkowski inequalities and (∗) to show that:

‖|f |p − |fn|p‖L1 ≤ p ‖f − fn‖Lp
(
‖f − fn‖Lp + 2 ‖f‖Lp

)p/q
.

4.4 Further Properties of the Lp(X)-Spaces

In this section, we state some additional properties of the Lp(X) spaces for
completeness, but mostly without proof as these are not needed in what
follows. See section 4.1.4 of book 3 for additional results on bounded linear
functions.
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4.4.1 Bounded Linear Functionals

A linear functional F on an arbitrary normed linear space (V, ‖‖) is
defined as a mapping, F : V → R, so that for all x, y ∈ V, α, β ∈ F ,

F (αx+ βy) = αF (x) + βF (y).

By a bounded linear functional is meant a linear functional with the
additional property that there is a constant M so that for all x ∈ V,

|F (x)| ≤M ‖x‖ .

Equivalently, it is an exercise to check that a linear functional is bounded
if and only if |F (x)| ≤M for all x ∈ V with ‖x‖ = 1.

The norm of a bounded linear functional, denoted ‖F‖ , is then
defined as the minimum value of all such M :

‖F‖ = inf{M | |F (x)| ≤M ‖x‖ all x}
= inf{M | |F (x)| ≤M all x with ‖x‖ = 1}.

Example 4.21 Given an Lp(X) space with 1 ≤ p ≤ ∞, let g ∈ Lq(X),
where q is conjugate to p, meaning 1

p + 1
q = 1 and where we invoke the

convention that 1
∞ = 0. Define F on Lp(X) by:

F (f) =

∫
X
fgdµ.

If this integral is well defined, F is linear by proposition 2.40.
If 1 < p <∞, then by the triangle inequality and then Hölder’s inequality

of proposition 3.46 of book 4:

|F (f)| ≤ ‖fg‖1 ≤ ‖g‖q ‖f‖p .

So F is a bounded linear functional on Lp(µ) with ‖F‖ ≤ ‖g‖q .
When p = 1 or p =∞ the same inequality holds. If p = 1 and g ∈ L∞(µ),

then the definition of F (f) is unchanged by redefining g to be 0 on the set
of µ-measure 0 where |g| > ‖g‖∞ . Hence by the triangle inequality,

|F (f)| ≤ ‖g‖∞ ‖f‖1 ,

and so again ‖F‖ ≤ ‖g‖∞ . The result for p = ∞ follows by symmetry
relative to p = 1.
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In all cases it is in fact true that

‖F‖ = ‖g‖q ,

though an extra assumption is needed when p = 1.

When 1 < p < ∞, let f = |g|q/p sgn[g] where sgn[g] = +1 if g ≥ 0,
sgn[g] = −1 if g < 0. Then f ∈ Lp(X) and F (f) = ‖g‖q ‖f‖p . This implies
‖F‖ ≥ ‖g‖q and the result follows. When p = ∞ and g ∈ L1(X), then
if f ≡ c ∈ L∞(X) for c 6= 0 a constant yields ‖F‖ = ‖g‖1 . Finally for
p = 1 and g ∈ L∞(X), let A = {x| |g| > ‖g‖∞− ε}. For arbitrary ε > 0, A is
µ-measurable with non-zero measure by definition of ‖g‖∞ , though A need
not have finite measure. Assume that µ is σ-finite, meaning X = ∪Xi with
µ(Xi) < ∞, and let fn = χBn where Bn = A ∩ ∪ni=1Xi with n large enough
so that µ[Bn] > 0. Then f ∈ L1(X) and F (f) ≥ (‖g‖∞ − ε) ‖f‖1 and the
result follows since ε is arbitrary.

Hence given an Lp(X) space and 1 < p ≤ ∞, every function in the
conjugate space Lq(X) induces a bounded linear functional on Lp(X) with
norm equal to the Lq(X)-norm of that function. When p = 1, this result is
again true but requires σ-finiteness of the measure space.

An important question that arises with normed linear spaces is, can all
bounded linear functionals be characterized in some accessible way? In the
case of the Lp(X) spaces, this question could be restated given the above
discussion. Specifically, are all bounded linear functionals on Lp(X) given
by some g ∈ Lq(X)? The answer is in the affi rmative for 1 ≤ p <∞, but not
so for L∞(X). This famous result is the Riesz Representation theorem
named for Frigyes Riesz (1880 —1956), who also developed many results
of this type for various normed linear spaces, all of which are referred to
under this general name.

We state this theorem without proof.

Proposition 4.22 (Riesz Representation theorem) Let F be a bounded
linear functional on Lp(X) for 1 ≤ p <∞. Then there exists g ∈ Lq(X) so
that

F (f) =

∫
X
fgdµ. (4.6)

Further, ‖F‖ = ‖g‖q .
Proof. See for example Royden (1971) for X = R, and Rudin (1974) for
the general case.
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4.4.2 The Special Case of p = 2, Hilbert Space

That p = 2 is a special case within the Lp(X) space hierarchy is initially
appreciated with Hölder’s inequality. Namely, p = 2 is the only case for
which fg is integrable when both f, g ∈ Lp(X). In this special case,
Hölder’s inequality is the Cauchy-Schwarz inequality:

‖fg‖1 ≤ ‖f‖2 ‖g‖2 ,

and this inequality alone implies that every g ∈ L2(X) induces a bounded
linear functional on L2(X). That p = 2 is a special case within the Lp(X)
space hierarchy is also appreciated with the Riesz Representation theorem
in that again, L2(X) is the only Lp(X) space for which all bounded linear
functionals are given by 4.6 with functions g within this same space.

In addition, L2(X) has more structure than the other Lp(X) spaces, and
as a result it is a special type of Banach space that is called aHilbert Space.
This space is named for David Hilbert (1862 — 1943) who investigated
solutions to integral equations in this space in the early 1900s. In short, a
Hilbert space has all the structure of the Euclidean space Rn or Cn. Recalling
example 4.8 above, this means that a Hilbert space is first and foremost a
Banach space, but with the additional property that it possesses an inner
product which is compatible with the given norm.

Definition 4.23 A real Hilbert space H is a real Banach space on which
is defined an inner product, denoted (x, y), which produces a mapping H ×
H → R, with the properties that for xj , y ∈ H and α, β ∈ R :

1. (αx1 + βx2, y) = α(x1, y) + β(x2, y),

2. (x, y) = (y, x),

3. (x, x) = ‖x‖2 .

For complex Hilbert spaces, the inner product is a mapping H×H →
C, and 2 is changed to:

2′. (x, y) = (y, x)

where (y, x) denotes the complex conjugate of (y, x). Thus if (y, x) =
a+ bi then (y, x) = a− bi.
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Remark 4.24 Note that by combining 1 and 2 we have that in a real Hilbert
space:

4. (x, αy1 + βy2) = α(x, y1) + β(x, y2),

while in a complex Hilbert space, combining 1 and 2′ produces for α, β ∈
C :

4′. (x, αy1 + βy2) = α(x, y1) + β(x, y2).

Example 4.25 As noted above, Rn and Cn are real and complex Hilbert
spaces respectively. For x, y ∈ Rn, we have defined:

(x, y) =
∑n

i=1
xiyi,

while for x, y ∈ Cn,
(x, y) =

∑n

i=1
xiȳi.

It is a straightforward exercise to verify that these are indeed inner products
on the respective spaces.

On general L2(X) we define the inner product for f, g ∈ L2(X) by:

(f, g) =

∫
X
fgdµ,

for real-valued functions, or:

(f, g) =

∫
X
fgdµ.

for complex valued functions. Again, that (f, g) so defined is an inner prod-
uct on the respective space is readily verified.

Proposition 4.26 If H is a Hilbert space, then the inner product is a con-
tinuous function from H ×H to R or C.
Proof. Note that

(x1, y1)− (x2, y2) = (x1 − x2, y1) + (x1 − x2, y1 − y2) + (x1, y1 − y2),

and so by the Cauchy-Schwarz inequality:

|(x1, y1)− (x2, y2)| ≤ ‖x1 − x2‖2 ‖y1‖2+‖x1 − x2‖2 ‖y1 − y2‖2+‖x1‖2 ‖y1 − y2‖2 .

Hence, |(x1, y1)− (x2, y2)| → 0 as ‖x1 − x2‖2 → 0 and ‖y1 − y2‖2 → 0.
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The significance of the additional structure in a Hilbert space is that an
inner product allows one to introduce the notion of orthogonality.

Definition 4.27 In a Hilbert space H, x is defined to be orthogonal to y,
denoted x⊥y, if (x, y) = 0.

This is precisely the notion of orthogonality in Rn or Cn with (x, y)
defined above, and this notion can be used in the same way in this general
setting.

Example 4.28 Assume that {xn}∞n=1 ⊂ H are pairwise orthogonal, (xn, xm) =
0 for n 6= m, and have unit norm, (xn, xn) = ‖xn‖2 = 1. Such a collection is
called an orthonormal system. Assume further that for some constants
{αn}∞n=1 that

∑∞
n=1 αnxn converges in H to x. That is, as m→∞:∥∥∥∑m

n=1
αnxn − x

∥∥∥
2
→ 0.

Then it is the case that αn = (x, xn) and this obtains the Fourier series
expansion:

x =
∑∞

n=1
(x, xn)xn,

where the coeffi cients {(x, xn)}∞n=1 are called the Fourier coeffi cients of
x. These are named for Jean-Baptiste Joseph Fourier (1768 — 1830)
who developed these ideas in the context of what are called Fourier series,
or trigonometric series expansions of integrable functions.

For example, consider the complex Hilbert space H ≡ L2([−π, π]), of
complex-valued square integrable functions defined on the interval [−π, π] with
inner product defined by:

(f, g) =
1

2π

∫ π

−π
f(x)g(x)dx.

Then
{
einx

}∞
n=−∞ ⊂ L2([−π, π]) is an orthonormal system, as can be ver-

ified as an exercise. Hence if f ∈ L2([−π, π]) has a Fourier expansion
f =

∑∞
n=−∞ αne

inx, it must be the case that

αn = (f, einx) =
1

2π

∫ π

−π
f(x)e−inxdx.

The Fourier coeffi cients {αn}∞n=−∞ are often denoted
{
f̂(n)

}∞
n=−∞

, and so:

f =
∑∞

n=−∞
f̂(n)einx. (4.7)

That this is a trigonometric series expansion of f follows from 6.12.
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Remark 4.29 We return to another topic in Fourier analysis below in the
section entitled Fourier Transforms of a Finite Borel Measure, as well as in
book 6 in the study of characteristic functions.

Of course the first big question is, when does f ∈ L2([−π, π]) have such
a Fourier expansion? If f ∈ L1([−π, π])∩L2([−π, π]) then αn is well defined
with |αn| ≤ ‖f‖1 , but the general case is more subtle. It turns out, though
we will not prove this, that every function f ∈ L2([−π, π]) has this expansion
in the sense that as N →∞,∑N

n=−N
f̂(n)einx → f.

Here convergence is defined in L2([−π, π]) :∥∥∥∥∑N

n=−N
f̂(n)einx − f

∥∥∥∥
2

→ 0.

By continuity of the inner product from proposition 4.26, we can therefore
conclude that(∑N

n=−N
f̂(n)einx,

∑N

n=−N
f̂(n)einx

)
→ ‖f‖22 .

But by orthonormality, this inner product is readily evaluated:(∑N

n=−N
f̂(n)einx,

∑N

n=−N
f̂(n)einx

)
=
∑N

n=−N

∣∣∣f̂(n)
∣∣∣2 ,

and so every f ∈ L2([−π, π]) has a Fourier series expansion where as N →
∞, ∑N

n=−N

∣∣∣f̂(n)
∣∣∣2 → ‖f‖22 .

In other words, every f ∈ L2([−π, π]) has a Fourier series expansion for
which the Fourier coeffi cients are square summable, meaning a series in
the Hilbert space l2(C), recalling example 4.28 but defined with respect to
vectors: x = (..., x−2, x−1, x0, x1, x2, ...).

Another big question is, when is a given series {αn}∞n=−∞ equal to
the Fourier coeffi cients of a function f ∈ L2([−π, π])? It turns out that
if {αn}∞n=−∞ ∈ l2(C), so: ∑∞

n=−∞
|αn|2 <∞,
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then there is an f ∈ L2([−π, π]) with f̂(n) = αn. This is the original ver-
sion of the Riesz-Fischer theorem of proposition 4.16, and the essential
ingredient for its proof is to first prove that L2([−π, π]) is complete.

Summarizing, these results assert that there is a one-to-one correspon-
dence between L2([−π, π]), the space of square integrable functions on [−π, π],
and the space l2(C), the space of square summable double-sided series. More-
over, this correspondence is norm preserving in that:

‖f‖L2 =

∥∥∥∥{f̂(n)
}∞
n=−∞

∥∥∥∥
l2

. (4.8)

The identity in 4.8 is known as Parseval’s identity and named forMarc-
Antoine Parseval (1755 —1836).



Chapter 5

Integrals in Product Spaces

The goal of this section is to develop Fubini’s theorem, named for
Guido Fubini (1879 —1943), and Tonelli’s Theorem, named for
Leonida Tonelli (1885 —1946). Both of these theorems provide results on
the relationship between the value of a product space integral, by which
is meant an integral defined relative to a product measure, and the value of
the so-called iterated integrals, whereby the integrand is in essence
integrated one space variable at a time. We begin this discussion with a
review of the construction and essential features of the product space
measure developed in book 1, and compare that to an alternative approach
which is also popular. The reason for this discussion is that while the
product space measures are quite similar, and indeed only differ on sets of
measure 0, the statements of Fubini’s and Tonelli’s theorems reflect the
approach taken and will be seen to differ in important ways which we
attempt to elucidate.

5.1 Discussion on Product Space Sigma Algebras

The approach to product space measures taken in book 1 is consistent with
that of the Royden (1971) text in the references, which also addresses the
essential differences of that approach with the alternative approach. The
Rudin (1974) text develops the alternative approach and then discusses the
approach taken in this book. The alternative approach is also seen in the
Billingsley (1995) and Doob (1994) texts.

Recalling chapter 7 of book 1, given σ-finite measure spaces {(Xi, σ(Xi), µi)|i =

105
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1, ..., n}, the product space X = Πn
i=1Xi is defined:

X = {(x1, x2, ..., xn)|xi ∈ Xi}.

A measurable rectangle in X is a set A so that with Ai ∈ σ(Xi) :

A =
∏n

i=1
Ai = {x ∈ X|xi ∈ Ai}.

Given a measurable rectangle
∏n
i=1Ai, the product set function µ0 is

defined by:
µ0(A) =

∏n
i=1 µi(Ai). (5.1)

This is the starting point for the approach taken in book 1, as well as for a
common alternative approach.

Remark 5.1 (On σ-Finiteness) We assume throughout this chapter that
the component measure spaces {(Xi, σ(Xi), µi)|i = 1, ..., n} are σ-finite. This
is not the most general development possible, but is more than adequate for
the applications of these volumes, covering all probability spaces as well as
all Borel measure spaces.

The product space existence result of proposition 7.20 of book 1 required
this assumption. But as noted in remark 7.22 of book 1, the σ-finiteness
assumption is not strictly necessary. Given the available tools of book 1, the
proof of countable additivity of µ0 as extended to the algebra A generated by
the measurable triangles utilized a continuity from above argument, which
required σ-finiteness. But as seen above in section 2.2.1, this extension of
µ0 to A is countably additive without this σ-finiteness assumption, and thus
so too is the existence result of proposition 7.20.

However, the assumption of σ-finiteness is required for a reason other
than existence. This assumption is required for the uniqueness result of
the book 1 product measure as detailed by that book’s proposition 6.14 and
extended by proposition 6.24. Uniqueness is then needed in the current con-
text to employ the result of proposition 7.24 of book 1, which proved that
the product space of proposition 7.20 could be created in one step from the
n component spaces, or in a sequence of steps, at each step creating prod-
uct spaces of smaller dimensions. This result will be needed in the current
chapter to generalize the Fubini and Tonelli theorems from the case of n = 2
which we explicitly prove, to general n, in the case where product spaces
are constructed using the book 1 approach. As will be see below in proposi-
tion 5.17, to do this requires the identification of the product spaces using
proposition 7.24 of book 1. On the other hand, when product spaces are con-
structed using the alternative method, this extension from n = 2 to general
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n does not require σ-finiteness, and this is seen in the first step in the proof
of proposition 7.24.

The essential distinction between the book 1 and alternative approaches
is in the construction of the sigma algebra on which the definition of µ0 can
be extended to be a measure µX . In both constructions the resulting sigma
algebras contain A′, the semi-algebra of measurable rectangles in X, and
hence alsoA, the associated algebra of all finite unions of disjoint measurable
rectangles. Also, because µ0 is defined as above on A′, the extension of µ0

to A and denoted µA is well defined by finite additivity. Hence up to the
algebra A, the measurable sets and measures of these sets are identical
between approaches.

The final step is the construction of the sigma algebras.

1. Chapter 7, Book 1 Approach: For the product measure space
(X,σ(X), µX) of proposition 7.20, the sigma algebra σ(X) is the col-
lection of Carathéodory measurable sets defined in that book’s 6.1.
This collection is defined using the outer measure µ∗A which is itself
defined in terms of µA and the algebra A as in definition 5.16. By
the Hahn—Kolmogorov extension theorem (proposition 6.4) and the
first Carathéodory extension theorem (proposition 6.6.2), σ(X) is a
complete sigma algebra, and denoting by µX the restriction of µ∗A on
σ(X), it follows that µX is a measure on σ(X).

A generalized version of Littlewood’s first principle was then shown
to apply in corollary 7.23, and stated that general measurable sets in
σ(X) could be approximated in various ways with simpler measurable
sets. Specifically, if B ∈ σ(X) and ε > 0, then if either µX(B) < ∞,
or, µX is σ-finite:

(a) There is a set A ∈ Aσ, the collection of countable unions of sets
in the algebra A, so that B ⊂ A and:

µX(A) ≤ µX(B) + ε, µX(A−B) < ε.

(b) There is a set C ∈ Aδ, the collection of countable intersections of
sets in the algebra A, so that C ⊂ B and:

µX(B) ≤ µX(C) + ε, µX(B − C) < ε.

(c) There is a set A′ ∈ Aσδ, the collection of countable intersections
of sets in Aσ, and C ′ ∈ Aδσ, the collection of countable unions of
sets in Aδ, so that C ′ ⊂ B ⊂ A′ and

µX(A′ −B) = µX(B − C ′) = 0.
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In other words, the key conclusion in part c is that every measurable
set (i.e., every B ∈ σ(X)) is within measure 0 of subsets and supersets
that can be constructed with countably many unions and intersections
of sets from the algebraA. Since the algebraA is the collection of finite
unions of disjoint measurable rectangles in A′, this conclusion can also
be stated that every measurable set in σ(X) is within measure 0 of
subsets and supersets that can be constructed with countably many
unions and intersections of sets from the semi-algebra A′.

2. Alternative Approach (See for example section 18 of Billings-
ley (1995)): For the product measure space (X,σ′(X), µ′X), the
sigma algebra σ′(X) is defined as the smallest sigma algebra which
contains the algebra A, so then by definition A ⊂ σ′(X) ⊂ σ(X).
Thus the conclusion from 1.c. above is that every B ∈ σ(X) is within
µX -measure 0 of subsets and supersets from σ′(X). But then, how is
it proved that µA, the µ0 set function extended to A, can be further
extended to a measure µ′X on σ′(X)?

The most common approach is to use results from integration theory.
For example, assume that there are 2 component spaces to simplify
notation, (X1, σ(X1), µ1) and (X2, σ(X2), µ2). For a set A′ ∈ σ′(X),
define the projection sets or cross-sections of A′ :

A′(x1) = {x2|(x1, x2) ∈ A′},
A′(x2) = {x1|(x1, x2) ∈ A′}.

It is then shown that A′(x1) ∈ σ(X2) for all x1, and A′(x2) ∈ σ(X1)
for all x2, and hence µ2 [A′(x1)] and µ1 [A′(x2)] are well defined.

But more importantly, µ2 [A′(x1)] is a measurable function on X1, and
µ1 [A′(x2)] is a measurable function on X2, and hence one can define:∫

µ2

[
A′(x1)

]
dµ1 and

∫
µ1

[
A′(x2)

]
dµ2.

The next step is to show that for a measurable rectangles, A′ = A′1 ×
A′2, these integrals have the desired common value µ1 (A′1)µ2 (A′2) =
µ0(A′) as in 5.1, and further that these integrals agree for all A′ ∈
σ′(X). Finally, the common value of these integrals is then taken
as the definition of µ′X(A′), and µ′X is shown to be a measure using
Lebesgue’s monotone convergence theorem. The use of such powerful
integration results to prove a result on measures was exemplified in the
relatively simple proof that the set function µ0 was countably additive
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on the semi-algebra A′. See the above section, Product Space Measures
Revisited.

Summary 5.2 Since µ′X(A′) = µX(A′) = µ1 (A′1)µ2 (A′2) for all A ∈ A′,
if µX is σ-finite the uniqueness result of proposition 6.14 of book 1 applies.
Namely, it follows that µ′X(A′) = µX(A′) for all A ∈ σ′(X).

Though not obvious, the sigma algebra σ′(X) is not complete in general,
and so:

σ′(X) $ σ(X).

As the smallest sigma algebra that contains A, σ′(X) must contain any set
which can be constructed based on countably many operations of union or
intersection, and thus:

A,Aσ,Aδ,Aσδ,Aδσ..... ⊂ σ′(X) $ σ(X).

So from 1.c. above, since σ(X) is complete and is within measure 0 of
Aσδ-sets and Aδσ-sets, we can conclude that:

Conclusion 5.3 1. For any A ∈ σ(X), there is A′1, A
′
2 ∈ σ′(X) so that

A′1 ⊂ A ⊂ A′2 and

µX(A′1) = µX(A) = µX(A′2).

2. If the original spaces {(Xi, σ(Xi), µi)} are σ-finite then so too is (X,σ(X), µX)
and so as noted above, µ′X(A′) = µX(A′) for all A′ ∈ σ′(X). Thus from
Conclusion (1):

µX(A′1) = µ′X(A′1) = µX(A) = µ′X(A′2) = µX(A′2).

3. When component measures spaces are σ-finite, (X,σ(X), µX) is the
completion of (X,σ′(X), µ′X) as constructed in proposition 6.20 of
book 1.

There are two important differences in the results below that are related
to the approach taken in constructing the product measure space:

1. Measurability of Cross-Sections:

(a) Alternative Approach: In the notation above, every cross-
section of a measurable set A′ ∈ σ′(X) is measurable in
the appropriate sigma algebra of component spaces.
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(b) Chapter 7, Book 1 Approach: If A ∈ σ(X), since sets of
µX -measure 0 can be added or removed from A at will, we can
only assert that cross-sections of measurable sets are mea-
surable except for cross-sections defined relative to sets
of measure 0.

Example 5.4 In Lebesgue measure space on R2, the set A′ ≡ {(1, y)|0 ≤
y ≤ 1} is σ′(R2)-measurable as the intersection of nested measurable
rectangles, A′n ≡ {(x, y)|1 − 1/n ≤ x ≤ 1, 0 ≤ y ≤ 1}. As these rec-
tangles have product measure µ(A′n) = 1/n, it follows from continuity
from above that µ(A′) = 0.

Now let E ⊂ [0, 1] be the nonmeasurable set constructed in proposition
2.31 of book 1, and define A′′ ≡ {(1, y)|y ∈ E}. Then A′′ ⊂ A′ and
thus by completeness A′′ ∈ σ(R2) and µ (A′′) = 0.

Now A′′ has a nonmeasurable cross-section when x = 1, and because
of this it must be the case that A′′ /∈ σ′(R2) though it is diffi cult to find
a direct and rigorous demonstration of this.

2. Component Measurability of Measurable Functions:

(a) Alternative Approach: To simplify notation, if f(x, y) is a
σ′(R2)-measurable function, meaning that f−1(B) ∈ σ′(R2) for
any B ∈ B(R), then for every x the component function

fx(y) ≡ f(x, y)

is a measurable function of y. Similarly, for every y,

fy(x) ≡ f(x, y)

is a measurable function of x. In other words, the component
functions of a measurable function are measurable.

(b) Chapter 7, Book 1 Approach: If f(x, y) is a σ(R2)-measurable
function, meaning that f−1(B) ∈ σ(R2) for any B ∈ B(R), then
we can only prove that fx(y) is measurable for all x outside a set
of measure 0, and similarly for fy(x). In other words, component
functions of a measurable function are measurable except
for component functions defined relative to sets of mea-
sure 0. This conclusion is a result of the fact that that σ(R2)-
measurability is a weaker condition than σ′(R2)-measurability,
because the value of f can be arbitrarily changed on sets in R2

of µ-measure 0 and remain measurable.
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Example 5.5 On Lebesgue measure space on R2 define f(x, y) = 1.
This is apparently a σ′(R2)-measurable function since f−1(B) is R2 or
∅ depending on whether 1 ∈ B or not. Now redefine f(x, y) on a set
of measure 0 to:

g(x, y) =

 2, (x, y) ∈ A′′,

1, (x, y) /∈ A′′,

where A′′ is defined in the above example. Then g = f a.e., and
thus g is a σ(R2)-measurable function by completeness. Directly, g is
σ(R2)-measurable since A′′ ∈ σ(R2). But note that g is not a σ′(R2)-
measurable function since A′′ /∈ σ′(R2). Further, g1(y) is not measur-
able, since for example, if B = [2, 3] ∈ B(R), then g−1

1 (B) = E.

Summary 5.6 The chapter 7, book 1 approach to product spaces has the
advantage that because the associated sigma algebras are always complete,
the product space associated with n, 1-dimensional Lebesgue measure spaces
is an n-dimensional Lebesgue measure space. In contrast, the alternative
approach requires the product space to be completed to be equivalent to n-
dimensional Lebesgue measure space.

That said, completeness of σ(X) imposes a somewhat weaker condition
on a set to be measurable, or a function to be measurable, than does the
alternative approach which derives σ′(X). Corresponding to these somewhat
weaker conditions, one obtains somewhat weaker conclusions in that many
results are stated to be true "except on a set of measure 0" rather than the
stronger statement which omits this qualifier.

More will be said on this below as the results emerge. But the primary
focus here will be on the complete product measure space (X,σ(X), µX), since
completeness is often desirable. We will also state results for the product
measure space (X,σ′(X), µ′X), usually without proof, where σ′ (X) is the
smallest σ-algebra that contains the algebra A of finite unions of disjoint
measurable rectangles. In this latter case, if it is assumed that the component
spaces are σ-finite, then as noted above, µ′X = µX on σ′ (X) by proposition
6.14 of book 1.

Notation 5.7 Reflecting the above discussion, given for example three σ-
finite measure spaces (X,σ(X), µ), (Y, σ(Y ), υ) and (Z, σ(Z), λ), we denote
by σ (X × Y × Z) the complete sigma algebra of Carathéodory measur-
able sets defined in terms of the set function µ×ν×λ defined on semi-algebra
A′ of rectangles in σ(X) × σ(Y ) × σ(Z) and the associated outer measure
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(µ× ν × λ)∗ . If needed for clarity this could be denoted σ (σ(X)× σ(Y )× σ(Z)) .
Similarly, σ′ (X × Y × Z) will denote the smallest sigma algebra that con-
tains the semi-algebra A′ of rectangles from σ(X) × σ(Y ) × σ(Z), denoted
σ0 (X × Y × Z) in book 1. If needed for clarity, this latter sigma algebra can
also be denoted σ′ (σ(X)× σ(Y )× σ(Z)) .

By the development of section 7.5 of book 1, with slightly different nota-
tion:

σ′ (X × Y × Z) = σ′(σ′(X × Y )× σ (Z)),

and similarly by proposition 7.24 of book 1:

σ (X × Y × Z) = σ(σ(X × Y )× σ (Z)).

In each case the expression on the right is created in two steps, first creating
σ′(X × Y ) or σ(X × Y ) as defined, and then extending the constructions to
the next step as defined.

5.2 Introduction to the Fubini and Tonelli Theo-
rems

We first develop results in a "2-dimensional" product space to simplify
notation, and generalize below. But note that here, "dimension" is merely
a notational device in that there is nothing in the following development
that precludes either of these "1-dimensional spaces" from themselves
being product spaces. With that noted, assume that the component spaces
are denoted (X,σ(X), µ) and (Y, σ(Y ), υ), are σ-finite, and that the
complete product space (X × Y, σ (X × Y ) , µ× υ) is constructed as in
chapter 7 of book 1. As in that development, A′ denotes the semi-algebra
of measurable rectangles in X × Y, A the associated algebra of finite
disjoint unions, and Aσ,Aδ,Aσδ, and Aδσ are defined as above in the
generalized statement of Littlewood’s first principle.

Given a function f(x, y) which is integrable on X × Y, meaning∫
X×Y

|f(x, y)| d (µ× υ) <∞,

Fubini’s theorem states that∫
X

[∫
Y
f(x, y)dυ

]
dµ =

∫
X×Y

f(x, y)d (µ× υ) =

∫
Y

[∫
X
f(x, y)dµ

]
dυ.
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Before addressing the equality of the values of the integrals, this theorem
also has to justify that this statement makes sense, meaning that it must
also address:

1. The integrability of the component functions, fx(y) and fy(x), so that∫
Y fx(y)dυ and

∫
X fy(x)dµ are well defined.

2. The integrability of the iterated integrals,
∫
Y fx(y)dυ and

∫
X fy(x)dµ,

so that
∫
X

[∫
Y fx(y)dυ

]
dµ and

∫
Y

[∫
X fy(x)dµ

]
dυ are well defined.

Tonelli’s theorem states the same conclusion on the equality of these
integrals without assuming integrability of f(x, y) on X×Y, instead assum-
ing only that f(x, y) is non-negative and measurable, and then allows the
possibility that all of these integrals are infinite. The point is, they will be
infinite or finite together, and when finite, the values will agree.

The approach to the proof of either result is to first confirm that these re-
sults are true for characteristic functions of measurable sets of finite measure,
and then to generalize using the integration tools developed in chapter 2. To
address characteristic functions we begin with sets A ∈ Aσδ ⊂ σ′ (X × Y )
defined above, and we will show that all cross-sections are measurable, and
the measure of these cross-sections can be expressed as measurable functions
of the defining variables. We then generalize to characteristic functions of
sets A ∈ σ (X × Y ) , recalling the generalized Littlewood’s first principle
above that such sets are within µ×υ-measure 0 of Aσδ-sets. In this case we
will see that cross-section measurability is now only true almost everywhere,
and the measure of these cross-sections can be expressed as a measurable
function that is defined almost everywhere.

5.3 Preliminary Results for Characteristic Func-
tions

We begin by formalizing definitions and notations introduced above, and
then show that Fubini’s theorem holds for characteristic functions of sets
A ∈ σ (X × Y ) , where (X,σ(X), µ) and (Y, σ(Y ), υ) are σ-finite measure
spaces, and (X × Y, σ (X × Y ) , µ× υ) is the complete product space
constructed as in chapter 7 of book 1.

Definition 5.8 Given a set A ⊂ X × Y, we define the cross-sections of
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A by:

x-cross-section : Ax = {y|(x, y) ∈ A}, (5.2)

y-cross-section : Ay = {x|(x, y) ∈ A}.

By definition, Ax ⊂ Y for all x, and Ay ⊂ X for all y.
If f(x, y) is a function defined on X × Y, we define the component

functions of f(x, y) by:

x-component function : fx(y) = f(x, y), (5.3)

y-component function : fy(x) = f(x, y).

Recall that A′ ⊂ σ (X × Y ) denotes the semi-algebra of measurable rec-
tangles, A the associated algebra of finite disjoint unions, and related col-
lections such as Aσδ are defined as before. The first result is that for sets
A ∈ Aσδ, all cross-sections are measurable and when µ × υ (A) < ∞, the
measures of these cross-sections are integrable functions of the defining vari-
able.

Remark 5.9 The next proposition is Fubini’s theorem restricted to charac-
teristic functions f(x, y) = χA(x, y) for A ∈ Aσδ with µ× υ (A) <∞. This
follows because for all x, y :

χA(x, y) = χAx(y) = χAy(x),

and thus if appropriately measurable:

υ (Ax) =

∫
χA(x, y)dυ(y), µ (Ay) =

∫
χA(x, y)dµ(x).

Since ∫
χA(x, y)d (µ× υ) ≡ µ× υ (A) ,

the result in 5.4 can be expressed:∫ [∫
χA(x, y)dυ

]
dµ =

∫
χA(x, y)d (µ× υ) =

∫ [∫
χA(x, y)dµ

]
dυ.

Note that we do not assume σ-finiteness of measure spaces for this next
result, and hence the need for µ× υ (A) <∞ in part 2 to utilize the gener-
alized version of Littlewood’s first principle noted above.
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Proposition 5.10 Let (X,σ(X), µ) and (Y, σ(Y ), υ) be complete measure
spaces and A ∈ Aσδ. Then:

1. Ax ∈ σ(Y ) for all x, and Ay ∈ σ(X) for all y.

2. If µ × υ (A) < ∞, then g(x) ≡ υ (Ax) is µ-integrable on X, h(y) ≡
υ (Ay) is ν-integrable on Y, and:∫

g(x)dµ = µ× υ (A) =

∫
h(y)dυ. (5.4)

Proof.

1. By symmetry, only the statement regarding Ax needs proof. If A ∈ A′,
a measurable rectangle, then the result follows by definition. Assume
next that A ∈ Aσ, say A = ∪∞j=1Aj with Aj ∈ A. By definition, each
such Aj is a finite union of disjoint A′-sets, and hence this character-
ization can be modified by relabelling to assume that Aj ∈ A′. Then
χA(x, y) = supj χAj (x, y), and so

χAx(y) = supj χ(Aj)x
(y).

Each (Aj)x ∈ σ(Y ) because Aj ∈ A′ is a measurable rectangle, and
thus χ(Aj)x

(y) is a ν-measurable function. As the supremum of ν-
measurable functions, it follows that χAx(y) is a ν-measurable function
and so Ax is measurable. That is, Ax ∈ σ(Y ).

Finally, for A ∈ Aσδ, say A = ∩∞j=1Aj with Aj ∈ Aσ, the same steps
lead to

χAx(y) = infj χ(Aj)x
(y),

and hence χAx(y) is a ν-measurable function and Ax is ν-measurable.

2. Again by symmetry we only prove the result for g(x), and use the same
sequential approach as part 1. If A ∈ A′ then the results follow as an
exercise and is left for the reader.

(a) Assume A ∈ Aσ, say A = ∪∞j=1Aj with Aj ∈ A′ as noted in
part 1. Define A(n) = ∪nj=1Aj , then {A(n)} is a nested increasing
sequence of measurable sets, A(n) ⊂ A(n+1), and by continuity
from below,

µ× υ (A) = lim
n→∞

µ× υ
(
A(n)

)
.
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Using the approach of proposition 7.13 in book 1, A(n) can be ex-
pressed as a finite union of disjoint measurable rectangles. Specif-
ically, if each Aj = Bj × Cj then

⋃n
j=1Bj and

⋃n
j=1Cj can each

be expressed as unions of no more that M = 2n − 1 disjoint
sets, many of which could be empty. If {B′j}Mj=1 and {C ′j}Mj=1

are the resulting collections then {B′j × C ′k}Mj,k=1 are M
2 disjoint

measurable rectangles. For every j, k, either B′j × C ′k ⊂ A(n) or
B′j × C ′k ∩ A(n) = ∅, and we choose the subset rectangles and
note by construction that they are disjoint and with union A(n).

Relabel these so A(n) = ∪N(n)
j=1 A

(n)
j with {A(n)

j }
N(n)
j=1 disjoint. If

g
(n)
j (x) ≡ υ

[(
A

(n)
j

)
x

]
, then g(n)

j (x) is nonnegative and measur-

able since A(n)
j ∈ A′. Defining g(n)(x) =

∑N(n)
j=1 g

(n)
j (x), then

g(n)(x) is again measurable and increasing in n. By disjointed-

ness of
{(
A

(n)
j

)
x

}N(n)

j=1
and finite additivity of ν,

g(n)(x) ≡
∑N(n)

j=1
υ
[(
A

(n)
j

)
x

]
= ν

[
A(n)
x

]
.

But then by continuity from below:

g(x) ≡ ν [Ax] = lim
n→∞

g(n)(x),

and so g(x) is measurable.
Linearity of the integral and finite additivity of µ× υ then yield:∫

g(n)(x)dµ =
∑N(n)

j=1

∫
g

(n)
j (x)dµ

=
∑N(n)

j=1 µ× υ
(
A

(n)
j

)
= µ× υ(A(n)).

Finally, by Lebesgue’s monotone convergence theorem and conti-
nuity from below:∫

g(x)dµ = lim
n→∞

∫
g(n)(x)dµ

= lim
n→∞

µ× υ(A(n))

= µ× υ (A) .

Hence, part 2 of the proposition is proved for A ∈ Aσ.
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(b) Assume A ∈ Aσδ with µ × υ (A) < ∞. Then A = ∩∞j=1Aj with
Aj ∈ Aσ. We can assume that {Aj} are nested with Aj+1 ⊂ Aj
since given a general representation A = ∩∞i=1Bi with Bi ∈ Aσ,
we define Aj = ∪∞i=jBi, noting that Aj ∈ Aσ by definition. The
assumption that µ × υ (A) < ∞ implies by the approximation
results noted above that A has a superset D ∈ Aσ, so A ⊂ D, and
the measure of D is no more than µ × υ (A) + ε. By redefining
the Aj-set by Aj ∩D ∈ Aσ we can assume that µ× υ (A1) <∞.
If gj(x) ≡ υ

[
(Aj)x

]
, then by part 2.a. gj(x) is nonnegative and

measurable, and ∫
g1(x)dµ = µ× υ (A1) <∞,

and so g1(x) < ∞ µ-a.e. Hence for any x with g1(x) < ∞,
{(Aj)x} is a nested decreasing collection of sets of finite measure
with intersection Ax. By continuity from above of υ we conclude
that g(x) = limj gj(x) µ-a.e. and hence g(x) is measurable by
completeness. Finally, because 0 ≤ gj(x) ≤ g1(x) and g1(x) is in-
tegrable, we can apply Lebesgue’s dominated convergence theorem
and continuity from above to conclude that:∫

g(x)dµ = lim
j→∞

∫
gj(x)dµ

= lim
j→∞

µ× υ (Aj)

= µ× υ (A) ,

noting that continuity from above of µ × υ is justified by µ ×
υ (A1) <∞.

Remark 5.11 One conclusion that can be drawn from the above proposition
is that if A ∈ Aσδ, then µ × υ (A) = 0 if and only if both υ (Ax) = 0 for
almost all x on X, and, µ (Ay) = 0 for almost all y in Y . This follows
because µ× υ (A) = 0 if and only if:∫

g(x)dµ =

∫
h(y)dυ = 0,

and since nonnegative, this is true if and only if g(x) = 0 µ-a.e. and h(y) = 0
ν-a.e. Put another way, if µ×υ (A) <∞ and µ×υ (A) 6= 0, then both υ (Ax)
and µ (Ay) must be non-zero on sets of positive measure.
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An important corollary to this result is that for any set A ∈ σ (X × Y )
with µ × υ (A) = 0, almost all cross-sections have measure 0 relative to
the component measures. This transition from Aσδ to σ (X × Y ) is based on
another application of the approximation results of corollary 7.23 of book 1
noted above.

Corollary 5.12 Let (X,σ(X), µ) and (Y, σ(Y ), υ) be complete measure spaces.
If A ∈ σ (X × Y ) and µ×υ (A) = 0, then υ(Ax) = 0 for µ-almost-all x, and
µ(Ay) = 0 for ν-almost-all y.
Proof. By corollary 7.23 of book 1 there is a set A′ ∈ Aσδ so that A ⊂ A′

and µ × υ (A′) = 0. Hence υ(A′x) = 0 for almost all x and µ(A′y) = 0 for
almost all y by remark 5.11. Then from Ax ⊂ A′x and Ay ⊂ A′y and the
completeness of the measure spaces, the result follows.

The next result generalizes proposition 5.10 to A ∈ σ (X × Y ). As above,
we do not assume σ-finiteness. But note that for measurable sets outside
Aσδ, the conclusions in general switch from "all x" to "almost all x", and
similarly for the y-statements. However, this proposition is one step closer
to Fubini’s theorem in that by 5.5, remark 5.9 now applies to characteristic
functions f(x, y) = χA(x, y) for general A ∈ σ (X × Y ) with µ×υ (A) <∞.

Proposition 5.13 Let (X,σ(X), µ) and (Y, σ(Y ), υ) be complete measure
spaces. If A ∈ σ (X × Y ) with µ× υ (A) <∞, then:

1. Ax ∈ σ(Y ) for µ-almost-all x, and Ay ∈ σ(X) for ν-almost-all y.

2. g(x) ≡ υ (Ax) is defined for µ-almost-all x and is µ-integrable, h(y) ≡
υ (Ay) is defined for ν-almost-all y and is υ-integrable, and,∫

g(x)dµ = µ× υ (A) =

∫
h(y)dυ. (5.5)

Proof. As in the proof of the above corollary, given such A there is a set
A′ ∈ Aσδ so that A ⊂ A′ and µ×υ (A′) = µ×υ (A) . If B ≡ A′−A, then B ∈
σ (X × Y ) and finite additivity applied to A′ = A∪B obtains µ×υ (B) = 0.
By the above corollary υ(Bx) = 0 for µ-almost-all x, and µ(By) = 0 for
ν-almost-all y. Hence g(x) ≡ υ (Ax) = υ (A′x) µ-a.e., and h(y) ≡ υ (Ay) =
υ
(
A′y
)
υ-a.e. But υ (A′x) is µ-measurable by proposition 5.10 and thus by

completeness of (X,σ(X), µ), g(x) is equal to a µ-measurable function µ-a.e
and thus by completeness is µ-measurable. The same argument applies to
the ν-measurability of h(y).
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By 5.4: ∫
g(x)dµ =

∫
υ
(
A′x
)
dµ = µ× υ

(
A′
)

= µ× υ (A) ,

and similarly for
∫
h(y)dυ, which proves 5.5.

For completeness, we present a parallel result for the sigma algebra
σ′ (X × Y ).

Proposition 5.14 Let (X,σ(X), µ) and (Y, σ(Y ), υ) be measure spaces and
A ∈ σ′ (X × Y ) , the smallest σ-algebra that contains the algebra A. Then:

1. Ax ∈ σ(Y ) for all x, and Ay ∈ σ(X) for all y.

2. g(x) ≡ υ (Ax) is defined for all x and is µ-integrable, h(y) ≡ υ (Ay)
is defined for all y is a ν-integrable, and 5.5 is satisfied, though all
integrals may be infinite.

Proof. We prove part 1 because it is needed in book 7 in the section, Sto-
chastic Processes and Their Measurability. For other details see Billingsley
(1995) for example.

By symmetry only the first statement of part 1 requires proof. Given
x ∈ X, define a mapping fx : Y → X × Y by fx(y) = (x, y). If A ∈ A′ ⊂
σ′ (X × Y ) is a measurable rectangle, say A = E × F, then f−1

x (A) ∈ σ(Y )
since f−1

x (A) = F if x ∈ E and f−1
x (A) = ∅ if x /∈ E. Similarly, if A ∈ A is

a finite union of measurable rectangles, A =
⋃n
j=1Ej × Fj , then f−1

x (A) ∈
σ(Y ) as a finite union of the Fj-sets for which x ∈ Ej . For such A ∈ A
it follows that f−1

x (Ã) = Y − f−1
x (A) ∈ σ(Y ), while if {Aj}∞j=1 ⊂ A, then

f−1
x (
⋃∞
j=1Aj) =

⋃∞
j=1 f

−1
x (Aj) ∈ σ(Y ). Thus since A generates σ′ (X × Y ) ,

it follows that f−1
x [σ′ (X × Y )] ⊂ σ(Y ). As f−1

x (A) = Ax, this proves that
Ax ∈ σ(Y ) for all x.

5.4 Fubini’s Theorem

As noted above, Fubini’s theorem is named for Guido Fubini (1879 —
1943). By remark 5.9 and proposition 5.13, this result is already proved for
f(x, y) = χA(x, y) for A ∈ σ (X × Y ) with µ× υ (A) <∞. Such functions
are automatically µ× υ-integrable. The final result below will state that
for any such integrable function, that the properties proved above for
special characteristic functions generalize. The transition from
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characteristic functions to general measurable functions will require the
earlier results of corollary 1.22 on approximating measurable functions
with simple functions.

Proposition 5.15 (Fubini’s theorem) Let (X,σ(X), µ) and (Y, σ(Y ), υ)
be complete, σ-finite measure spaces, and f(x, y) an integrable function on
(X × Y, σ (X × Y ) , µ× υ) :∫

X×Y
|f(x, y)| d (µ× υ) <∞. (5.6)

Then:

1. For almost all x, fx(y) is υ-integrable on Y, and,

1’. For almost all y, fy(x) is µ-integrable on X.

2.
∫
Y fx(y)dυ ≡

∫
Y f(x, y)dυ is defined for µ-almost-all x and is µ-

integrable on X, and,

2’.
∫
X fy(x)dµ ≡

∫
X f(x, y)dµ is defined for ν-almost-all y and is ν-

integrable on Y.

3. The µ× υ-integral of f(x, y) can be evaluated as an iterated integral:∫
X

[∫
Y
f(x, y)dυ

]
dµ =

∫
X×Y

f(x, y)d (µ× υ) =

∫
Y

[∫
X
f(x, y)dµ

]
dυ.

(5.7)

Proof. By symmetry, we will only prove half of the results, specifically,
parts 1, 2 and the first half of 3. And for this we can assume that f(x, y) is
nonnegative, since by linearity and the assumption that f(x, y) is integrable,
this result can then be applied to general f ≡ f+ − f−.

Recalling remark 5.9, proposition 5.13 proves the desired results for f(x, y) =
χA(x, y) for A ∈ σ (X × Y ) with µ × υ (A) < ∞. Hence by linearity these
results are true for simple functions which are zero outside sets of finite
measure. By corollary 1.22, given nonnegative integrable f(x, y) there is
an increasing sequence of nonnegative simple functions {ϕn(x, y)}, each
equal to zero outside a set of finite measure, and ϕn(x, y)→ f(x, y). Hence
(ϕn)x (y)→ fx(y), and thus fx(y) is ν-measurable. By Lebesgue’s monotone
convergence theorem,∫

Y
fx(y)dυ = lim

n→∞

∫
Y
ϕn(x, y)dυ,
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and so the µ-measurability of
∫
Y ϕn(x, y)dυ proves the same for

∫
Y fx(y)dυ.

Finally, applying Lebesgue’s theorem again,∫
X

[∫
Y
f(x, y)dυ

]
dµ = lim

n→∞

∫
X

[∫
Y
ϕn(x, y)dυ

]
dµ

= lim
n→∞

∫
X×Y

ϕn(x, y)d (µ× υ)

=

∫
X×Y

f(x, y)d (µ× υ) ,

which proves 5.7.

Remark 5.16 It should be noted that there was only one step in the proof of
Fubini’s theorem where the assumption of integrability of f(x, y) was needed,
and that was in the step where we approximated f(x, y) by a sequence of
simple functions. The integrability of f(x, y) allowed the assumption that
these simple functions were equal to zero outside sets of finite measure. This
conclusion was needed in order to apply the result in proposition 5.13, which
confirmed the validity of Fubini’s results for characteristic functions of sets
of finite measure.

As will be seen below, Tonelli’s assumptions allow the same approximat-
ing sequence of simple functions.

See the section below, Fubini’s Theorem in σ′ (X × Y ), for another ver-
sion of Fubini’s theorem applicable in the measure space (X×Y, σ′ (X × Y ) , µ×
υ) discussed in this chapter’s introduction. In this case the "almost all "
statements of 1, 1′, 2, and 2′ are changed to "all."

5.4.1 Generalizing Fubini’s Theorem

The above theorem, as well as Tonelli’s theorem below, are explicitly
stated and proved in terms of a bivariate function f(x, y). As noted in the
introduction, while these results appear to apply only in a "2-dimensional"
product space, "dimension" here is merely a notational device and there
was nothing in the above development that precluded either of these
"1-dimensional spaces" from themselves being product spaces. But more
importantly, these results are more generally applicable to higher
"dimensions" as is verified by an iterative application of the two
dimensional result.
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For example, assume that (X,σ(X), µ), (Y, σ(Y ), υ) and (Z, σ(Z), λ) are
complete, σ-finite measure spaces and f(x, y, z) an integrable function on
(X × Y × Z, σ (X × Y × Z) , µ× υ × λ) :∫

X×Y×Z
|f(x, y, z)| d (µ× υ × λ) <∞.

The key step in iterating the above result is the identification of (X ×
Y ×Z, σ (X × Y × Z) , µ× υ× λ) and (X × (Y × Z) , σ (X × (Y × Z)) , µ×
(υ × λ)) as measure spaces. The notation implies that the triple product
measure space is identical with the product measure space created with
(X,σ(X), µ) and (Y × Z, σ (Y × Z) , υ × λ). This identification was proved
in proposition 7.24 of book 1, for which the needed uniqueness result of that
book’s proposition 6.14 required that the measure spaces be σ-finite.

We can conclude from this result the following re-interpretation of propo-
sition 5.15. We leave further generalizations to the reader.

Proposition 5.17 Assume that (X,σ(X), µ), (Y, σ(Y ), υ) and (Z, σ(Z), λ)
are complete, σ-finite measure spaces, and that f(x, y, z) an integrable func-
tion on (X × Y × Z, σ (X × Y × Z) , µ× υ × λ). Then:

1. For µ-almost-all x, fx(y, z) = f(x, y, z) is υ × λ-integrable on Y × Z,
and,

1’. For υ × λ-almost-all (y, z), f(y,z)(x) = f(x, y, z) is µ-integrable on X.

2.
∫
Y×Z f(x, y, z)d (υ × λ) is µ-integrable on X, and,

2’.
∫
X f(x, y, z)dµ is ν × λ-integrable on Y × Z.

3. The µ × υ × λ-integral of f(x, y, z) can be evaluated as an iterated
integral:∫
X

[∫
Y×Z

f(x, y, z)d (υ × λ)

]
dµ =

∫
X×Y×Z

f(x, y, z)d (µ× υ × λ)

=

∫
Y×Z

[∫
X
f(x, y, z)dµ

]
d (υ × λ) .

Remark 5.18 This is not the final statement of Fubini’s theorem in three
variables, but provides the iterative step. By 2’, we can apply Fubini’s theo-
rem to the υ × λ-integral on the right in 3 to conclude that∫

Y

[∫
Z

[∫
X
f(x, y, z)dµ

]
dλ

]
dν =

∫
Y×Z

[∫
X
f(x, y, z)dµ

]
d (υ × λ)

=

∫
Z

[∫
Y

[∫
X
f(x, y, z)dµ

]
dν

]
dλ.
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Similarly, by 1 and 2 we can apply Fubini’s theorem to the υ×λ-integral on
the left of 3 to conclude that∫

X

[∫
Z

[∫
Y
f(x, y, z)dν

]
dλ

]
dµ =

∫
X

[∫
Y×Z

f(x, y, z)d (υ × λ)

]
dµ

=

∫
X

[∫
Y

[∫
Z
f(x, y, z)dλ

]
dν

]
dµ.

Hence, under the assumption of integrability under the product measure,
the value of the integral under this measure equals the value of the iterated
integrals: ∫

X

[∫
Y

[∫
Z
f(x, y, z)dλ

]
dν

]
dµ

=

∫
X×Y×Z

f(x, y, z)d (µ× υ × λ) (5.8)

=

∫
Z

[∫
Y

[∫
X
f(x, y, z)dµ

]
dν

]
dλ.

5.4.2 Fubini’s Theorem in σ′ (X × Y )
In the above development of Fubini’s theorem, the first step was the
verification that this theorem was true for characteristic functions of
measurable sets of finite measure. The first and easiest step in this
verification was for characteristic functions of A ∈ A′, the semi-algebra of
measurable rectangles. Recalling the above section on the functional
monotone class theorem, this step also provides one of the key
properties to verify in order to conclude from that theorem that the same
Fubini result was true for all bounded measurable functions. Here
measurability is defined relative to σ(A′), the smallest sigma algebra
generated by A′. It is thus natural to inquire as to the potential for this
earlier result to prove a version of Fubini’s theorem.

For this inquiry, we will therefore work with the sigma algebra σ′ (X × Y ) ,
defined as the smallest sigma algebra which contains the algebra A, which
in turn is generated by the semi-algebra of measurable rectangles A′. So in
the notation of the functional monotone class theorem,

σ(A′) ≡ σ′(X × Y ) ⊂ σ(X × Y ).

To ensure the uniqueness of the product set function in 5.1 as an extension
from A′ to σ(A′), we will require that (X,σ(X), µ) and (Y, σ(Y ), υ) be σ-
finite measure spaces.
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With this introduction, let (X × Y, σ′ (X × Y ) , µ× υ) denote the prod-
uct space referenced in this chapter’s introduction under the Alternative
Approach, whereby σ′ (X × Y ) is defined as above, and µ× υ is uniquely
determined on σ′ (X × Y ) as an extension of the measure of measurable rec-
tangles A ∈ A′ as defined in 5.1. In the notation of the functional monotone
class theorem, let L denote a class of functions f(x, y) on X × Y which sat-
isfy a given statement of Fubini’s theorem. To demonstrate that L contains
all bounded σ′ (X × Y )-measurable functions on X × Y, it must be shown
that:

1. χA ∈ L for all A ∈ A′ and χX ∈ L.

2. L is a vector space: If f, g ∈ L then af + bg ∈ L for all a, b ∈ R.

3’. If f : X → R+ is bounded and nonnegative and the pointwise limit of
increasing {fn} ⊂ L, then f ∈ L.

Note that condition 3 of proposition 1.32 is replaced by 3′ as discussed in
remark 1.34.

The next result is Fubini’s theorem applied to (X × Y, σ′ (X × Y ) , µ ×
υ) in the more limited case of finite component measure spaces, such as
probability spaces, without the assumption on completeness. See Billingsley
(1995) for the more general result.

Proposition 5.19 (Fubini’s theorem) Let (X,σ(X), µ) and (Y, σ(Y ), υ)
be finite measure spaces, and f(x, y) a bounded and measurable, and thus
integrable, function on (X × Y, σ′ (X × Y ) , µ× υ). Then:

1. For all x, fx(y) is υ-integrable on Y, and,

1’. For all y, fy(x) is µ-integrable on X.

2.
∫
Y fx(y)dυ ≡

∫
Y f(x, y)dυ is defined for all x and is µ-integrable on

X, and,

2’.
∫
X fy(x)dµ ≡

∫
X f(x, y)dµ is defined for all y and is ν-integrable on

Y.

3. The µ× υ-integral of f(x, y) can be evaluated as an iterated integral:∫
X

[∫
Y
f(x, y)dυ

]
dµ =

∫
X×Y

f(x, y)d (µ× υ) =

∫
Y

[∫
X
f(x, y)dµ

]
dυ.

(5.9)



5.4 FUBINI’S THEOREM 125

Proof. Let L denote the class of measurable functions which satisfy all five
statements above. Checking the criteria for the functional monotone class
theorem, the above proposition 5.13 proved that χA(x, y) ∈ L for A ∈ A′ with
µ× υ(A) <∞, while the finiteness of the measure space makes this true for
all A ∈ A′. Also, L is a vector space over R by earlier proved properties of
measurable functions and linearity of integrals.

Now if f : X → R+ is bounded and nonnegative and the pointwise limit
of increasing {fn} ⊂ L, then 1, 1′, 2, 2′ are satisfied by the monotone con-
vergence theorem. For 3, by definition of L:∫

X

[∫
Y
fn(x, y)dυ

]
dµ =

∫
X×Y

fn(x, y)d (µ× υ) =

∫
Y

[∫
X
fn(x, y)dµ

]
dυ

for all n. Lebesgue’s monotone convergence theorem then obtains:∫
X×Y

fn(x, y)d (µ× υ)→
∫
X×Y

f(x, y)d (µ× υ) .

Similarly, for all x : ∫
Y
fn(x, y)dυ →

∫
Y
f(x, y)dυ,

while another application of monotone convergence yields the final result. \
Thus by the functional monotone class theorem, L contains all bounded

measurable functions.

Corollary 5.20 Proposition 5.19 is valid for all integrable functions on
(X × Y, σ′ (X × Y ) , µ× υ).
Proof. To prove that the class L of proposition 5.19 contains all integrable
functions, given nonnegative integrable f(x, y), define fn(x, y) = max [f(x, y), n] .
Then fn(x, y) → f(x, y) pointwise, and fn(x, y) ∈ L since bounded. Thus
5.9 obtains:∫
X

[∫
Y
fn(x, y)dυ

]
dµ =

∫
X×Y

fn(x, y)d (µ× υ) =

∫
Y

[∫
X
fn(x, y)dµ

]
dυ.

Since {fn(x, y)} is increasing, Lebesgue’s monotone convergence theorem
yields

∫
X×Y fn(x, y)d (µ× υ)→

∫
X×Y f(x, y)d (µ× υ) , and focusing on the

first equality,
∫
Y fn(x, y)dυ →

∫
Y f(x, y)dυ for all x. Letting gn(x) ≡

∫
Y fn(x, y)dυ,

then gn(x) is measurable by proposition 5.19 and increasing. Again by
Lebesgue’s monotone convergence theorem,

∫
X

[∫
Y fn(x, y)dυ

]
dµ→

∫
X

[∫
Y f(x, y)dυ

]
dµ

where this limit function is finite by 5.9. Thus:∫
X

[∫
Y
f(x, y)dυ

]
dµ =

∫
X×Y

f(x, y)d (µ× υ) .
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A similar argument applies to the second equality in 5.9.
The result now applies to general integrable f, using the decomposition

into nonnegative functions in 2.17: f = f+ − f−, and linearity of integrals.

Remark 5.21 Note that if f(x, y) is integrable, then 5.9 only implies that∫
Y f(x, y)dυ is finite µ-a.e, and similarly for

∫
X f(x, y)dµ. In the above

proof, while
∫
Y fn(x, y)dυ →

∫
Y f(x, y)dυ for all x, this limit need not be

finite for all x. But as
∫
X

[∫
Y f(x, y)dυ

]
dµ is finite, this assures that this

limit is finite for almost all x.

5.5 Tonelli’s Theorem

As noted above, Tonelli’s Theorem is named for Leonida Tonelli (1885
—1946) and addresses the same question as does Fubini’s theorem.
Specifically, it addresses the relationship between product space and
iterated integrals, but circumvents Fubini’s sometimes diffi cult to establish
assumption on the integrability of f(x, y). Tonelli requires only that the
function be nonnegative and measurable.

Because integrability of the function f(x, y) is not assumed, all the state-
ments in Fubini’s result related to integrability are now changed to state-
ments of measurability. In addition, the identity in 5.7 repeated below in
5.10 must now also allow for the case where all integrals are infinite. In other
words, measurability of f(x, y) and σ-finiteness of the component spaces does
not assure the integrability of f(x, y). But these conditions do assure that
when integrable, the product space and iterated integrals agree, and when
not integrable, all integrals are infinite.

The proof is nearly identical with that of Fubini’s result, and is included
for completeness. As noted in the above section on Generalizing Fubini’s
Theorem, this next result applies more generally to integrals in product
spaces of more than two factors.

Proposition 5.22 (Tonelli’s Theorem) Let (X,σ(X), µ) and (Y, σ(Y ), υ)
be complete, σ-finite measure spaces, and f(x, y) a nonnegative measurable
function on (X × Y, σ (X × Y ) , µ× υ). Then:

1. fx(y) = f(x, y) is υ-measurable on Y, and,

1’. fy(x) = f(x, y) is µ-measurable on X.
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2.
∫
Y f(x, y)dυ is µ-measurable on X, and,

2’.
∫
X f(x, y)dµ is ν-measurable on Y.

3. The µ× υ-integral of f(x, y) can be evaluated as an iterated integral:∫
X

[∫
Y
f(x, y)dυ

]
dµ =

∫
X×Y

f(x, y)d (µ× υ) =

∫
Y

[∫
X
f(x, y)dµ

]
dυ.

(5.10)

Proof. Again by symmetry, we will only prove half of the results, specifically,
parts 1, 2 and the first half of 3.

The proof of proposition 5.13 proves the desired measurability results
and 5.10 for f(x, y) = χA(x, y) for A ∈ σ (X × Y ) with µ × υ (A) < ∞,
and hence these results are true for simple functions which are zero outside
sets of finite measure. By corollary 1.22, given nonnegative f(x, y) on a σ-
finite measure space, there is an increasing sequence of nonnegative simple
functions, {ϕn(x, y)}, each equal to zero outside a set of finite measure, and
with ϕn(x, y)→ f(x, y) pointwise. Hence (ϕn)x (y)→ fx(y) and so fx(y) is
measurable.

By Lebesgue’s monotone convergence theorem,∫
Y
f(x, y)dυ = lim

n→∞

∫
Y
ϕn(x, y)dυ,

and the µ-measurability of
∫
Y ϕn(x, y)dυ proves the same for

∫
Y f(x, y)dυ.

Applying Lebesgue’s theorem again:∫
X

[∫
Y
f(x, y)dυ

]
dµ = lim

n→∞

∫
X

[∫
Y
ϕn(x, y)dυ

]
dµ

= lim
n→∞

∫
X×Y

ϕn(x, y)d (µ× υ)

=

∫
X×Y

f(x, y)d (µ× υ) ,

which proves 5.10.

Remark 5.23 From a theoretical point of view, Fubini’s theorem appears
more satisfying because it assures that under the assumption of the integra-
bility of f(x, y), that the iterated integrals also exist and provide the same
numerical value. Thus integrability of f(x, y) assures that the component
functions are integrable almost everywhere, and that the integrals of these
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component functions are also integrable. So the step-by-step evaluation of
the iterated integral makes sense at each step.

On the other hand, from a practical point of view Tonelli’s theorem is
more useful than is Fubini’s because we do not need to ascertain integrabil-
ity of nonnegative f(x, y) in advance. The Tonelli results state that we can
in fact establish integrability of nonnegative measurable f(x, y) by demon-
strating the finiteness of the iterated integrals, and this can sometimes be
easier than establishing the finiteness of a joint integral. In addition, for
a general function f(x, y) Tonelli’s theorem can be applied to |f(x, y)| to
determine if f(x, y) is integrable by verifying the finiteness of the iterated
integral of |f(x, y)| . If integrable, we can conclude by Fubini’s theorem that∫
X×Y f(x, y)d (µ× υ) can be evaluated as an iterated integral.

Example 5.24 An example of the application of Fubini’s or Tonelli’s the-
orem is, perhaps surprisingly, to the evaluation of the one-variable integral
of the normal probability density function introduced in book 2. Recall
that this density function is non-negative, defined on (−∞,∞), depends on
a location parameter µ ∈ R and a scale parameter σ2 > 0, and is defined by:

fN (x) =
1

σ
√

2π
exp

(
− (x− µ)2 /

(
2σ2
))
. (5.11)

Because:

exp
(
−x2/2

)
< |x|−N ,

for any N as |x| → ∞, it follows that
∫∞
−∞ fN (x)dx <∞ as an improper Rie-

mann integral. By proposition 2.64 of book 3, this integral therefore equals
the corresponding Lebesgue integral. By either a traditional change of vari-
ables in the Riemann integral, or the corresponding transformation of the
Lebesgue integral under the measurable transformation T : x → (x − µ)/σ,
we obtain that ∫ ∞

−∞
fN (x)dx =

∫ ∞
−∞

φ(x)dx,

where φ(x) denotes the unit normal probability density:

φ(x) =
1√
2π

exp
(
−x2/2

)
. (5.12)

Example 5.25 To use this section’s results we consider the square of the
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integral of φ(x):[∫ ∞
−∞

φ(x)dx

]2

=
1

2π

∫ ∞
−∞

∫ ∞
−∞

exp
[
−
(
x2 + y2

)
/2
]
dxdy

=
1

2π

∫∫
R2 exp

[
−
(
x2 + y2

)
/2
]
dm2

=
2

π

∫∫
Q exp

[
−
(
x2 + y2

)
/2
]
dm2.

While the first step is notational, the transition from iterated integrals to
product space integral is justified by Tonelli’s theorem since exp

[
−
(
x2 + y2

)
/2
]

is continuous and hence measurable, or by Fubini’s theorem, noting that
this function is integrable because as noted above, exp

[
−
(
x2 + y2

)
/2
]
<[

x2 + y2
]−N for all N as x2 +y2 →∞. Then by symmetry this integral over

R2 equals four times the integral over the first quadrant, Q = {(x, y)|x >
0, y > 0}.

The final step is to use polar coordinates to evaluate this joint integral,
using the measurable transformation T : (0,∞)× (0, π/2)→ Q defined by:

T : (r, θ)→ (x, y),

x = r cos θ, y = r sin θ.

This transformation is continuously differentiable with Jacobian matrix:

T ′(r, θ) ≡

 cos θ −r sin θ

sin θ r cos θ

 ,

and Jacobian determinant det (T ′(r, θ)) = r. The inverse transformation is
given:

T−1 : (x, y)→ (r, θ),

r =
√
x2 + y2, θ = arctan(y/x).

From 3.25 of proposition 3.34 and 2 of remark 3.35 it follows that with
T : (0,∞)× (0, π/2)→ Q and g(x, y) = exp

[
−
(
x2 + y2

)
/2
]
,

2

π

∫
Q

exp
[
−
(
x2 + y2

)
/2
]
dm2 =

2

π

∫
T−1Q

g(T (r, θ))
∣∣det(T ′(r, θ))

∣∣ dm2

=
2

π

∫
T−1Q

r exp
(
−r2/2

)
dm2.
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Another application of Fubini’s theorem to the last integral, justified since
r exp

(
−r2/2

)
is integrable over T−1Q = (0,∞) × (0, π/2), produces the

iterated integral:

2

π

∫
Q

exp
[
−
(
x2 + y2

)
/2
]
dm2 =

2

π

∫ π/2

0

∫ ∞
0

r exp
(
−r2/2

)
drdθ = 1.

Recalling that the integral on the left equals
[∫∞
−∞ φ(y)dy

]2
completes the

proof that the Normal density integrates to 1.

Example 5.26 The following result is another example of the application of
Fubini’s theorem to the evaluation of a one-variable integral, and one which
is needed in the section below on Fourier transforms. The trick is to embed
the one variable function that we seek to integrate into a 2-variable function
for which the multiple integral is well defined, and where the integral relative
to the second variable is easy. Then by Fubini’s theorem we can reverse the
orders of integration to put the easy integral first.

Proposition 5.27 The function f(x) = sinx
x is Riemann and Lebesgue in-

tegrable on [0,∞) and:

lim
t→∞

∫ t

0

sinx

x
dx =

π

2
. (5.13)

Proof. Note that for x > 0,

f(x) =

∫ ∞
0

e−ux sinxdu

as a Riemann integral, but also as a Lebesgue integral by proposition 2.64
of book 3 since |e−ux sinx| ≤ e−ux is Riemann integrable. Further, the
integrand e−ux sinx is continuous and hence measurable on At ≡ {(x, u)|0 <
x ≤ t, 0 < u < ∞}, and is in fact integrable over At since by Tonelli’s
theorem: ∫∫

At

∣∣e−ux sinx
∣∣ dm2 =

∫ t

0

[∫ ∞
0

∣∣e−ux sinx
∣∣ du] dx

=

∫ t

0

|sinx|
x

dx

< t.

The last inequality follows because |sinx| ≤ x for x ≥ 0.
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Fubini’s theorem now applies and allows the interchange in the order of
integration as follows:∫ t

0

sinx

x
dx =

∫ ∞
0

∫ t

0
e−ux sinxdxdu

=

∫ ∞
0

[
1

u2 + 1

(
1− e−ut [u sin t+ cos t]

)]
du

=

∫ ∞
0

1

u2 + 1
du−

∫ ∞
0

e−ut [u sin t+ cos t]

u2 + 1
du,

where the middle equation follows by two applications of integration by parts.
The final step is to note that by a substitution of u = tanx, the first integral
equals π/2, and by the substitution y = ut the second converges to 0 as
t→∞. In detail:∣∣∣∣∫ ∞

0

e−ut [u sin t+ cos t]

u2 + 1
du

∣∣∣∣ ≤ ∫ ∞
0

e−y

y2 + t2
|y sin t+ t cos t| dy

≤
∫ ∞

0

(y + t)

y2 + t2
e−ydy

≤ c

t
.

The last inequality follows from a standard calculus maximization of f(y) =
(y + t) /

(
y2 + t2

)
for y ≥ 0 to show that f(y) ≤ c/t for t > 0.





Chapter 6

Applications of
Fubini/Tonelli

In this chapter, the results of the Fubini/Tonelli theorems will be applied
in three very different contexts:

1. Integration by Parts for Lebesgue-Stieltjes Integrals

The first section will develop results which extend the corresponding
Lebesgue result of section 3.4, and Riemann-Stieltjes result of section 4.1.2,
both of book 3, and which in turn extended the familiar result for Riemann
integrals.

2. Integrability of the Convolution of Integrable Functions

Convolutions of functions were informally introduced in section 1.4.1 of
book 4. This notion will be formally defined in the second section below
and the all-important question of integrability of convolutions studied. As
introduced in book 4, the convolution of two density functions produces the
density function of the sum of the associated random variables, with similar
results for distribution functions, and this study will be continued in book
6.

3. Fourier Transforms of Finite Borel Measures

The final section will focus on the development of Fourier transform the-
ory, the application of which will be seen in book 6 when the characteristic
function of a distribution function will be introduced and applied. Char-
acteristic functions provide a far more robust tool for studying properties

133
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of distribution functions than do moment generating functions, since as will
be seen, they always exist. With this tool we derive a more general central
limit theorem than that developed in book 4, as well as important results
on sums of random variables.

6.1 Lebesgue-Stieltjes Integration by Parts

In this section we present an extension of the Lebesgue and
Riemann-Stieltjes integration by parts results developed in book 3, which
in turn extended the familiar Riemann integration by parts formula.
Recall that given a real-valued function f(x) on an interval [a, b], we say
that f(x) is of bounded variation on [a, b], and abbreviated f ∈ B.V.
or f ∈ B.V.[a, b], if the total variation T[a,b] <∞, with:

T[a,b] = sup
Π

∑n

i=1
|f(xi)− f(xi−1)| .

The supremum here is taken over all partitions Π = {x0, x1, ..., xn} with

a = x0 < x1... < xn = b.

In proposition 3.27 of book 3 was proved that a function f(x) defined
on [a, b] is of bounded variation if and only if

f(x) = I1(x)− I2(x),

where I1(x) and I2(x) are monotonically increasing real valued functions.
As a difference of increasing functions, each of which is measurable and by
proposition 3.15 of book 3 differentiable m-a.e., meaning almost everywhere
relative to Lebesgue measure, it follows that bounded variation functions
are measurable and differentiable m-a.e.

For the current application we would like to generalize chapter 2 and
define integrals relative to certain "signed" measures which will be defined
relative to functions of bounded variation. To this end, we first generalize
the bounded variation definition from [a, b] to R, and then identify a useful
subset of this class of functions in the following definition. The notion
of signed measures will be studied in more detail in the section below, A
Digression into Signed Measures.

Definition 6.1 A real-valued function f(x) defined on R is of bounded
variation on R, abbreviated f ∈ B.V.[R], if the total variation T < ∞
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where T = sup[a,b] T[a,b]. We say that f(x) is of normalized bounded
variation on R, abbreviated f ∈ N.B.V.[R], if f ∈ B.V.[R], f is right
continuous, and f(−∞) = 0.

Remark 6.2 We make a few observations, leaving some of the details as
exercises.

1. If f ∈ B.V.[R] then f ∈ B.V.[a, b] for all [a, b], and hence f(x) =

I
[a,b]
1 (x) − I

[a,b]
2 (x) on [a, b] for monotonically increasing real valued

functions, I [a,b]
1 (x) and I [a,b]

2 (x). This implies that f(x) has this same

representation as defined on R, since if [c, d] ⊂ [a, b], I
[a,b]
j (x) can be

normalized so that I [a,b]
j (x) = I

[c,d]
j (x) for x ∈ [c, d].

2. If f ∈ B.V.[R] then f is differentiable m-a.e. by 1 and proposition
3.15 of book 3.

3. If f ∈ B.V.[R] then f is bounded, so |f(x)| ≤ M for some M. This
does not imply that I1(x) and I2(x) are bounded, but since

I2(x)−M ≤ I1(x) ≤ I2(x) +M,

either both of I1(x) and I2(x) are bounded, or neither is bounded.

4. If f ∈ B.V.[R] then limx→±∞ f(x) exist. For example, if

lim infx→∞ f(x) = l < L = lim supx→∞ f(x),

then for any ε > 0 there exist xn, x′n → ∞ so that l ≤ f(xn) ≤ l + ε
and L − ε ≤ f(x′n) ≤ L. Hence if ε < (L − l)/2 then any collection
of disjoint intervals of the form [xn, x

′
m] or [x′n, xm] would provide a

contradiction to the assumption that f ∈ B.V.[R].

5. By 2, if f ∈ B.V.[R] then f is continuous m-a.e. Hence, g(x) ≡ f(x+)
is right continuous, g ∈ B.V.[R], and g(x) = f(x) m-a.e. Recall that
f(x+) ≡ limy→x+ f(y). See section 3.2.1 for more on this notion of
one-sided limits.

6. By 4 and 5, if f ∈ B.V.[R] then g(x) ≡ f(x+) − f(−∞) is right
continuous, g ∈ B.V.[R] and g(−∞) = 0. Hence g ∈ N.B.V.[R].

7. If f ∈ B.V.[R] then with I1(x) and I2(x) as defined in 1, and with
g(x) ≡ f(x+) as in 5, we can take:

g(x) = I1(x+)− I2(x+).
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In other words, that g ∈ B.V.[R] implies the existence of increasing
functions so that g(x) = J1(x) − J2(x), but the right continuity of g
does not assure the right continuity of J1(x) and J2(x). However, such
g can be defined in terms of the right continuous versions of the Ij
increasing functions because by right continuity:

g(x) ≡ lim
y→x+

I1(y)− lim
y→x+

I2(y),

and hence defining J1(x) and J2(x) to equal these right limits does not
change the value of g(x).

8. If f ∈ N.B.V.[R] is defined by increasing I1(x) and I2(x), then:

limx→−∞ I1(x) = limx→−∞ I2(x), limx→∞ I1(x) = limx→∞ I2(x)+C.

This follows since f(−∞) = 0, meaning limx→−∞ f(x) = 0, and
f(∞) = limx→∞ f(x) = C < ∞. But note that from 3, these indi-
vidual limits need not be finite.

Example 6.3 If µ is a finite Borel measure then Fµ(x) ≡ µ(−∞, x] ∈
N.B.V.[R], since it is increasing, right continuous, F (−∞) = 0 and F (∞) <
∞ by proposition 5.7 of book 1. By the same result, if µ is a general Borel
measure, then Fµ(y) ∈ B.V.[a, b] for all [a, b], where:

Fµ(y) =


µ((0, y]), y > 0,

0, y = 0,

−µ((y, 0]), y < 0.

Such Fµ(y) is again right continuous reflecting continuity from above of µ.
Conversely, if F (x) is right continuous and increasing then F ∈ B.V.[a, b]

for all [a, b], and by proposition 5.23 of book 1, F induces a measure µF on
the Borel sigma algebra, B(R). If F is bounded then F ∈ B.V.[R] and µF is
a finite measure. In this case this measure is identical with the measure µG
where G(x) ≡ F (x)− F (−∞) ∈ N.B.V.[R].

This identification between right continuous increasing functions and
Borel measures is generalized in the next result which identifies right con-
tinuous B.V.[R] with countably additive set functions definable on bounded
A ∈ B(R). This set function is "nearly" a measure as is discussed below,
and also "nearly" a signed measure as discussed in chapter 8.
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Proposition 6.4 If f ∈ B.V.[R] is right continuous, define the set function
µf [(a, b]] = f(b)− f(a) for all bounded (a, b] ∈ A′, with A′ the semi-algebra
of right semi-closed intervals. Then there exist Borel measures µ1 and µ2

so that µf = µ1 − µ2 on A′, and µf so given is well defined for bounded
A ∈ B(R).

Proof. By 7 of remark 6.2 above, f(x) = I1(x)−I2(x) where I1(x) and I2(x)
are right continuous, increasing functions. Consequently by the development
of chapter 5 of book 1, there exist Borel measures µ1 and µ2 so that for all
right semi-closed intervals (a, b] :

µj [(a, b]] = Ij(b)− Ij(a),

where j = 1, 2. Thus for all such bounded intervals, µf [(a, b]] = µ1 [(a, b]]−
µ2 [(a, b]] , so µf = µ1 − µ2 on A′. The set function µf :

µf [A] ≡ µ1 [A]− µ2 [A] , (6.1)

is therefore defined for bounded Borel sets A ∈ B(R).

To see that µf is well-defined, assume that also f(x) = I ′1(x) − I ′2(x)
where I ′1(x) and I ′2(x) are right continuous, increasing functions. Then since
µf [(a, b]] = f(b)−f(a), it follows by the same argument that for all bounded
(a, b] :

µ1 [(a, b]]− µ2 [(a, b]] = µ′1 [(a, b]]− µ′2 [(a, b]] .

As each of µj and µ
′
j can be extended to measures on B(R), it then follows

that for all bounded A ∈ B(R),

µ1 [A]− µ2 [A] = µ′1 [A]− µ′2 [A] .

Hence µf is well defined by 6.1 for bounded A ∈ B(R).

Remark 6.5 Note that µf is not in general a measure since by construction,
it need not be the case that µf [A] ≥ 0. Further, this proposition falls short
of declaring that µf extends to a countably additive set function on the Borel
sigma algebra B(R). The problem is that as noted in 3 of remark 6.2 above,
that either both of I1(x) and I2(x) are bounded, or neither is bounded. In the
later case, if A is an unbounded interval, then formally, µf [A] =∞−∞ is
not well defined. Similarly, such µf is not countably additive on disjoint {Ai}
with µj [∪Aj ] = ∞. However, µf is perfectly well-defined on bounded Borel
measurable sets, and countably additive when both µj [∪Aj ] < ∞, which is
enough for the development below.
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Exercise 6.6 Prove that if f(x) = I1(x)− I2(x) where I1(x) and I2(x) are
right continuous, increasing and bounded functions, then µf is a countably
additive set function on B(R). This is an example of a signed measure of
chapter 8.

Proposition 6.7 If f ∈ B.V.[R] is right continuous, then for all bounded
Borel measurable functions g and bounded A ∈ B(R), the Lebesgue-Stieltjes
integral, ∫

A
gdµf ,

is well defined by ∫
A
gdµf =

∫
A
gdµ1 −

∫
A
gdµ2, (6.2)

where µ1 and µ2 are the measures defined in 6.1.
Proof. Given a decomposition f(x) = I1(x) − I2(x) where I1(x) and I2(x)
are right continuous, increasing functions, the integrals on the right in 6.2
are well defined by chapter 2. If also f(x) = I ′1(x) − I ′2(x) where I ′1(x)
and I ′2(x) are right continuous, increasing functions, then for all bounded
A ∈ B(R), µ1−µ2 = µ′1−µ′2 as noted above. Hence for all simple functions
ϕ with bounded domain:∫

ϕdµ1 −
∫
ϕdµ2 =

∫
ϕdµ′1 −

∫
ϕdµ′2.

If g is nonnegative, bounded and measurable and A bounded, then by corol-
lary 1.22 there is an increasing sequence {ϕn} so that ϕn → g pointwise on
A. By Lebesgue’s monotone convergence theorem,∫

A
gdµ = limn

∫
A
ϕndµ

where µ denotes any of the above four measures, and each integral is finite
by the assumptions on g and A. Hence

∫
A gdµf is well defined by 6.2. For

g bounded and measurable, this nonnegative result applies to g+ and g− of
definition 2.36 and the proof is complete.

With the aid of Fubini’s theorem we are now ready to state and prove an
integration by parts result for Lebesgue-Stieltjes integrals. The first result
compares most closely with the corresponding result on Riemann-Stieltjes
integrals of proposition 4.15 of book 3.
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Remark 6.8 To simplify the statements, the following proposition and corol-
laries assume that f, g ∈ B.V.[R] and then present results that are true for
any bounded interval (a, b]. But given fixed (a, b], it seems logical that a local
condition on f, g, such as f, g ∈ B.V.[[a − ε, b]], would be enough to assure
the same conclusions on this interval. This is indeed the case since such
functions can be extended to B.V.[R] functions by defining, for example,
f(x) = f(a− ε) for x < a− ε and f(x) = f(b) for x > b. The details are left
as an exercise.

Proposition 6.9 (Lebesgue-Stieltjes Integration by Parts) If f, g ∈
B.V.[R] are right continuous and at least one continuous, then for any
bounded interval (a, b] :∫

(a,b]
gdµf = f(b)g(b)− f(a)g(a)−

∫
(a,b]

fdµg. (6.3)

Proof. First note that both f and g are bounded and measurable since
f, g ∈ B.V.[R], and so by proposition 6.7 both integrals are well defined.
Define E ⊂ R2 by:

E = {(x, y)|a < x ≤ y ≤ b}.

Then E ∈ B(R2) as the intersection of open and closed sets:

E = {x ≤ y} ∩ {y ≤ b} ∩ {x > a}.

Also, since E ⊂ A with A = (a, b]× (a, b], and by definition
(
µf × µg

)
[A] =

(f(b)− f(a)) (g(b)− g(a)) <∞, it follows that:

(
µf × µg

)
(E) =

∫
A
χE(x, y)d

(
µf × µg

)
<∞.

Thus Fubini’s theorem applies and this integral can be evaluated as an iter-
ated integral. Since either measure can be assigned to the x-variable, these
iterated integrals will have the following form, with h and k denoting f and
g in some order (see below):∫

(a,b]

[∫
(a,y]

dµh(x)

]
dµk(y) =

∫
(a,b]

[∫
[x,b]

dµk(y)

]
dµh(x).

Now for any Borel measure,
∫

(a,y] dµh(x) = h(y)− h(a), but the integral∫
[x,b] dµk(y) is more subtle. However, if the B.V function k underlying µk
is continuous, then µk [[x, b]] = µk [(x, b]] by exercise 5.22 of book 1, and so
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again it follows that
∫

[x,b] dµk(y) = k(b) − k(x). So whichever of f and g
is continuous is assigned the role of k, notationally. To be specific, assume
that g is the continuous function. Then:

(
µf × µg

)
(E) =

∫
(a,b]

[∫
(a,y]

dµf (x)

]
dµg(y)

=

∫
(a,b]

[f(y)− f(a)] dµg(y)

=

∫
(a,b]

fdµg − f(a) [g(b)− g(a)] .

Similarly,

(
µf × µg

)
(E) =

∫
(a,b]

[∫
[x,b]

dµg(y)

]
dµf (x)

=

∫
(a,b]

[g(b)− g(x)] dµf (x)

= g(b)[f(b)− f(a)]−
∫

(a,b]
gdµf .

The proof is complete by simplifying the resulting expressions.

Corollary 6.10 If f, g ∈ B.V.[R] are right continuous and at least one
continuous, then for any bounded interval, [a, b] :∫

[a,b]
gdµf = f(b)g(b)− f(a−)g(a−)−

∫
[a,b]

fdµg, (6.4)

where f(a−) and g(a−) denote the lefts limits at a.
Proof. Define E′ = {(x, y)|a ≤ x ≤ y ≤ b}, then

(
µf × µg

)
(E′) < ∞ and

again Fubini’s theorem applies. The details are left as an exercise.

Of course by the continuity requirement of this corollary, at least one of
f(a−) or g(a−) equals the value of the respective function at a. When both
f and g are continuous, f(a−)g(a−) = f(a)g(a), and we have the following:

Corollary 6.11 If f, g ∈ B.V.[R] are continuous, then for any bounded
interval, [a, b] :∫

[a,b]
gdµf = f(b)g(b)− f(a)g(a)−

∫
[a,b]

fdµg. (6.5)
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The next corollary is an application of the above general result to Lebesgue
integration by parts, and is thus a restatement of proposition 3.63 of book
3. Recall from definition 3.54 of book 3 that a function f is defined to be
absolutely continuous if for any ε > 0 there is a δ so that∑n

i=1

∣∣f(xi)− f(x′i)
∣∣ < ε

for any finite collection of disjoint subintervals {(x′i, xi)}ni=1 with∑n

i=1

∣∣xi − x′i∣∣ < δ.

An absolutely continuous function is apparently continuous, but also by
proposition 3.58 of book 3, if f(x) is absolutely continuous on [a, b] then
f(x) ∈ B.V.[a, b] and thus f ′(x) exists m-a.e.

Corollary 6.12 (Lebesgue Integration by Parts) If f, g are absolutely
continuous functions, then for any bounded interval [a, b] :∫

[a,b]
g(x)f ′(x)dm = f(b)g(b)− f(a)g(a)−

∫
[a,b]

f(x)g′(x)dm, (6.6)

where dm denotes Lebesgue measure.
Proof. Because f is absolutely continuous, f ′(x) exists m-a.e. and by
proposition 3.61 of book 3:∫

[a,b]
f ′(x)dm = f(b)− f(a).

Also by definition and continuity of f (see exercise 5.22 of book 1):∫
[a,b]

dµf ≡ µf [[a, b]] = f(b)− f(a).

Now
∫

[a,b] dµf and
∫

[a,b] f
′(x)dm are countably additive on the semi-algebra

A′ of right semi-closed intervals by 2.20 and proposition 2.60 of book 3 re-
spectively. Thus it follows by the uniqueness theorem of proposition 6.14 of
book 1 that for all A ∈ B(R) :∫

A
dµf =

∫
A
f ′(x)dm.

Proposition 3.6 then states in 3.3, with a slight notational change, that for
all measurable functions g :∫

A
gdµf =

∫
A
g(x)f ′(x)dm.
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A similar derivation obtains,∫
A
fdµg =

∫
A
f(x)g′(x)dm.

The result in 6.6 now follows by continuity of f and g, and 6.5.

6.2 Integrability of the Convolution of Functions

It is not a surprise after a little thought that if f(x) and g(x) are
µ-integrable functions, then the product f(x)g(x) need not be µ-integrable.
For example on [0, 1], a function f(x) = xa is Lebesgue integrable if and
only if a > −1, so the product of such functions, say both with a = −1/2,
need not be integrable. However, there is a special type of product, called
a convolution product or just a convolution, for which integrability is
preserved. Introduced in section 1.4 of book 4 and to be further developed
in book 6, convolutions play an important role in probability theory.

Notation 6.13 To simplify notation we will denote Lebesgue integrals by∫
f(x)dm rather than (L)

∫
f(x)dx as above. In integrals involving more

than one variable, the notation such as
∫
f(x, y)dm(y) will be used for clar-

ity.

Definition 6.14 Let f(x) and g(x) be integrable functions on the complete
Lebesgue measure space (R,ML,m). Then the convolution of f and g,
denoted f ∗ g, is defined by:

f ∗ g(x) =

∫
f(x− y)g(y)dm(y) (6.7)

when this integral exists.

Remark 6.15 Informally it is easy to gain an insight into the probability
theory application of convolutions by considering for x fixed, the variates on
which f and g are valued for this integral. As can be seen, f is valued on
x− y and g is valued on y, and so for all y these variates add to x. In other
words, this convolution formula reflects all pairs of variates that add to x.
While introduced in book 4, convolutions will be further investigated and seen
to play a key role in the development of the distribution function of the sum
of "independent" random variables in book 6.
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It is an exercise using results on change of variables to show that for any
x for which the integral in 6.7 exists, that f ∗g(x) = g∗f(x). In other words,∫

f(x− y)g(y)dm(y) =

∫
g(x− y)f(y)dm(y). (6.8)

The main result of this section is that if f and g are integrable, then
f(x− y)g(y) is integrable for almost all x, and f ∗ g(x) is in fact integrable.
Moreover, this last result will also yield an upper bound for the value of the
integral

∫
f ∗ g(x)dx.

Lebesgue product spaces are σ-finite, as is proved by considering the col-
lection of compact rectangles defined by Am = {(x1, x2, ..., xn)| −m ≤ xj ≤
m for all j}, and noting that Am has Lebesgue measure (2m)n. Thus to jus-
tify the use of Tonelli’s theorem we must prove "only" that f(x−y)g(y) is a
Lebesgue measurable function on the complete product space (R2,M2

L,m
2)

constructed with two copies of the original space (R,ML,m) as in chapter
7 of book 1.

Regarding Lebesgue measurability of h(x, y) ≡ f(x− y)g(y), meaning

h : (R2,M2
L,m

2)→ (R,B(R),m)

is measurable, it is enough to establish measurability of the component
functions by proposition 1.5. While the measurability of g(y) is readily
established, perhaps surprisingly the Lebesgue measurability of f(x − y)
on R2 is not obvious and in fact somewhat challenging to establish. One
reference that explicitly addresses this question is Hewitt and Stromberg
(1965), whose approach we follow. Given Lebesgue measurable f : R → R,
the idea is to identify a property of ϕ : R2 → R which assures the Lebesgue
measurability of k(x, y) ≡ f(ϕ(x, y)), and then to prove that ϕ(x, y) ≡ x−y
has this property.

Proposition 6.16 Let ϕ : R2 → R be Borel measurable and with the addi-
tional property that if N ∈ ML with m(N) = 0, then ϕ−1(N) ∈ M2

L and
m2
[
ϕ−1(N)

]
= 0. Then f(ϕ) : R2 → R is Lebesgue measurable for every

Lebesgue measurable function f .
Proof. First let f(x) ≡ χA(x), the characteristic function of a set A ∈ML.
By proposition 2.42 of book 1 there exists disjoint G ∈ B(R) and N ∈ ML

so that A = G ∪N and m(N) = 0. Then χA(ϕ)(x, y) ≡ χϕ−1(A)(x, y) and:

χϕ−1(A)(x, y) = χϕ−1(G)(x, y) + χϕ−1(N)(x, y).

Thus χA(ϕ) is Lebesgue measurable since ϕ−1(G) ∈ B(R2) by Borel mea-
surability of ϕ, and ϕ−1(N) ∈ M2

L by hypothesis. It then follows from
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proposition 3.30 of book 1 that f(ϕ) is Lebesgue measurable for all simple
functions f =

∑n
j=1 ajχAj , since then f(ϕ) =

∑n
j=1 ajχAj (ϕ).

Given a Lebesgue measurable function f , part 2 of the proof of proposition
3.49 of book 1 (see also proposition 1.18 and remark 1.19 above) assure the
existence of a sequence of simple functions fk with fk → f. Thus fk(ϕ) →
f(ϕ) and measurability of f(ϕ) follows from proposition 3.47 of book 1.

Example 6.17 The function ϕ(x− y) = x− y satisfies the requirements of
proposition 6.16. First, ϕ is Borel measurable since by continuity, ϕ−1(A) is

open and hence ϕ−1(A) ∈ B(R) for open A ⊂ R2. Thus ϕ−1
[
B(R2)

]
⊂ B(R)

since such open sets generate B(R2). Next, if N ∈ML with m(N) = 0, then
ϕ−1(N) =

⋃∞
n=1 Pn with

Pn ≡ {(x, y)|x− y ∈ N and |y| ≤ n}.

The desired result that m2
[
ϕ−1(N)

]
= 0 will follow from m2 [Pn] = 0 for

all n and countable subadditivity. By proposition 2.43 of book 1, m is outer
regular and there exists open sets {G′k} so that N ⊂ G′k and inf m [G′k] =
m(N) = 0. Further by proposition 2.42 of book 1, given ε > 0 such sets can
be chosen to have m[G′k] < ε for all k. Defining Gk =

⋂
j≤kG

′
j it follows that

{Gk} are open and nested, Gk+1 ⊂ Gk, m[G1] < ε, and limk→∞m [Gk] =
m(N) = 0. For given n define the sets {Hk} by Hk = {(x, y)|x − y ∈
Gk}∩{|y| ≤ n}. Note that {(x, y)|x−y ∈ Gk} = ϕ−1(Gk) is open as the pre-
image of an open set under a continuous function, and so each Hk ∈ B(R2)
as the intersection of an open and closed set, Hk+1 ⊂ Hk, and Pn ⊂

⋂
Hk.

To prove that m2 [Pn] = 0 we prove that m2 [
⋂
Hk] = 0.

To this end, since {Hk} are nested and m[H1] < ε by construction, it
follows by continuity from above of proposition 2.44 of book 1 that:

m2 [
⋂
Hk] = lim

k→∞
m [Hk] .

Now with χA denoting the characteristic function of a set A, it follows by
either Fubini’s or Tonelli’s theorem that:

m [Hk] ≡
∫
χHk(x, y)dm2

=

∫ ∞
−∞

[∫ ∞
−∞

χHk(x, y)dm(x)

]
dm(y)

=

∫ n

−n

[∫ ∞
−∞

χGk(x− y)dm(x)

]
dm(y).
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By a change of variable,∫ ∞
−∞

χGk(x− y)dm(x) =

∫ ∞
−∞

χGk(x)dm(x) = m(Gk),

and thus:
m [Hk] = 2nm(Gk).

So m2 [
⋂
Hk] = 0 since limk→∞m [Gk] = m(N) = 0.

Proposition 6.18 Let f(x) and g(x) be integrable functions on the Lebesgue
measure space (R,ML,m). Then:

1. The function f(x− y)g(y) is m(y)-integrable for almost all x. That is,∫
|f(x− y)g(y)| dm(y) <∞, m-a.e.

2. Defining f ∗ g(x) as in 6.7, then f ∗ g(x) is m-integrable with:∫
|f ∗ g(x)| dm(x) ≤

∫
|f(x)| dm

∫
|g(y)| dm, (6.9)

and ∫
f ∗ g(x)dm(x) =

∫
f(x)dm

∫
g(y)dm. (6.10)

Proof. To apply Tonelli’s theorem, it must be shown that F (x, y) ≡ f(x−
y)g(y) is Lebesgue measurable and this follows from proposition 6.16 and
example 6.17. To prove integrability of F (x, y), an application of Tonelli’s
theorem obtains:∫∫

|f(x− y)g(y)| dm2(x, y) =

∫ ∫
|f(x− y)g(y)| dm(x)dm(y)

=

∫
|f(x)| dm(x)

∫
|g(y)| dm(y).

The second step uses a change of variable in the x-integral:∫
|f(x− y)| dm(x) =

∫
|f(x)| dm(x) for all y.

Consequently, the integrability of f(x) and g(x) assure the integrability of
f(x − y)g(y) in (R2,M2

L,m
2). Because f(x − y)g(y) is integrable, Fubini’s
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theorem assures that this function is y-integrable for almost all x. In other
words,

∫
|f(x− y)g(y)| dm(y) <∞ m-a.e., which is part 1.

Moreover, Fubini’s theorem and the triangle inequality assure the inte-
grability of f ∗ g(x) =

∫
f(x− y)g(y)dm(y):∫

|f ∗ g(x)| dm(x) ≤
∫ ∫

|f(x− y)g(y)| dm(x)dm(y)

=

∫
|f(x)| dm(x)

∫
|g(y)| dm(y),

which is 6.9.
Applying Fubini’s theorem to f(x− y)g(y):∫∫

f(x− y)g(y)dm2(x, y) =

∫ ∫
f(x− y)g(y)dm(x)dm(y)

=

∫
f(x)dm(x)

∫
g(y)dm(y),

as above. But note that the m2-integral can also be expressed as iterated
integrals in reversed order, and:∫ ∫

f(x− y)g(y)dm(y)dm(x) =

∫
f ∗ g(x)dm(x).

Combining obtains 6.10.

Example 6.19 Let f(x) and g(y) be the density functions for the unit nor-
mal random variable as in 5.12, for example:

f(x) =
1√
2π

exp
(
−x2/2

)
.

Then

f ∗ g(x) =
1

2π

∫
exp

[
− (x− y)2 /2

]
exp

(
−y2/2

)
dy

=
1

2π
exp

(
−x2/4

) ∫
exp

[
−(y − x/2)2

]
dy.

This second integral equals
√
π by substitution, and hence

f ∗ g(x) =
1√
4π

exp
(
−x2/4

)
.

Comparing this with 5.11, it can be concluded that f ∗ g(x) is the density of
a normal variate with µ = 0 and σ2 = 2.

With more algebra this conclusion generalizes.
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Exercise 6.20 Prove that if f(x) and g(y) are density functions for normal
variates with parameters

(
µ1, σ

2
1

)
and

(
µ2, σ

2
2

)
, then f ∗ g(x) is the density

of a normal variate with µ = µ1 + µ2 and σ
2 = σ2

1 + σ2
2. Generalize this to

n density functions by induction.

6.3 Fourier Transforms of Finite Borel Measures

As noted in the introduction to this chapter, Fourier transform theory will
be applied in book 6 where the characteristic function of a distribution
function will be introduced and its properties developed. Characteristic
functions provide a far more robust tool for studying properties of
distribution functions than do the moment generating functions of book 4,
since they will be seen to always exist. Consequently, a more general
central limit theorem is possible with this tool, as are important results on
sums of random variables.

This section will focus on the 1-dimensional theory of Fourier transforms,
which will be suffi cient for both a 1-dimensional and n-dimensional theory
of characteristic functions in book 6.

6.3.1 Integration of Complex Valued Functions

The definitions of Fourier transform and Fourier-Stieltjes transform require
an integration theory applicable to complex valued functions of a real
variable. That is, functions f(x) with f : R→ C. As it turns out, the
above theory easily extends as we discuss here. But note that a good deal
more work and justification would be needed for an integration theory for
complex valued functions of a complex variable, f : C→ C, which
fortunately is a theory not needed for our purposes.

Given a function f(x) with f : R→ C, it follows that f(x) = u(x)+iv(x)
where u, v : R → R, and i is the standard notation for the complex or
"imaginary" unit, i ≡

√
−1.

Definition 6.21 Given a real measure space (R, σ(R), µ), define f(x) : R→
C to be measurable if f(x) = u(x)+ iv(x) and both u(x) and v(x) are mea-
surable. That is, f(x) is measurable if u−1(A) ∈ σ(R) and v−1(A) ∈ σ(R)
for all Borel sets A ∈ B(R). A function f : X → C is similarly defined to
be measurable relative to (X,σ(X), µ) based on the analogous measurability
of u(x) and v(x).
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If u(x) and v(x) are µ-integrable, we define µ-integral of f(x) by:∫
f(x)dµ ≡

∫
u(x)dµ+ i

∫
v(x)dµ,

and similarly for
∫
A f(x)dµ.

Remark 6.22 Since |f(x)| =
√
u2(x) + v2(x), we have that:

max[|u(x)| , |v(x)|] ≤ |f(x)| ≤ |u(x)|+ |v(x)| ,

and hence f(x) is µ-integrable, meaning
∫
|f(x)| dµ <∞, if and only if u(x)

and v(x) are µ-integrable.

With this definition, all of the properties of the integral summarized in
proposition 2.40 are readily seen to be satisfied, with perhaps the exception
of the triangle inequality. To justify a triangle inequality requires a limiting
argument, because the naive approach using the triangle inequality for real
functions does not produce the desired result. Specifically, by definition of
|z|2 for complex z:∣∣∣∣∫ f(x)dµ

∣∣∣∣2 ≡ ∣∣∣∣∫ u(x)dµ

∣∣∣∣2 +

∣∣∣∣∫ v(x)dµ

∣∣∣∣2
≤
[∫
|u(x)| dµ

]2

+

[∫
|v(x)| dµ

]2

≤
[∫
|u(x)| dµ+

∫
|v(x)| dµ

]2

.

Hence: ∣∣∣∣∫ f(x)dµ

∣∣∣∣ ≤ ∫ [|u(x)|+ |v(x)|] dµ.

This upper bound exceeds the desired result of
∫
|f(x)| dµ =

∫ √
u2(x) + v2(x)dµ.

Exercise 6.23 (Triangle inequality) If f(x) = u(x) + iv(x) where u(x)
and v(x) are µ-integrable, prove that with:∫

f(x)dµ ≡
∫
u(x)dµ+ i

∫
v(x)dµ,

that the triangle inequality holds:∣∣∣∣∫ f(x)dµ

∣∣∣∣ ≤ ∫ |f(x)| dµ.
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Hint: Start with simple functions u(x) and v(x) defined with the same parti-
tion. Then develop approximating sequences of simple functions for u(x) and
v(x), justifying the use of the same partitions using Lebesgue’s dominated
convergence theorem and the integrability of f(x).

Finally, Lebesgue’s dominated convergence theorem and corol-
laries again apply in this context. To see this, assume that {fn(x)} =
{un(x) + ivn(x)} is a sequence of µ-measurable functions on µ-measurable
set E, with limn→∞ fn(x) = f(x) where f(x) = u(x) + iv(x). Assume also
that there is a µ-measurable function g(x), integrable on E, so that

|fn(x)| ≤ g(x), all n.

This inequality then applies to both |un(x)| and |vn(x)| and so both u(x)
and v(x) are µ-integrable on E and by Lebesgue’s dominated convergence
theorem:∫

E
u(x)dµ = lim

n→∞

∫
E
un(x)dµ,

∫
E
v(x)dµ = lim

n→∞

∫
E
vn(x)dµ.

Hence f(x) is µ-integrable on E and by linearity,∫
E
f(x)dµ = lim

n→∞

∫
E
fn(x)dµ.

Further,∫
E
|fn(x)− f(x)| dµ ≤

∫
E
|un(x)− u(x)| dµ+

∫
E
|vn(x)− v(x)| dµ

→ 0, as n→∞.

6.3.2 Fourier Transforms

Fourier transforms are named for Jean Baptiste Joseph Fourier
(1768 —1830) who introduced the underlying mathematical tools in the
context of Fourier series which he developed to study the solutions of
certain partial differential equations. An example of a Fourier series was
seen in 4.7. As we will see in book 6, Fourier transforms also have
important applications to probability theory, where this transform is
known as the characteristic function.

With i the standard notation for the complex unit i ≡
√
−1, recall that

as is verified by Taylor series analysis, eix is well defined by the power series:

eix ≡
∑∞

j=0

(ix)j

j!
. (6.11)
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This series is absolutely convergent for all x ∈ R, and so the summation can
be split into even and odd terms:

∑∞

j=0

(ix)j

j!
=
∑∞

j=0

x2j

(2j)!
+ i
∑∞

j=0

x2j+1

(2j + 1)j!
.

This obtains Euler’s formula:

eix = cosx+ i sinx, (6.12)

named for Leonhard Euler (1707 —1783).
A simple consequence of Euler’s formula is that∣∣eix∣∣ = 1, all x ∈ R, (6.13)

since cos2 x+ sin2 x = 1 for all such x. This formula also contains the beau-
tiful result known as Euler’s identity:

eπi = 1. (6.14)

Finally, considering e±ix yields:

cosx =
eix + e−ix

2
, sinx =

eix − e−ix
2i

. (6.15)

Remark 6.24 The formula in 6.11 generalizes to z = a + bi, a, b ∈ R
using ez = eaeib and a reordering of the series that is justified by absolute
convergence:

ez ≡
∑∞

k=0

zk

k!
= ea (cos b+ i sin b) . (6.16)

The error in the partial summations in 6.11 is given by the following
proposition, and will be useful in the development that follows.

Proposition 6.25 For every n :∣∣∣∣∣eix −∑n

j=0

(ix)j

j!

∣∣∣∣∣ ≤ min

[
|x|n+1

(n+ 1)!
,
2 |x|n

n!

]
. (6.17)

Proof. First, eix = 1 + i
∫ x

0 e
itdt, and integration by parts yields:∫ x

0
(x− t)n eitdt =

xn+1

n+ 1
+

i

n+ 1

∫ x

0
(x− t)n+1 eitdt. ((*))
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Starting with n = 0 and applying this formula iteratively obtains:

eix =

n∑
j=0

(ix)j

j!
+
in+1

n!

∫ x

0
(x− t)n eitdt. ((**))

Hence by 6.13 and the triangle inequality, considering x < 0 and x > 0
separately produces: ∣∣∣∣∣∣eix −

n∑
j=0

(ix)j

j!

∣∣∣∣∣∣ ≤ |x|n+1

(n+ 1)!
.

Rewriting the equality in (∗) :

i

n

∫ x

0
(x− t)n eitdt =

∫ x

0
(x− t)n−1 eitdt− xn

n

=

∫ x

0
(x− t)n−1 (eit − 1

)
dt,

and so

in+1

n!

∫ x

0
(x− t)n eitdt =

in

(n− 1)!

∫ x

0
(x− t)n−1 (eit − 1

)
dt.

Since
∣∣eit − 1

∣∣ ≤ 2, we estimate again the error term from the above expres-
sion for eix in (∗∗) to get:∣∣∣∣∣∣eix −

n∑
j=0

(ix)j

j!

∣∣∣∣∣∣ ≤ 2 |x|n

n!
.

With the above preliminary results, we now turn to the main topic of
this section.

Definition 6.26 If f(x) is a Lebesgue integrable function, f : R → C, the
Fourier transform of f(x), denoted f̂(t), is defined by:

f̂(t) =

∫ ∞
−∞

f(x)eitxdm, (6.18)

where dm denotes Lebesgue measure. If µ is a finite Borel measure on R, the
Fourier-Stieltjes transform of the finite measure µ, denoted φµ(t), is
defined by:

φµ(t) =

∫ ∞
−∞

eitxdµ. (6.19)
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Notation 6.27 As derived in chapter 5 of book 1, every finite Borel measure
µ is induced by an increasing, bounded and right continuous function F (x)
in the sense that:

µ [(a, b]] ≡ F (b)− F (a).

Thus it is common to denote φµ(t) in 6.19 as φF (t), and then it is also
common to express this integral as a Lebesgue-Stieltjes integral:

φF (t) =

∫ ∞
−∞

eitxdF.

Remark 6.28 1. See remark 6.52 below on other conventions for the
definition of f̂(t). The particular formulation here was chosen to be
consistent with the notion of a characteristic function studied in book
6.

2. Note that by the discussion above on integration of complex valued
functions, both f̂(t) and φµ(t) are well defined for all t for the integrable
functions and finite measures considered. By 6.13 and the triangle
inequality, ∣∣∣f̂(t)

∣∣∣ ≤ ∫ ∞
−∞
|f(x)| dm,

∣∣φµ(t)
∣∣ ≤ ∫ ∞

−∞
dµ,

and by definition,

f̂(0) =

∫ ∞
−∞

f(x)dm, φµ(0) =

∫ ∞
−∞

dµ.

3. When the "distribution" function F induced by µ is in turn defined by
a nonnegative integrable "density" function f(x) in the sense that:

F (x) =

∫ x

−∞
f(y)dm,

then by an application of the change of variables formula 3.2:

φF (t) = f̂(t),

and hence these definitions agree. That is, the Fourier-Stieltjes trans-
form of the finite measure µ equals the Fourier transform of the un-
derlying "density" function f when this function exists. Consequently,
results below for φF (t) are automatically true for f̂(t) when F (x) is
defined by an integrable function f(x).
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Conversely, given a nonnegative integrable function f(x) we can always
create the associated finite Borel measure µ by the above steps, and
thus f̂(t) = φF (t) again. Consequently, results below for f̂(t) are
automatically true for φF (t) for F defined by f.

4. By 6.12,

f̂(t) =

∫ ∞
−∞

f(x) cosxdm+ i

∫ ∞
−∞

f(x) sinxdm, (6.20)

so:

(a) If f(x) is an even function, meaning f(x) = f(−x), then∫∞
−∞ f(x) sinxdm = 0 and f̂(t) is real for all t,

(b) If f(x) is an odd function, meaning f(x) = −f(−x), then∫∞
−∞ f(x) cosxdm = 0 and f̂(t) is purely imaginary for all t.

Properties of Fourier Transforms

Some of the important properties of f̂(t) and φF (t) are developed in the
following propositions. See exercise 6.30 below for other results. The first
proposition states that the smoothness of the Fourier-Stieltjes transform
φF (t), is determined by the rate of decay of the µF -measure of sets as these
sets move toward ±∞. In a probability context, this decay rate is captured
in the notion of fat tails for probability measures which decay slowly, and
thin or skinny tails for probability measures that decay rapidly.

More formally, part 1 of the next proposition states that for a finite
measure µF , meaning:∫ N

M
dµF < C0 <∞, all N,M ,

φF (t) will be uniformly continuous. However, if∫ N

M
|x| dµF < C1 <∞, all N,M ,

then φF (t) will be once continuously differentiable, while if∫ N

M
|x|n dµF < Cn <∞, all N,M ,
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φF (t) will be n-times continuously differentiable. Infinite differentiability is
also characterized.

In the case where µF is given by a distribution function F (x) with asso-
ciated density function f(x), this general result can be restated with 3.2 as
follows. If ∫ N

M
|x|n f(x)dm < Cn <∞, all N,M ,

then f̂(t) will be n-times continuously differentiable. Thus by this formula
we see that the decay rate of f(x) at ±∞ implies the degree of smoothness
of f̂(t). Specifically, if |f(x)| ≤ C |x|−n−1−ε as |x| → ∞, then f̂(t) will be
n-times continuously differentiable.

Remark 6.29 Note that when µF is a probability measure, the finiteness
of these integrals can be stated in terms of the existence of moments. See
chapter 3 of book 4, but more will be made of this connection in book 6.

Exercise 6.30 Derive the following properties of the Fourier transform, as-
suming that f(x) and g(x) are integrable. Justify the integrability of the other
functions.

1. If h(x) = f(x)eiax for a ∈ R, then ĥ(x) = f̂(x− a).

2. If h(x) = f(x− a) for a ∈ R, then ĥ(x) = f̂(x)e−iax.

3. If h(x) = f(x/a) for a > 0, then ĥ(x) = af̂(ax).

4. If h(x) = af(x) + bg(x) for a, b ∈ R, then ĥ(x) = af̂(x) + bĝ(x).

5. If h(x) = f(ax+ b) for a, b ∈ R, then ĥ(x) = eibtf̂(at).

Proposition 6.31 Given a finite measure µF :

1. φF (t) is uniformly continuous on R.

2. If
∫∞
−∞ |x|

n dµF <∞ for positive integer n, then φF (t) is differentiable
up to order n,

φ
(k)
F (t) =

∫ ∞
−∞

(ix)k eitxdµF , for 1 ≤ k ≤ n, (6.21)

and φ(k)
F (t) is uniformly continuous for 1 ≤ k ≤ n.
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3. If
∫∞
−∞ e

|sx|dµF < ∞ for any s 6= 0, then φF (t) is infinitely differen-
tiable and for |t| ≤ |s| :

φF (t) =
∞∑
j=0

(it)j

j!

∫ ∞
−∞

xkdµF . (6.22)

Proof. Taking these statements in turn:

1. By 6.13,
∣∣ei(t+h)x − eitx

∣∣ =
∣∣eihx − 1

∣∣ is independent of t, and so:
|φF (t+ h)− φF (t)| ≤

∫ ∞
−∞

∣∣∣eihx − 1
∣∣∣ dµF

≤ 2

∫ ∞
−∞

dµF .

By continuity eihx − 1→ 0 for all x as h→ 0, and thus by Lebesgue’s
dominated convergence theorem,

|φF (t+ h)− φF (t)| → 0

as h→ 0, and this convergence is independent of t.

2. We prove the result for n = 1, and illustrate the general case by in-
duction. Note that by 6.17:∣∣∣∣φF (t+ h)− φF (t)

h

∣∣∣∣ ≤ ∫ ∞
−∞

∣∣∣∣eihx − 1

h

∣∣∣∣ dµF
≤
∫ ∞
−∞
|x| dµF ,

so by Lebesgue’s dominated convergence it follows that:

φ′F (t) ≡ lim
h→0

∫ ∞
−∞

[
ei(t+h)x − eitx

h

]
dµF =

∫ ∞
−∞

[ix] eitxdµF .

Moreover, by the argument in part 1, φ′F (t) is again seen to be uni-
formly continuous.

The induction step then works as follows, illustrating n = 2 for sim-
plicity. First:∣∣∣∣φ′F (t+ h)− φ′F (t)

h

∣∣∣∣ ≤ ∫ ∞
−∞
|x|
∣∣∣∣eihx − 1

h

∣∣∣∣ dµF
≤
∫ ∞
−∞
|x|2 dµF ,
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and by Lebesgue’s dominated convergence:

φ′′F (t) ≡ lim
h→0

∫ ∞
−∞

[ix]

[
ei(t+h)x − eitx

h

]
dµF =

∫ ∞
−∞

[ix]2 eitxdµF .

Uniform continuity of φ′′F (t) follows as above.

3. Infinite differentiability follows since for any n, |x|n ≤ e|sx| for |x| / ln |x| ≥
n/ |s| and so the requirement of part 2 is satisfied for all n. For this con-
clusion note that this inequality is equivalent to |x| ≥ cn since |x| / ln |x|
is increasing and unbounded. For the expansion in 6.25, 6.17 provides:∣∣∣∣∣φF (t)−

∑n

j=0

(it)j

j!

∫ ∞
−∞

xkdµF

∣∣∣∣∣ ≤ |t|n+1

(n+ 1)!

∫ ∞
−∞
|x|n+1 dµF ,

and the proof will be completed by showing that this upper bound can
be made small uniformly in n if |t| ≤ |s| .
To this end, the µF -integrability of e

|sx| justifies the application of
corollary 2.48 to Lebesgue’s dominated convergence theorem to con-
clude that ∫ ∞

−∞
e|sx|dµF =

∑∞

j=0

(|s|)j

j!

∫ ∞
−∞
|x|j dµF .

This implies that for any ε > 0 there is an N so that for n ≥ N :

∑∞

j=n

(|s|)j

j!

∫ ∞
−∞
|x|j dµF < ε.

Hence if |t| ≤ |s| , this can be applied in the φF (t) estimate above to
obtain that for any ε > 0,∣∣∣∣∣∣φF (t)−

n∑
j=0

(it)j

j!

∫ ∞
−∞

xkdµF

∣∣∣∣∣∣ < ε

for n ≥ N(ε), which is 6.22.

As noted above, the prior proposition and 3.2 imply that the degree
of the decay rate of f(x) at ±∞ determines the degree of smoothness of
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f̂(t) as defined in terms of the existence of continuous derivatives. Specifi-
cally, if |x|n f(x) is integrable then f̂(t) will be n-times continuously dif-
ferentiable. Also noted above, this integrability condition is assured if
|f(x)| ≤ C |x|−n−1−ε as |x| → ∞. Hence the decay rate of f(x) implies
smoothness of f̂(t).

The next proposition provides another connection between decay rate
and smoothness between f(x) and f̂(t). Here it is the smoothness of f(x),
defined in terms of the integrability of f(x) and its derivatives, that de-
termines the decay rate of f̂(t) as t → ±∞. Part 1 of this result is the
Riemann-Lebesgue Lemma, named for Bernhard Riemann (1826 —
1866) andHenri Lebesgue (1875 —1941). It states that if f(x) is integrable

then
∣∣∣f̂(t)

∣∣∣ → 0 as t → ±∞. Part 2 generalizes this in that if f ′(x) exists

and is integrable, then
∣∣∣f̂(t)

∣∣∣ = o(t−1) as t→ ±∞, and if all derivatives up

to the nth derivative f (n)(x) exist and are integrable, then
∣∣∣f̂(t)

∣∣∣ = o(t−n)

as t→ ±∞.
Recall the following "big-O" and "little-o" terminology.

Definition 6.32 (big O, little o) Let f(x) and g(x) > 0 be two functions
defined on R. The expression

f(x) = O(g(x)) as x→∞,

or in words, "f(x) is big-O of g(x) as x→∞," means that there is an x0

and positive constant M so that:

|f(x)| ≤Mg(x) for all x ≥ x0.

The expression
f(x) = o(g(x)) as x→∞,

or in words, "f(x) is little-o of g(x) as x→∞," if:

f(x)

g(x)
→ 0 as x→∞.

Remark 6.33 To highlight the connection between 1 and 2 of this proposi-
tion, 6.23 is sometimes written as

∣∣∣f̂(t)
∣∣∣ = o(1) as t→ ±∞ .

Proposition 6.34 Given a Lebesgue measurable function f(x) :
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1. (Riemann-Lebesgue lemma) If f(x) is integrable then:∣∣∣f̂(t)
∣∣∣→ 0 as t→ ±∞ . (6.23)

2. If f (k)(x) exists and is an integrable function for k ≤ n, then:∣∣∣f̂(t)
∣∣∣ = o(|t|−n) as t→ ±∞ . (6.24)

Proof. For the Riemann-Lebesgue lemma, assume f(x) is nonnegative and
integrable as the general case follows from applying this result to f+(x) and
f−(x) of definition 2.36. By proposition 1.24 there is an increasing sequence
of step functions {ϕn(x)}∞j=1, each defined on a disjoint finite collection of
right semi-closed intervals, each is 0 outside a set of finite measure, and
ϕn(x)→ f(x) for all x. Hence by Lebesgue’s dominated convergence theorem
(above, or proposition 2.61 of book 3),∫ ∞

−∞
ϕn(x)dm→

∫ ∞
−∞

f(x)dm,

and for any ε > 0 there is an M so that for n ≥M :∫ ∞
−∞
|f(x)− ϕn(x)| dm < ε/2.

Since ||a| − |b|| ≤ |a− b| for a, b ∈ R, it follows from this, 6.13, and the
triangle inequality that for n ≥M and all t :∣∣∣∣∣∣∣∣∫ ∞

−∞
f(x)eitxdm

∣∣∣∣− ∣∣∣∣∫ ∞
−∞

ϕn(x)eitxdm

∣∣∣∣∣∣∣∣
≤
∣∣∣∣∫ ∞
−∞

f(x)eitxdm−
∫ ∞
−∞

ϕn(x)eitxdm

∣∣∣∣
< ε/2.

If for such n, ϕn(x) =
∑Nn

j=1 cjχ(aj ,bj ](x), then:∫ ∞
−∞

ϕn(x)eitxdm =
∑Nn

j=1
cj

[
eitaj − eitbj

]
/it,

and by 6.13: ∣∣∣∣∫ ∞
−∞

ϕn(x)eitxdm

∣∣∣∣ ≤ 2
∑Nn

j=1
|cj | /t.
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Hence as a function of t,
∣∣∣∫∞−∞ f(x)eitxdm

∣∣∣ can be made arbitrarily close to∣∣∣∫∞−∞ ϕn(x)eitxdm
∣∣∣ , which in turn converges to 0 as t→∞, and this obtains

the Riemann-Lebesgue lemma.
To prove 6.24, recall Lebesgue integration by parts in 6.6. To justify this

application recall 4 of remark 3.55 of book 3 to conclude that the assump-
tion on the existence of f (k)(x) for k ≤ n implies that f (k)(x) is absolutely
continuous for 0 ≤ k ≤ n− 1. Similarly, as eitx is infinitely differentiable as
a function of t, it is also absolutely continuous and so by 6.6:

f̂(t) =

∫ ∞
−∞

f(x)eitxdm

=
−1

it

∫ ∞
−∞

f ′(x)eitxdm

...

=
1

(−it)n
∫ ∞
−∞

f (n)(x)eitxdm. ((*))

For this derivation, the Riemann-Lebesgue lemma and the integrability of
f (k)(x) for 0 ≤ k ≤ n − 1 imply that the limit terms at ±∞ equal 0. The
integrability of f (n)(x) then implies that∣∣∣f̂(t)

∣∣∣ = |t|−n
∣∣∣∣∫ ∞
−∞

f (n)(x)eitxdm

∣∣∣∣ ,
which is a big-O estimate:

∣∣∣f̂(t)
∣∣∣ = O(|t|−n) by integrability of f (n)(x).

But then one last application of the Riemann-Lebesgue lemma to integrable

f (n)(x) improves this result to
∣∣∣f̂(t)

∣∣∣ = o(|t|−n).

Corollary 6.35 If f (k)(x) is an integrable function for k ≤ n, then for any
such k :

f̂ (k)(x) = (−it)k f̂(t). (6.25)

Proof. Immediate from (∗) in the above proof.

The final result of this section states that Fourier transforms work nat-
urally with convolutions. Note that it makes sense to contemplate f̂ ∗ g(t),
the Fourier transform of the convolution of integrable f and g, since f ∗g(x)

is then integrable by proposition 6.18, and thus f̂ ∗ g(t) well defined.
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Proposition 6.36 For integrable functions f(x) and g(x) :

f̂ ∗ g(t) = f̂(t)ĝ(t). (6.26)

Proof. Not surprisingly, this result requires an application of Fubini’s the-
orem. First by 6.12:

f̂ ∗ g(t) =

∫ ∞
−∞

f ∗ g(x)eitxdm

≡
∫ ∞
−∞

[∫ ∞
−∞

f(y)g(x− y)dm(y)

]
eitxdm(x).

=

∫ ∞
−∞

[∫ ∞
−∞

f(y)g(x− y)dm(y)

]
cos txdm(x)

+i

∫ ∞
−∞

[∫ ∞
−∞

f(y)g(x− y)dm(y)

]
sin txdm(x).

To apply Fubini’s result, it must be verified that these integrands are in-
tegrable on (R2,M2

L,m
2). Proposition 6.18 proved the m2-integrability of

f(y)g(x − y), and since cos tx and sin tx are absolutely bounded by 1 the
conclusion follows. An application of Fubini’s theorem is hence justified and
the order of these iterated integrals can be reversed without changing the
values of the integrals:

f̂ ∗ g(t) =

∫ ∞
−∞

[∫ ∞
−∞

g(x− y) cos txdm(x)

]
f(y)dm(y)

+i

∫ ∞
−∞

[∫ ∞
−∞

g(x− y) sin txdm(x)

]
f(y)dm(y)

=

∫ ∞
−∞

[∫ ∞
−∞

g(x− y)eit(x−y)dm(x)

]
f(y)eitydm(y).

The final step is to use 3.10 on the x-integral. Specifically, for any y define
T : (R,ML,m) → (R,ML,mT ) by T (x) = x − y. Then mT = m by the
translation invariance of Lebesgue measure, and by 3.10,∫ ∞

−∞
g(x− y)eit(x−y)dm(x) =

∫ ∞
−∞

g(z)eitzdmT (z) = ĝ(t),

and the result follows.
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6.3.3 Fourier Inversion: From φF (t) to µF
The previous section demonstrated that when considered in pairs:
(µF , φF (t)) or (f(x), f̂(t)), certain properties of µF or f(x) would predict
properties of the associated φF (t) or f̂(t). For example, proposition 6.31
states that the smoothness of φF (t) is determined by the rate of decay of
the measure of sets near ±∞, a notion made precise by the finiteness of∫∞
−∞ |x

n| dµF . When this integral is finite, we are assured that φF (t) is
n-times continuously differentiable. Applied to a statement about f(x),
this result states that if

∫∞
−∞ |x|

n f(x)dm is finite then f̂(t) is n-times
continuously differentiable. In addition, proposition 6.34 states that when
f (k)(x) exists and is Lebesgue integrable for k ≤ n, the rate of decay of
f̂(t) at ±∞ is predictable, and in particular, f̂(t) = o(|t|−n) as t→ ±∞.

The question addressed in this section relates to the invertibility of the
Fourier transform, or in general, the Fourier-Stieltjes transform. In other
words, if we are given φF (t) or f̂(t), can the defining µF or f(x) be recov-
ered? If so, this would imply that the pairings (µF , φF (t)) or (f(x), f̂(t))
are unique, which has important probability theory applications in book 6,
but also that given φF (t) or f̂(t), there is a constructive method for finding
the associated µF or f(x).

To prepare for the statement and proof of the main result, we require
a small modification of the result in 5.13 from proposition 5.27 that with
S(t) ≡

∫ t
0

sinx
x dx:

lim
t→∞

S(t) =
π

2
.

Defining Sθ(t) ≡
∫ t

0
sin θx
x dx for θ ∈ R, it follows by a simple substitution

that Sθ(t) = S(tθ). To eliminate the ambiguity as to whether θ is positive
or negative, write:

Sθ(t) = sgn(θ)S(t |θ|),

where the sign function or signum function sgn(θ) is defined by:

sgn(θ) =


1, θ > 0,

0, θ = 0,

−1, θ < 0.

We then can conclude from 5.13 that

lim
t→∞

Sθ(t) =
π

2
sgn(θ). (6.27)
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Proposition 6.37 (Inverse Fourier-Stieltjes transform) If µF is a fi-
nite Borel measure on R and φF (t) its Fourier-Stieltjes transform, then for
b > a,

lim
T→∞

(2π)−1

∫ T

−T

e−iat − e−ibt
it

φF (t)dm = µF [(a, b)] +
1

2
µF [{a, b}], (6.28)

where µF [{a, b}] denotes the Borel measure of these points: µF [a] + µF [b].
Proof. Note that the integrand in 6.28 does not have a singularity at t = 0
since

e−iat − e−ibt
it

=

∫ b

a
e−itxdx,

and this is bounded in absolute value by b−a by 6.13. By definition of φF (t),∫ T

−T

e−iat − e−ibt
it

φF (t)dm =

∫ T

−T

∫ ∞
−∞

e−iat − e−ibt
it

eitxdµF (x)dm(t)

=

∫ T

−T

∫ ∞
−∞

ei(x−a)t − ei(x−b)t
it

dµF (x)dm(t).

This integrand is continuous on [−T, T ]× R and bounded by b− a as noted
above, and hence this function is integrable on ([−T, T ]×R, σ ([−T, T ]× R) ,m×
µF ) since µF is a finite Borel measure. By Fubini’s theorem the order of the
iterated integrals can be reversed, and then by Euler’s formula in 6.12:∫ T

−T

ei(x−a)t − ei(x−b)t
it

dm(t) =

∫ T

−T

cos[(x− a)t]− cos[(x− b)t]
it

dm(t)

+

∫ T

−T

sin[(x− a)t]− sin[(x− b)t]
t

dm(t).

The first integral equals 0 because the integrand is an odd function of t,
meaning g(−t) = −g(t) and so

∫ 0
−T g(t)dt = −

∫ T
0 g(t)dt. In addition, the

integrand in the second integral is an even function, meaning h(−t) = h(t),

so
∫ 0
−T h(t)dt =

∫ T
0 h(t)dt. Hence

(2π)−1

∫ T

−T

e−iat − e−ibt
it

φF (t)dm =
1

π

∫ ∞
−∞

[
S(x−a)(T )− S(x−b)(T )

]
dµF (x).

By 6.27 this integrand is bounded and converges for all x as T →∞ to the
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µF -integrable function λa,b(x) defined by:

λa,b(x) =



0, x < a,

1
2 , x = a,

1, a < x < b,

1
2 , x = b,

0, x > b.

Because µF is a finite measure and the integrand is bounded, Lebesgue’s
dominated convergence theorem can be applied to derive:

lim
T→∞

(2π)−1

∫ T

−T

e−iat − e−ibt
it

φF (t)dm =

∫ ∞
−∞

λa,b(x)dµF (x)

= µF [(a, b)] +
1

2
µF [{a, b}].

Notation 6.38 The limit in 6.28 is called the inverse Fourier-Stieltjes
transform of φF (t) since this limit reproduces the measure on which the
Fourier-Stieltjes transform is defined.

Remark 6.39 Note that for any T, the integral in 6.28 is also defined as a
Riemann integral since the integrand is continuous by proposition 6.31, and
for such Riemann integrable functions, proposition 2.31 of book 3 applies.

Also, the use of a limit in 6.28 and of the symmetrical integral over
[−T, T ] is essential in general. This is because the integrand need not be
integrable over R, and hence the limit need not exist if more generally de-
fined. This approach to the evaluation of an improper integral

∫∞
−∞ fdm is

called the Cauchy principal value of the improper integral, named
for Augustin-Louis Cauchy (1789 —1857). Cauchy introduced this and
related evaluations of improper integrals which were not formally definable
by traditional means. Of course, this limit produces the correct value when
the integral over R exists.

It is not diffi cult to develop examples of functions for which the improper
integrals exist in the sense of the principal value but not formally as improper
integrals. For example f(x) = sinx has limit 0 since

∫ T
−T fdm = 0 for all

T, but this integral does not exist more generally. The same is true of many
odd functions. The next example illustrates that the Cauchy principal value
in 6.28 is also necessary, since the integrand there need not be integrable.
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Example 6.40 Let F (x) = 0 for x < 0 and F (x) = 1 otherwise, so that
µF is the finite measure with µF (A) = 1 if 0 ∈ A and µF (A) = 0 otherwise.
Then,

φF (t) =

∫ ∞
−∞

eitxdµF (x) = 1,

which is clearly not Lebesgue integrable. However:∫ T

−T

e−iat − e−ibt
it

dm(t) =

∫ T

−T

∫ b

a
e−itxdxdm(t),

and this integrand is continuous and bounded and hence integrable on the
bounded domain [−T, T ]× [a, b]. By Fubini’s theorem,∫ T

−T

e−iat − e−ibt
it

dm(t) =

∫ b

a

∫ T

−T
e−itxdm(t)dx

=

∫ b

a

eiTx − e−iTx
ix

dx

= 2

∫ b

a

sinTx

x
dx

= 2

∫ Tb

Ta

sin y

y
dy.

Thus, notationally inserting φF (t) = 1 into this expression:

(2π)−1

∫ T

−T

e−iat − e−ibt
it

φF (t)dm =
1

π

∫ Tb

Ta

sin y

y
dy.

If a, b > 0 or a, b < 0, this integral converges to 0 by 5.13, which agrees with
the value of µF [(a, b)]. However, if a < 0 < b, then

1

π

∫ Tb

Ta

sin y

y
dy =

1

π

[∫ Tb

0

sin y

y
dy +

∫ −Ta
0

sin y

y
dy

]
,

which converges to 1, again the value of µF [(a, b)]. In all such cases, µF [a]+
µF [b] = 0 and thus these results agree with 6.28. The reader is invited to
investigate the cases where a = 0 or b = 0 to again confirm 6.28, which in
this case is a limit of 1/2.

Exercise 6.41 Let F (x) = 0 for x < 0, and F (x) = 1 otherwise, so that
µF is the finite measure with µF (A) = 1 if 0 ∈ A and µF (A) = 0 otherwise.
Show that

lim
S,T→∞

(2π)−1

∫ T

−S

e−iat − e−ibt
it

φF (t)dm
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does not exist in general, meaning that this limit is not independent of how
S and T approach ∞.

Corollary 6.42 (Uniqueness of the Fourier-Stieltjes transform) If µF
and µG are finite Borel measures on R and their Fourier-Stieltjes transforms
satisfy φF (t) = φG(t) for all t, then µF (A) = µG(A) for all Borel sets,
A ∈ B(R).
Proof. Recalling proposition 5.7 of book 1, there is no loss of generality to
assume that the right continuous increasing functions underlying these mea-
sures have been normalized to satisfy F (−∞) = G(−∞) = 0, since changing
such functions by a constant does not change the resulting measures. On
(a, b] ∈ A′, the semi-algebra of right semi-closed intervals, recall that:

µF [(a, b]] = F (b)− F (a), µG [(a, b]] = G(b)−G(a).

If it can be shown that µF (A) = µG(A) for all A ∈ A, the algebra generated
by A′, then the uniqueness theorem of proposition 6.14 of book 1 assures
that µF (A) = µG(A) for all A ∈ σ(A). Here σ(A) denotes the smallest
sigma algebra that contains A, and thus σ(A) = B(R) and the proof will be
complete.

To show that µF (A) = µG(A) for all A ∈ A it is enough to show this
for A ∈ A′ since A is the collection of finite disjoint unions of A′-sets.
To this end, if A = (a, b] is a right semi-closed interval for which both a
and b are continuity points of both F (x) and G(x), then µF [{a, b}] = 0 and
thus µF [(a, b]] = µF [(a, b)]. As the same is true for µG, the assumption that
φF (t) = φG(t) implies from 6.28 that µF [(a, b]] = µG[(a, b]].

Since F and G can have at most countably many discontinuity points,
for any set A = (a, b] ∈ A′, define decreasing sequences of continuity points
of F and G, aj → a and bj → b where aj > a and bj > b. Then

(a, b] =
⋃∞

j=1
(aj+1, aj ] ∪ (a1, b],

and by countable additivity,

µF [(a, b]] =
∑∞

j=1
µF [(aj+1, aj ]] + µF [(a1, b]] ,

and an identical statement holds for µG [(a, b]] . The summations contain
only A′-sets with endpoints on which both F (x) and G(x) are continuous,
and so ∑∞

j=1
µF [(aj+1, aj ]] =

∑∞

j=1
µG [(aj+1, aj ]] .
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By right continuity,

µF [(a1, b]] = infj µF [(a1, bj ]] ,

with an identical statement for µG [(a1, b]] . Since all endpoints are continuity
points of F and G :

infj µF [(a1, bj ]] = infj µG [(a1, bj ]] ,

and thus µF [(a, b]] = µG [(a, b]] and the proof is complete.

Corollary 6.43 If µF is a finite Borel measure on R and φF (t) = 0, then
µF (A) = 0 for all A ∈ B(R).
Proof. Define G(x) ≡ 0 and use the prior proposition.

6.3.4 The Special Case of Integrable φF (t)

As demonstrated in the example of the previous section, φF (t) need not be
integrable for a finite measure µF . Yet even in the general case the integral
in 6.28, which is also definable as a Riemann integral due to the continuity
of the integrand, converges to a limit as T →∞. This limit then provides
the value of µF [(a, b]] for all such intervals where a and b are continuity
points of F (x), and more generally provides the value of
µF [(a, b)] + 1

2µF [{a, b}].

In this section we investigate the implications for µF in the special case
when φF (t) is in fact integrable, meaning:∫ ∞

−∞
|φF (t)| dm <∞.

Extending the connections between properties of a measure and those of its
Fourier transform, the following proposition then states that integrability of
φF (t) assures that the increasing function F (x) underlying the measure µF
has a continuous density function f(x) for which F (x) =

∫ x
−∞ f(y)dy.

This next result is in fact related to the Riemann-Lebesgue lemma and
generalization given in proposition 6.34. The Riemann-Lebesgue lemma
states that if the finite measure µF is given by a density function f(x),
there presumed only Lebesgue integrable, then |φF (t)| → 0 as t→ ±∞. The
generalization states that if this density function f(x) has an integrable first
derivative then |φF (t)| = o(|t|−1) as t→ ±∞, and if n integrable derivatives
then |φF (t)| = o(|t|−n) as t→ ±∞. For n ≥ 2, continuity of φF (t) and this
estimate therefore assure the Riemann integrability of φF (t).
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The main result of this section reverses this implication to state that
if φF (t) → 0 as t → ±∞ fast enough and/or appropriately enough to en-
sure integrability of φF (t), then the associated density function f(x) must
be continuous. Before developing this result, the next section investigates
relationships between integrability and growth at infinity.

Integrability Versus Growth at ±∞

First, integrability of a function h(x) does not ensure h(x)→ 0 as
x→ ±∞, nor even that h(x) is bounded.

Example 6.44 Define h(x) = n on [n − 1/(n2n+1), n + 1/(n2n+1)], for
n = 1, 2, 3..., and h(x) = 0 otherwise. Then h(x) is Lebesgue (and indeed,
Riemann) integrable, with

∫
h(x)dm = 1, but h(x) 9 0 as x → ±∞, and

h(x) is unbounded.

However, since φF (t) is always uniformly continuous and the above
function h(x) is not, perhaps integrability of a uniformly continuous
function h(x) ensures h(x)→ 0 as x→ ±∞. The next result is often called
Barbalat’s Lemma, though a historical reference is unavailable.

Proposition 6.45 (Barbalat’s Lemma) If h(x) is uniformly continuous
and integrable on R, then |h(x)| → 0 as x→ ±∞.
Proof. Assume not, then for some ε > 0 there is an unbounded increasing
sequence {xn} so that |h(xn)| ≥ ε for all n. By uniform continuity, there is
a δ so that ∣∣|h(x)| −

∣∣h(x′)
∣∣∣∣ ≤ ∣∣h(x)− h(x′)

∣∣ < ε/2

if |x− x′| < δ, and hence |h(x)| ≥ ε/2 on [xn − δ, xn + δ] for all n, contra-
dicting the integrability of h(x).

Conclusion 6.46 (1.) Integrability of uniformly continuous h(x) implies
that |h(x)| → 0 as t→ ±∞.

Next we investigate by a series of examples if there is a more quantitative
implication for the degree of decay at ±∞ if a function is uniformly
continuous and integrable.

Example 6.47 1. If h(x) = O(|x|−1−ε) as x → ±∞ for any ε > 0 and
is continuous =⇒ h(x) is integrable.

By definition of O(|x|−1−ε) there is an x0 so that for |x| ≥ |x0| , we
have |h(x)| ≤M |x|−1−ε and so by this and continuity h(x) is integrable
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on |x0| ≥ |x| . By continuity h(x) is bounded and hence integrable on
|x| ≤ |x0| .

2. If h(x) = O(|x|−1) as x → ±∞ and is uniformly continuous ; h(x)
is integrable.

Define g(x) = 1 for |x| ≤ 1 and g(x) = 1/ |x| otherwise. Then g(x)
is uniformly continuous, g(x) = O(|x|−1) as x→ ±∞, but g(x) is not
integrable.

3. If h(x) = o(|x|−1) as x→ ±∞ and is uniformly continuous ; h(x) is
integrable.

Define h(x) = e/ (|x| ln |x|) on e ≤ |x| < ∞ and h(x) = 1 otherwise.
Then h(x) is uniformly continuous and h(x) = o(|x|−1) as x → ±∞,
but h(x) is not integrable since by substitution:∫ ∞

−∞
h(x)dm = 2e

[
1 +

∫ ∞
1

dy

y

]
.

4. Given any strictly decreasing function g(x) on [x0,∞) for x0 > 0 with
g(x) → 0 as x → ∞, there is an integrable and uniformly continuous
function h(x) with h(x) = O(g(|x|)) as x→ ±∞.
First let g(x) = 1/ lnx on [e,∞), and define h(x) = 1/ ln |x| on[⋃

n[en
2
, en

2
+ 1]

]
∪
[⋃

n[−en2 − 1,−en2 ]
]
, and h(x) = 0 otherwise.

Then h(x) = O(g(|x|)) as x→ ±∞, and h(x) is integrable since

∫ −en2
−en2−1

h(x)dm =

∫ en
2
+1

en2
h(x)dm < e/n2.

In the general case, since 1/g(x) is strictly increasing and unbounded,
replace en

2
in the above example by an where 1/g(an) = n2.

It is then an exercise to show that such h(x) can be modified to be
continuous without affecting integrability.

Conclusion 6.48 (2.) Integrability of uniformly continuous h(x) need not
imply any decay rate at infinity stronger than |h(x)| → 0 as x→ ±∞.

Remark 6.49 This second conclusion is initially surprising perhaps, be-
cause one often thinks of the examples h(x) = |x|−1−ε as integrable on
|x| ≥ 1 for ε > 0 and h(x) = |x|−1+ε as not integrable for ε ≥ 0. But
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the key insight is that a function’s order of magnitude at ±∞ is not changed
by redefining the function to be zero on even infinitely many intervals, as
long as the original definition is preserved for infinitely large x. On the other
hand, the value of, and even existence of, the integral of a function can be
materially modified by such redefinitions. The above construction shows that
one can redefine the function enough to make it integrable without changing
the original order of magnitude.

Looked at a different way, Lebesgue measure is translation invariant,
while the notion of order of magnitude is clearly not. For example, the
integral of h(x) defined above with g(x) = 1/ lnx is the same as the integral
of k(x) defined as a translated version of h(x). Specifically, on [n, n+1] define
k(x) to have the same values as does h(x) on [en

2
, en

2
+ 1]. In other words,

k(n) = 1/n2 and in general,

k(n+ λ) =
[
n2 + ln(1 + λe−n

2
)
]−1

, 0 ≤ λ ≤ 1.

So while the integral of k(x) equals that of h(x), we now see that k(x) =

O
(
|x|−2

)
.

Lebesgue Integrable φF (t)

The main result for Lebesgue integrable φF (t) is summarized in the next
proposition. Namely, the associated measure µF is then induced by an
increasing function F with continuous and necessarily nonnegative density
function f(x) with:

F (x) =

∫ x

−∞
f(y)dm.

Since µF is finite, F is bounded and hence f is Lebesgue integrable. It
then follows by continuity that f is also Riemann integrable. And
extending 6.28, such f is recoverable from φF .

Proposition 6.50 (Inverse Fourier transform) Let µF be a finite mea-
sure and φF (t) its Fourier-Stieltjes transform. If φF (t) is Lebesgue inte-
grable, then there is a continuous function f(x) so that:

µF [A] =

∫
A
f(x)dm, A ∈ B(R), (6.29)

and thus φF (t) = f̂(t). In addition, f(x) is given by:

f(x) = (2π)−1

∫ ∞
−∞

φF (t)e−ixtdm. (6.30)
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Proof. By 6.17 and 6.13:∣∣∣∣e−iat − e−ibtit

∣∣∣∣ =

∣∣ei(b−a)t − 1
∣∣

|t| ≤ (b− a),

and thus because φF (t) is Lebesgue integrable 6.28 can be rewritten as:

(2π)−1

∫ ∞
−∞

e−iat − e−ibt
it

φF (t)dm = µF [(a, b)] +
1

2
µF [{a, b}].

The triangle inequality yields:∣∣∣∣∫ ∞
−∞

e−iat − e−ibt
it

φF (t)dm

∣∣∣∣ ≤ (b− a)

∫ ∞
−∞
|φF (t)| dm ≤ c(b− a),

and hence µF has no point masses, µF [{a}] = 0 for all a. This follows by
letting b = a+ 1/n in 6.28:

µF [(a, a+ 1/n)] +
1

2
(µF [{a}] + µF [{a+ 1/n}]) ≤ c/(2πn)→ 0.

Defining the distribution function F (x) ≡ µF [(−∞, x]] associated with
finite µF , we now show that F

′(x) exists and is continuous. For h 6= 0,

F (x+ h)− F (x)

h
= (2π)−1

∫ ∞
−∞

e−ixt − e−i(x+h)t

ith
φF (t)dm,

since µF has no point masses. Because
∣∣∣ e−ixt−e−i(x+h)tith

∣∣∣ ≤ 1 by 6.17, we

apply Lebesgue’s dominated convergence theorem with any sequence hn → 0
and conclude that F (x) is differentiable:

F ′(x) ≡ lim
h→0

F (x+ h)− F (x)

h

= (2π)−1

∫ ∞
−∞

lim
h→0

[
e−ixt − e−i(x+h)t

ith

]
φF (t)dm

= (2π)−1

∫ ∞
−∞

φF (t)e−ixtdm.

Defining f(x) = F ′(x) obtains 6.30.
Then as in the proof of the continuity of φF (t) :

|f(x+ h)− f(x)| ≤
∫ ∞
−∞

∣∣∣e−i(x+h)t − e−ixt
∣∣∣ |φF (t)| dm

≤ 2

∫ ∞
−∞
|φF (t)| dm.
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Since e−i(x+h)t − e−ixt → 0 as h → 0 for all x, t, Lebesgue’s dominated
convergence theorem assures that |f(x+ h)− f(x)| → 0 as h→ 0 and F ′(x)
is thus continuous.

With F ′(x) continuous, the fundamental theorem of calculus yields:

(R)

∫ b

a
F ′(x)dx = F (b)− F (a),

and because µF is a finite measure and F (x) ≡ µF [(−∞, x]] this formula
holds for all finite and infinite intervals. Since this integral must be non-
negative for all intervals and the integrand is continuous, this assures that
F ′(x) ≥ 0 for all x. By propositions 2.31 and 2.64 of book 3, if F ′(x) is
bounded and Riemann integrable on [a, b], or absolutely Riemann integrable
on R, it is Lebesgue integrable on these intervals with the same values. Hence
for all such intervals: ∫ b

a
F ′(x)dm = F (b)− F (a)

≡ µF [(a, b]].

In summary, with f(x) defined by 6.30,

µF [(a, b]] =

∫ b

a
f(x)dm,

for all right semi-closed intervals.
Defining µ̃F (A) by 6.29 for all A ∈ B(R), it follows that

µ̃F (A) = µF (A)

for all A ∈ A, the algebra of finite disjoint unions of right semi-closed inter-
vals. Since A generates B(R) and R is σ-finite, it follows by the uniqueness
theorem of proposition 6.14 of book 1 that µ̃F (A) = µF (A) for all A ∈ B(R).

As noted in remark 6.28, since µF is given by the density function f(x),
it follows that φF (t) = f̂(t).

Notation 6.51 When φF (t) is integrable, the formula in 6.30 is called the
inverse Fourier transform of φF (t). Because φF (t) = f̂(t) in this case,
f(x) is the inverse Fourier transform of f̂(t) since this integral repro-
duces the function f on which the Fourier transform was defined.
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Remark 6.52 When both f(x) and f̂(t) and integrable, there is a great deal
of symmetry between the formula for the Fourier transform, and that for the
inverse Fourier transform given in 6.18 and 6.30, respectively:

f̂(t) =

∫ ∞
−∞

f(x)eitxdm, f(x) = (2π)−1

∫ ∞
−∞

φF (t)e−ixtdm.

The symmetry observed motivates a variety of notational conventions in
general Fourier analysis.

While it is always the case that the exponential switches from positive to
negative in these formulas, in some texts the Fourier transform is defined
with the negative exponential, and then the inverse transform defined with the
positive. Also, because there is an (2π)−1 factor in one formula and not the
other, it is common in general Fourier analysis to see the factor of (2π)−1/2

in both formulas, adding to the apparent symmetry. It is also possible to
eliminate this coeffi cient entirely by defining the Fourier transform with a
±2πitx in the exponential, and then the inverse transform will have ∓2πitx
in the exponential and with no coeffi cient in either case.

The approach taken in this text is consistent with the ultimate applica-
tion we have in mind, and that is to use Fourier methods in the context of
probability theory. In this case, the Fourier transform is called the char-
acteristic function and the notational convention for this latter function
is nearly universally consistent with that used here, whereby the transform
reflects the positive exponent itx and with no numerical coeffi cient.

But in general, it is always a good idea to verify the notational conven-
tions for Fourier analysis used by a given reference.

6.3.5 Continuity Theorem for Fourier Transforms

The last topic investigated in this section is the "continuity property" of
the Fourier-Stieltjes transform. Namely, if {µFn} is a sequence of finite
measures for which µFn → µF in some sense, must φFn(t)→ φF (t), and if
so, in what sense? Conversely, if φFn(t)→ φ(t), what if anything does this
tell us about the convergence of the associated measure sequence, {µFn}.
In particular, must µFn → µF for some measure µF , and if so, must the
associated φF (t) = φ(t)?

Introduced in book 2 and studied further in book 4, the notion of weak
convergence of probability measures is a natural one to investigate
for this purpose. Specifically, we investigate the implications of µFn ⇒ µF ,
meaning {µFn} converges weakly to µF , for the convergence φFn(t)→ φF (t).
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We also investigate the reverse implication. Recall that by definition 8.2 of
book 2:

Definition 6.53 (Weak convergence) 1. A sequence of distribution func-
tions on R, {Fn(x)}, will be said to converge weakly to a distribution
function F (x), denoted Fn ⇒ F, if Fn(x)→ F (x) for every continuity
point of F (x).

2. A sequence of probability measures on R, {µn}, will be said to con-
verge weakly to a probability measure µ, denoted µn ⇒ µ, if µn((−∞, x])
converges to µ((−∞, x]) for all x for which µ{x} = 0.

By exercise 8.4 of that book these notions are equivalent in the sense that
if Fn is defined by the measure µn, meaning that Fn(x) ≡ µn((−∞, x]),
and similarly that F is defined by µ, then Fn ⇒ F if and only if µn ⇒ µ.

That weak convergence of measures has implications for convergence of
certain associated integrals was already seen in proposition 3.66 of book
4 in the context of convergence of moments. The more general results on
convergence of integrals will be seen in book 6 in the so-called portmanteau
theorem, which was proved in 1940 by Aleksandr Aleksandrov (1912 —
1999) and in some references identified with his name.

The following continuity theorem provides a very strong result on the
above question but is not self-contained, requiring one result from Aleksan-
drov’s theorem from the book 6 chapter, General Results on Weak Conver-
gence of Measures.

Proposition 6.54 (Fourier Transform Continuity theorem) Let {µFn , µF }
be a collection of probability measures and {φFn , φF } the associated Fourier
transforms. Then µFn ⇒ µF if and only if φFn(t)→ φF (t) for all t.
Proof. Assume that µFn ⇒ µF . Then by the portmaneau theorem of book 6,∫
g(x)dµn →

∫
g(x)dµ for every bounded, continuous real-valued function,

g(x). Since cos tx and sin tx are bounded and continuous for any t, we have
by 6.12,

φFn(t) =

∫ ∞
−∞

eitxdµFn

=

∫ ∞
−∞

cos txdµFn + i

∫ ∞
−∞

sin txdµFn

→
∫ ∞
−∞

cos txdµF + i

∫ ∞
−∞

sin txdµF

= φF (t).
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Thus φFn(t)→ φF (t) for all t.
Conversely, assume that φFn(t) → φF (t) for all t. We first show that

{µFn} is a tight sequence of measures. Recalling definition 8.16 of book
2, this means that for any ε > 0 there is a finite interval (a, b] so that
µFn ((a, b]) > 1−ε for all n. Equivalently, there is an a so that µFn ({|x| ≥ a}) ≤
ε for all n. To this end, first note that since |x| ≥ 2/ |u| implies that
1 ≤ 2 (1− 1/ |ux|) :

µFn ({|x| ≥ 2/ |u|}) ≤ 2

∫
|x|≥2/|u|

(1− 1/ |ux|) dµFn

≤ 2

∫
|x|≥2/|u|

(
1− sinux

ux

)
dµFn

≤ 2

∫ ∞
−∞

(
1− sinux

ux

)
dµFn .

Note that the second step follows since if |xu| ≥ c > 0, the inequality 1 −
1/ |ux| ≤ 1− sinux

ux is equivalent to sinux ≤ 1. Now:

2

(
1− sinux

ux

)
=

1

u

∫ u

−u
(1− eitx)dt,

and an application of Fubini’s theorem is justified since µFn is a probability
measure and thus 1 − eitx is m × µFn-integrable on [−u, u] × R . It then
follows that

µFn ({|x| ≥ 2/ |u|}) ≤ 1

u

∫ u

−u

∫ ∞
−∞

(1− eitx)dµFndt

≤ 1

u

∫ u

−u

(
1− φFn(t)

)
dt.

Since φF (t) is continuous by proposition 6.31 and φF (0) = 1, it follows
that ∣∣∣∣1u

∫ u

−u
(1− φF (t)) dt

∣∣∣∣ ≤ 2 sup[−u,u] |1− φF (t)| ,

and this upper bound converges to 0 as u → 0. So given ε > 0 there is a u
so that

1

u

∫ u

−u
(1− φF (t)) dt < ε.

But φFn(t)→ φF (t) for all t, and the bounded convergence theorem obtains:

1

u

∫ u

−u

(
1− φFn(t)

)
dt→ 1

u

∫ u

−u
(1− φF (t)) dt
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for any u. Thus for the above given ε > 0 and u there is an N so that for
n ≥ N,

1

u

∫ u

−u

(
1− φFn(t)

)
dt < 2ε.

Since all φFn(t) are continuous and φFn(0) = 1, by reducing u this inequality
will also remain valid for all n < N. Hence for this u and all n :

µFn ({|x| ≥ 2/ |u|}) < 2ε.

Letting a ≡ 2
|u| this proves that {µFn} is tight.

Now recall corollary 8.22 of book 2. If it can be shown that any subse-
quence of {µFn} that converges weakly in fact converges weakly to µF , then
we can conclude that µFn ⇒ µF . Let {µFnk} be such a subsequence, and as-
sume that µFnk ⇒ υ. Then by the first part of this theorem, φFnk (t)→ φ(t)

where φ(t) is the Fourier transform of υ. But by assumption, φFn(t)→ φF (t)
and hence φ(t) = φF (t), and then by the Fourier inversion formula, υ = µF .

The next corollary almost certainly provides the most important appli-
cation of the continuity theorem.

Corollary 6.55 Let {µFn} be a collection of probability measures and {φFn}
the associated Fourier transforms. Then if φFn(t) → φ0(t) for all t where
φ0(t) is continuous at t = 0, then there exists a probability measure µ so that
µFn ⇒ µ and φ0(t) is the Fourier transform of µ.
Proof. Following the proof of the above proposition, the continuity of φ(t)
at t = 0 is enough to prove that {µFn} is tight, since φ(0) = 1 follows
from φFn(0) = 1 for all n. By Helly’s selection theorem of proposition
8.14 and proposition 8.20, both of book 2, there exists a subsequence {µFnk}
and a probability measure µ with µFnk ⇒ µ. The above theorem yields that
φFnk

(t)→ φ(t) where φ(t) is the Fourier transform of µ. But by assumption,
φFn(t) → φ0(t) and hence φ(t) = φ0(t). By Fourier inversion we conclude
that all subsequences which converge weakly must then converge to the same
µ, and so µFn ⇒ µ by corollary 8.22 of book 2, and φ0(t) is the Fourier
transform of µ.

Remark 6.56 Jumping ahead to book 6, the characteristic function of
a distribution function F will be defined as the Fourier-Stieltjes trans-
form of the associated finite measure µF . As will be seen, the continuity
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results above will provide a powerful tool for investigations into weak con-
vergence of distribution functions, Fn ⇒ F, or equivalently, the convergence
in distribution of the underlying random variable sequence, Xn ⇒ X.

And indeed this will be a much more powerful tool for such results than
the moment generating function developed in book 4 because:

1. Most importantly, characteristic functions exist for every probability
measure and hence the above results are potentially applicable to any
distribution function sequence. By propositions 3.22, 3.24 and 3.55 of
book 4, moment generating functions only exist for distribution func-
tions with infinitely many moments {µ′n}, and for which

∑∞
n=0 µ

′
nt
n/n!

converges absolutely on (−t0, t0) for some t0 > 0.

2. Even given existence, the section 3.2.8 of book 4method of moments
results for moment generating functions assure similar but somewhat
weaker conclusions:

(a) (Corollary 3.72, book 4) If Fn ⇒ F where the associated Mn(t)
and M(t) exist on a common interval (−t0, t0) with t0 > 0, and
if {Mn(t)} is bounded on this interval for each t, then Mn(t) →
M(t) all t ∈ (−t0, t0).

(b) (Corollary 3.74, book 4) Given {Fn} and F with associated Mn(t)
and M(t) which exist on a common interval (−t0, t0) with t0 > 0.
If Mn(t)→M(t) for all t ∈ (−t0, t0), then Fn ⇒ F.

Example 6.57 In proposition 5.5 of book 4 was presented a moment gen-
erating function proof of the Poisson limit theorem, that the binomial
probability measure, properly calibrated, converged to the Poisson probability
measure. Recall that this binomial measure has parameters n ∈ N, and p
with 0 < p < 1, and is defined on [0, 1, ..., n] by:

µBn(j) =

(
n

j

)
pj(1− p)n−j , j = 0, 1, .., n, .

The binomial coeffi cient
(
n
j

)
is defined for 0 ≤ j ≤ n by

(
n
j

)
= n!/[j!(n−

j)!]. The Poisson distribution, named for Siméon-Denis Poisson (1781
—1840), is characterized by a single parameter λ > 0, and is defined on the
nonnegative integers by:

µP (j) = e−λ
λj

j!
, j = 0, 1, 2, ...
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The Poisson limit theorem then states that for λ = np fixed, that for all
j : (

n

j

)
pj(1− p)n−j −→ e−λ

λj

j!
as n→∞.

This implies that FBn(x) → FP (x) for every continuity point of FP , no-
tationally for all x ∈ CP (FP ), where:

CP (FP ) = (−∞, 0) ∪
⋃∞

n=0
(n, n+ 1),

since for both FBn and FP :

F (x) =
∑

j≤x
F (j).

Thus by definition µBn ⇒ µP .
We now prove this result again using the above Fourier transform tools.

In book 6 these tools will applied in situations where moment generating
functions do not exist, and thus will produce much greater conclusions.

Proposition 6.58 (Poisson limit theorem) For λ = np fixed, let µBn
denote the binomial measure defined on j = 0, 1, .., n, and µP the Poisson
measure. Then as n→∞,

µBn ⇒ µP . (6.31)

Proof. By the Fourier transform continuity theorem, 6.31 follows by proving
that for all t, φFn(t) → φFP (t), where to simplify notation Fn ≡ FBn . By
definition,

φFn(t) =

∫ ∞
−∞

eitxdµBn .

With µBn defined above and supported on integers j with 0 ≤ j ≤ n, it
follows that with p = λ/n,

φFn(t) =
∑n

j=0

(
n

j

)
(λ/n)j (1− λ/n)n−jeitj .

With φF1(t) = (1− λ/n) + (λ/n) eit, a calculation show that:

φFn+1(t) = φFn(t)φF1(t),

and hence by iteration,

φFn(t) =
[
(1− λ/n) + (λ/n) eit

]n
=
[
1 + λ

(
eit − 1

)
/n
]n
.
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As n→∞, (
1 +

y

n

)n
→ ey (6.32)

for all y, so it follows that for all t,

φFn(t)→ exp
[
λ
(
eit − 1

)]
, as n→∞.

The final step is to evaluate φFP (t) for which we recall 6.11 as well as
corollary 2.48:

φFP (t) =

∫ ∞
−∞

eitxdµP

=
∑∞

j=0
e−λ

λj

j!
eitj

= e−λ
∑∞

j=0

(
λeit

)j
j!

= exp
[
λ
(
eit − 1

)]
.

Hence since φFn(t)→ φFP (t) for all t, 6.31 follows.



Chapter 7

General Measure
Relationships

In this final chapter we investigate ways in which one measure can be
decomposed relative to another measure. In the basic set-up we are given a
measure space (X,σ(X), µ), as well as a second measure on this space υ,
assumed to be defined on the same sigma algebra σ(X). The question is,
can υ be decomposed relative to µ in the sense that:

υ = υ1 + υ2,

where in some sense υ1 is closely related to µ, while in another sense υ2 is
completely unrelated to µ. Once the notions of "closely related" and
"completely unrelated" have been formalized, the Lebesgue
Decomposition theorem will address this. Named for Henri Lebesgue
(1875 —1941), it will state that if µ and υ are σ-finite measures, then this
decomposition exists and is unique.

In addition it will turn out that υ1, the measure closely related to µ, can
in fact be defined in terms of the µ-integral of a µ-measurable function f.
That is, for all A ∈ σ(X),

υ1(A) =

∫
A
fdµ.

This last result is called the Radon-Nikodým theorem, named for Jo-
hann Radon (1887 —1956) who proved this result when X = Rn, andOtto
Nikodým (1887 —1974) who generalized Radon’s result to σ-finite measure
spaces.

179
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As we have already developed much of this theory in the special case of
Borel measures defined on the Lebesgue measure space, so (X,σ(X), µ) =
(R,B(R),m) and ν = µF , the next section summarizes these results and sets
the stage for the more general development that follows.

7.1 Decomposition of Borel Measures on (R,B(R),m)
Let µ be a Borel measure on R and define Fµ(x) as in 5.1 of book 1, or
equivalently when µ is finite, simply define Fµ(x) ≡ µ [(−∞, x]] as in 5.3.
Then by construction, µ and Fµ are related in the sense that for any right
semi-closed interval (a, b] :

µ [(a, b]] = Fµ(b)− Fµ(a).

Given an increasing, right continuous function F one can also define a set
function µ as above on the semi-algebra A′ of right semi-closed intervals
(a, b], and extend this set function to a measure defined on the Borel sigma
algebra B(R) using the methods of chapter 5 of book 1. In brief, µ is
extended from A′ to the complete sigma algebra of sets which are
Carathéodory measurable with respect to µ∗A, the outer measure
induced by µ. On this complete sigma algebra which is denotedMµF (R),
as well as the Borel sigma algebra, B(R) ⊂MµF

(R), µ is defined to equal
µ∗A. As B(R) is the smallest sigma algebra that contains A′, the extension
to B(R) is unique by proposition 6.14 of book 1, meaning that if there is a
measure µ′ with µ′ = µ on A′, then also µ′ = µ on B(R).

The function Fµ(x) defined above from given µ is an increasing function,
Fµ(x) ≤ Fµ(x′) if x < x′, since µ is nonnegative and additive, and hence
Fµ is a Lebesgue measurable function. Further by proposition 3.15 of book
3, Fµ(x) is differentiable m-a.e. and by that book’s proposition 3.16, F ′µ(x)
is Lebesgue measurable. Hence by proposition 2.29 of book 3, F ′µ(x) is
Lebesgue integrable on bounded measurable sets so define F1(x) for x ≥ 0
by:

F1(x) = (L)

∫ x

0
F ′µ(y)dm.

Analogously, for x < 0 define F1(x) in terms of −
∫ 0
x . By monotonicity,

F ′µ(x) ≥ 0 m-a.e., so F1(x) is increasing and by proposition 3.19 of book 3
it follows that for every interval [a, b] :

F1(b)− F1(a) = (L)

∫ b

a
F ′µ(y)dm ≤ Fµ(b)− Fµ(a).
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Next define F2(x) = Fµ(x) − F1(x). Then F2(x) is measurable, and
increasing since if x < x′ :

F2(x′)− F2(x) ≡
[
Fµ(x′)− F1(x′)

]
− [Fµ(x)− F1(x)]

=
[
Fµ(x′)− Fµ(x)

]
−
[
F1(x′)− F1(x)

]
≥ 0.

Hence F2(x) is again differentiable m-a.e. By proposition 3.37 of book 3,
F ′1(x) = F ′µ(x) m-a.e. and thus:

F ′2(x) = F ′µ(x)− F ′1(x)

= 0, m-a.e.

The induced function Fµ can thus be decomposed as a sum of increasing
functions,

Fµ(x) = F2(x) + F1(x).

Now define set functions on right semi-closed intervals (a, b] ∈ A′ :

υF1 [(a, b]] ≡ F1(b)− F1(a),

υF2 [(a, b]] ≡ F2(b)− F2(a),

and let υ1 and υ2 be defined as the extensions of υF1 and υF2 to B(R) as
in chapter 5 of book 1 and summarized above. Then by definition, µ =
υF1 + υF2 on A′, as well as the algebra A of finite disjoint unions of such
intervals.

If A ⊂ R, then by the definition of outer measure in definition 5.16 of
book 1 (see also remark 5.17):

µ∗(A) = inf
{∑

n
µ(An) | A ⊂

⋃
An, An ∈ A′ disjoint

}
= inf

{∑
n

[υF1(An) + υF2(An)] | A ⊂
⋃
An, An ∈ A′ disjoint

}
≥ inf

{∑
n
υF1(An) | A ⊂

⋃
An

}
+ inf

{∑
n
υF2(A

′
n) | A ⊂

⋃
A′n,

}
= υ∗F1(A) + υ∗F2(A).

On the other hand if A ⊂
⋃
An and A ⊂

⋃
A′n, then A ⊂ (

⋃
An) ∩

(
⋃
A′n) and this induces another disjoint countable union of right semi-closed

intervals with A ⊂
⋃
A′′n where A

′′
n = An1 ∩ A′n2 . Thus as υF1 and υF2 are
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monotonic:

υ∗F1(A) + υ∗F2(A) = inf
{∑

n
υF1(An) | A ⊂ ∪An

}
+ inf

{∑
n
υF2(A

′
n) | A ⊂ ∪A′n,

}
≥ inf

{∑
n
υF1(A

′′
n) | A ⊂ ∪A′′n

}
+ inf

{∑
n
υF2(A

′′
n) | A ⊂ ∪A′′n

}
= inf

{∑
n

[υF1(An) + υF2(An)] | A ⊂ ∪A′′n, A′′n ∈ A′ disjoint
}

= µ∗(A).

Therefore,
µ∗ = υ∗F1 + υ∗F2

and since µ = µ∗ on B(R) and similarly for υ1 and υ2, this analysis produces
the Lebesgue decomposition of a Borel measure µ on (R,B(R),m) :

µ = υ1 + υ2. (7.1)

The first measure υ1 is very closely related to m in the following sense.
By definition, υ1 [(a, b]] = (L)

∫ b
a F
′
µ(y)dm and it is an exercise to show that

by extension:

υ1 [A] = (L)

∫
A
F ′µ(y)dm

for all A ∈ B(R). This implies that if m(A) = 0 then υ1 [A] = 0, and so
υ1 [A] > 0 only on sets for which m(A) > 0. In this sense, υ1 puts all of its
non-zero measure on sets with non-zero Lebesgue measure.

The second measure υ2 is completely unrelated to m in the following
sense. Define D as the set on which F ′2 exists, and on which as noted above
F ′2(x) = 0. Again by proposition 3.15 of book 3, the set on which F ′2 does
not exist satisfies m(D̃) = 0. But while D and D̃ are Lebesgue measurable,
they need not be Borel sets and this is required for the next step. So let
Ẽ be a Borel set with D̃ ⊂ Ẽ and m(Ẽ − D̃) = 0 as given in proposition
5.28 of book 1 with the Borel measure there, µF , replaced by m. Specifically,
Ẽ ∈ Aσδ, the collection of countable intersections of sets in Aσ, which in
turn is the collection of countable unions of sets in the algebra A. By finite
additivity m(Ẽ) = 0, and defining E as the complement of Ẽ, it follows
again by finite additivity that for any A ∈ B(R),

µ [A] = µ [A ∩ E] + µ
[
A ∩ Ẽ

]
.

Note that this step required E, Ẽ ∈ B(R) and would not have been valid
with Lebesgue measurable D and D̃.
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Now m(Ẽ) = 0 implies m
[
A ∩ Ẽ

]
= 0, and this in turn assures that

υ1

[
A ∩ Ẽ

]
= 0

as noted above. Thus:

µ
[
A ∩ Ẽ

]
= υ2

[
A ∩ Ẽ

]
. ((*))

In addition, for any Borel set A:

υ2 [A ∩ E] = 0

by proposition 5.30 of book 1 since A∩E ⊂ D, and the above analysis shows
that D = {F ′2(x) = 0}. Thus υ2 puts all of its non-zero measure on subsets
of Ẽ, which in turn have Lebesgue measure 0. Thus:

µ [A ∩ E] = υ1 [A ∩ E] . ((*))

Putting the pieces together, it can be concluded that for any A ∈ B(R),

µ [A] = υ1 [A ∩ E] + υ2

[
A ∩ Ẽ

]
.

That is, the µ-measure of any Borel set A naturally splits into two compo-
nents, the µ-measures of A ∩E and A ∩ Ẽ. On the first set, µ = υ1, and on
the second set, µ = υ2.

Summary 7.1 In terms of general results that are forthcoming, the above
discussion has demonstrated that for any Borel measure µ defined on the
Lebesgue measure space (R,B(R),m) :

1. Lebesgue decomposition theorem: There exist Borel measures υ1

and υ2, with:

(a) µ = υ1 + υ2, where:

i. υ1 is absolutely continuous with respect to m, denoted
υ1 � m, which means that υ1 (A) = 0 for all A ∈ B(R) with
m(A) = 0.

ii. υ2 and m are mutually singular, denoted υ2 ⊥ m, which
by definition means that there is a set E ∈ B(R), for which
m(Ẽ) = υ2(E) = 0.



184 CHAPTER 7 GENERAL MEASURE RELATIONSHIPS

(b) For all A ∈ B(R), and the set E identified in 1.a.ii:

υ1 [A] = υ1 [A ∩ E] ,

υ2 [A] = υ2

[
A ∩ Ẽ

]
,

and hence
µ [A] = υ1 [A ∩ E] + υ2

[
A ∩ Ẽ

]
.

2. Radon-Nikodým theorem: Given a Borel measure υ which is ab-
solutely continuous with respect to m, there is a nonnegative m-
measurable function f so that

υ [A] =

∫
A
fdm.

Remark 7.2 Note that while it may appear that this result has only
been proved for such υ1 constructed in part 1 for which f(x) ≡ F ′µ(x),
the more general statement is obtained as follows. The part 1 decom-
position can be applied again but to such υ to derive that

υ = ω1 + ω2,

where ω1 is absolutely continuous with respect to υ, ω2 and υ are mu-
tually singular, and ω1 [A] is given by the above integral representation
with f(x) ≡ F ′υ(x). Further by 1.a.ii there is a set E ∈ B(R) for which
m(Ẽ) = ω2(E) = 0. But the absolute continuity of υ with respect to
m assures that ω2(Ẽ) = 0, and this along with ω2(E) = 0 proves that
ω2 ≡ 0 and thus υ ≡ ω1.

3. Lebesgue decomposition refinement: In the special case of Borel
measures, we can in fact refine this decomposition by splitting the sin-
gular component υ2 into

υ2 = υD2 + υC2 .

Here υD2 is a discrete, pure point Borel measure which allocates non-
zero measure to an at most countable set of points, and υC2 is a Borel
measure induced by a continuous function. In essence, this is accom-
plished by splitting F2, the monotonic function which induces υ2, into
the sum of a "singular" function and a "saltus" function as in chap-
ter 1 of book 4. See section 1.1, A Characterization of Distribution
Functions on R, for details on this construction.
In the next section we will generalize the results in 1 and 2 to apply to
a σ-finite measure ν on a σ-finite measure space (X,σ(X), µ).
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7.2 Decomposition of σ-Finite Measures

In this section we seek to generalize the Lebesgue decomposition
theorem of the above section to the decomposition of a σ-finite measure ν
defined on a σ-finite measure space (X,σ(X), µ), and also generalize the
Radon-Nikodým theorem in the same setting but where such ν is also
absolutely continuous with respect to µ. We begin by formalizing the
definitions introduced above, and then pursue a necessary digression into
the notion of a signed measure which was briefly introduced in the
above section, Integration by Parts for Lebesgue-Stieltjes Integrals.

Definition 7.3 Given a measure space (X,σ(X), µ) and measures ν1 and
ν2 defined on σ(X):

1. ν1 is absolutely continuous with respect to µ, denoted

ν1 � µ,

if ν1(A) = 0 for all A ∈ σ(X) with µ(A) = 0.

2. ν2 and µ are mutually singular, denoted

ν2 ⊥ µ,

if there is a measurable set Eµ ∈ σ(X) for which

µ(Ẽµ) = ν2(Eµ) = 0.

Remark 7.4 1. The notion of absolute continuity was introduced in
chapter 3 of book 3 as a property of a function. In the section below
on the Radon-Nikodým theorem, this earlier definition and that related
to measures above will be reconciled in proposition 7.18.

2. The notion of a singular function was introduced in chapter 1 of book
4. In the section below on the Lebesgue Decomposition Theorem, this
earlier definition and that related to measures above will be reconciled
in proposition 7.28.

3. Given a measure µ defined on (X,σ(X), µ), a measurable set Eµ is
called a support of µ if µ(Ẽµ) = 0. In this case, it is also said that µ
is concentrated on Eµ. In 2 of definition 7.3, Eµ is a support of µ
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and Eν2 ≡ Ẽµ is a support of ν2. Consequently, in this definition, the
defining relationship can be stated as:

ν2 ⊥ µ ⇐⇒ ν2 and µ have disjoint supports.

The support of a measure is not unique. If Eµ ⊂ E′µ with E′µ measur-
able, then E′µ is also a support of µ since Ẽ

′
µ ⊂ Ẽµ. The significance

of a support set Eµ is that for any A ∈ σ(X),

µ(A) = µ(A ∩ Eµ),

because µ(A ∩ Ẽµ) = 0.

7.2.1 A Digression into Signed Measures

In the development of this section we will have the need to contemplate
properties of the difference of two measures, ν ≡ µ1 − µ2 say, defined on
the sigma algebra σ(X). To avoid ever having the expression ∞−∞, it
will always be assumed that at least one of these measures is finite. In
general, the set function ν will not be nonnegative, and hence will not be a
measure on σ(X) unless µ1(A) > µ2(A) for all A ∈ σ(X). But this set
function has the important property of countable additivity, as well as
ν(∅) = 0, and so it is called a signed measure. More formally:

Definition 7.5 A set function ν defined on a sigma algebra σ(X) is a
signed measure if the range of ν includes at most one of ±∞, and if
{Ai} ⊂ σ(X) is a finite or countable collection of disjoint sets, then

ν
[⋃

i
Ai

]
=
∑

i
ν [Ai] .

Here it is assumed that the summation is absolutely convergent if ν [
⋃
iAi] is

finite, and divergent to one of ±∞ otherwise.

Remark 7.6 While initially defined as a more general notion than that of
a difference of two measures of exercise 6.6, it will be seen below that every
signed measure can in fact be expressed as such a difference of measures. See
the Hahn decomposition and Jordan decomposition theorems below.

The essential question we need to answer for the development of the next
section is as follows. Given a signed measure ν, can X be decomposed into
measurable sets:

X = A+ ∪A−,
so that:
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1. A+ ∩A− = ∅,

2. ν(A) ≥ 0 for all measurable A ⊂ A+, and,

3. ν(A) ≤ 0 for all measurable A ⊂ A−.

Such a decomposition is not unique in general, since if A0 is a measurable
set for which ν(A) = 0 for all A ⊂ A0 then A0 can be part of either set, or
measurably split and divided between the A+ and A− sets.

Momentarily ignoring the requirement that X = A+ ∪A−, we introduce
some terminology.

Definition 7.7 Given σ(X) and a signed measure ν, a measurable set A+

is called a positive set for ν if

ν(A) ≥ 0 for all measurable A ⊂ A+.

Similarly, a measurable set A− is called a negative set for ν if

ν(A) ≤ 0 for all measurable A ⊂ A−,

and a measurable set A0 is called a null set for ν if

ν(A) = 0 for all measurable A ⊂ A0.

Example 7.8 In the case where ν ≡ µ1 − µ2, a difference of measures as
in exercise 6.6, this splitting can be understood as:

1. A+ : the set on which µ1(A) ≥ µ2(A) for all measurable A ⊂ A+,

2. A− : the set on which µ1(A) ≤ µ2(A) for all measurable A ⊂ A−,

3. A0 : the set on which µ1(A) = µ2(A) for all measurable A ⊂ A0.

It is apparent by definition that a subset of a positive set is positive, and
the intersection of a collection of positive sets is a positive set. Less obvious
and assigned as an exercise below is the proof that the union of a collection
of positive sets is a positive set. Analogously, the same statements are true
of negative sets and null sets. Unfortunately, the terminology for these sets
can be misleading in that it is natural to assume that if A+ is a positive set,
then Ã+ is a negative set, and conversely for negative sets. But this need
not be true, and is also assigned as an exercise.
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Example 7.9 Let f be a Lebesgue measurable function and f = f+−f− its
decomposition into positive and negative parts as in definition 2.36. Assume
that at least one of these components is Lebesgue integrable, and define

ν(A) =

∫
A
fdm.

Then ν is countably additive by corollary 2.49 if both component functions
are Lebesgue integrable over the unioned set A ≡ ∪Ai. In the general case,
if one of the component functions is not integrable,

∫
∪Ai fdm =∞ say, then

it follows that
∫
∪Ai f

+dm = ∞ and thus
∑

i

∫
Ai
f+dm = ∞ by Lebesgue’s

monotone convergence theorem. This then implies
∑

i

∫
Ai
fdm = ∞ since∫

∪Ai f
−dm < ∞ by assumption that at least one component function is

integrable.
In this case it is not diffi cult to identify a positive set and negative set

for ν. For example, A+ ≡ {x|f ≥ 0} is a positive set and A− ≡ {x|f < 0} a
negative set. But any measurable subsets of these are also valid candidates,
as are definitions which allocate A0 = {x|f = 0} differently, in whole or
measurably in part.

If we seek to also have A+ ∪A− = R, then the definitions posed are best
possible subject to the ambiguity on the placement of A0.

Exercise 7.10 If ν is a signed measure defined on a sigma algebra σ(X),
prove that if {A+

i } is a countable collection of positive sets then ∪A
+
i is a

positive set. (Hint: If A ⊂ ∪A+
i , consider An ≡ A ∩ A+

n ∩ Ã+
n−1 ∩ ... ∩ Ã

+
1 .

Note that this result is also true for negative and null sets by the same proof.
Show by examples that if A+ is a positive set, then Ã+ may be a negative

set, but need not be a negative set.

The following result, that one can always determine a positive set and
negative set for a signed measure, is known as the Hahn decomposition
theorem and named for Hans Hahn (1879 —1934). This decomposition
theorem assures that except for the ambiguity related to the location of null
sets denoted A0 above, that this positive set and negative set are "maximal"
in that A+ ∪ A− = X and A+ ∩ A− = ∅. For its proof we require a result
that at first seems apparent, that every measurable set of positive measure
contains a positive subset of positive measure. And yet its demonstration
is subtle because to be deemed a positive set requires a verification of a
property of all measurable subsets.

The result needed is presented next.
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Proposition 7.11 Given a signed measure υ on a sigma algebra σ(X), if
A ∈ σ(X) satisfies 0 < ν(A) < ∞, then there exists a positive set A+ ⊂ A
with ν(A+) > 0.
Proof. Given any such A, our goal is to define A+ as the set that is left over
after removing all measurable subsets of A with negative measure. If there is
no such subset of negative measure then A is a positive set and we are done.
Otherwise, let k1 be the smallest positive integer so that there is a set A1 ⊂ A
with ν(A1) < −1/k1. Inductively, once {Ai}n−1

i=1 are chosen let kn be the
smallest positive integer so that there is a measurable set An ⊂ A−∪n−1

i=1 Ai
with ν(An) < −1/kn. By construction, kn+1 ≥ kn for all n. Finally, define
A+ = A− ∪∞i=1Ai, noting that this union could be finite if there are no sets
of negative measure after the Nth step.

Since A = A+ ∪ (∪∞i=1Ai) and this union is disjoint, it follows by defini-
tion that

ν(A) = ν(A+) +
∑∞

i=1
ν(Ai).

If this summation contains a finite number of terms then by assumption
0 < ν(A) and by construction ν(An) < 0 for all n assures that ν(A+) > 0
and we are done. If this is an infinite sum, because ν(A) < ∞ this series
converges absolutely by definition and hence kn → ∞. Also, 0 < ν(A) and
absolute convergence assure that ν(A+) > 0 as in the finite sum case.

The final step is to show that A+ is a positive set, and this is done by
showing that given ε > 0, A+ can contain no measurable set with υ-measure
less than −ε. To this end, given ε there is an n so that 1/ (kn − 1) < ε since
kn →∞. Now A+ ⊂ A−∪ni=1Ai and by construction, A−∪ni=1Ai and hence
A+ can contain no set with measure less that −1/ (kn − 1) . This follows
because at step n we defined kn as the smallest integer with ν(An) < −1/kn.
But −ε < −1/ (kn − 1) and hence A+can contain no set with measure less
that −ε. Since ε was arbitrary, it follows that A+ contains no measurable set
with negative measure, and thus A+ is a positive set.

As is seen next, this technical result is the key ingredient to prove the
main result of this section. For its statement, recall the definition of a
symmetric set difference:

A4B ≡ (A−B) ∪ (B −A). (7.2)

Note that by definition: A4B = B 4A.

Proposition 7.12 (Hahn Decomposition theorem) Let ν be a signed
measure on a sigma algebra σ(X). Then there is a positive set and a negative
set for ν, respectively A+ and A−, for which A+∪A− = X and A+∩A− = ∅.
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Further this decomposition is unique up to null sets. Specifically, if B+∪
B− = X is another such decomposition, then A+ 4 B+ = A− 4 B− is a
null set.
Proof. For specificity, assume that −∞ ≤ ν(A) < ∞ for all A ∈ σ(X). If
−∞ < ν(A) ≤ ∞, this proved result applies to the signed measure −ν, and
we can then simply switch positive and negative sets to obtain the desired
result for ν.

Let P = {A ∈ σ(X)|A is positive}, noting that P is not empty since
∅ ∈ P, and define ρ = sup{ν(A)|A ∈ P}. Then ρ ≥ 0 since ν(∅) = 0, and
let {Ai}∞i=1 ⊂ P be chosen so that ρ = limi→∞ ν(Ai). This collection can
be assumed to be nested and increasing since given arbitrary {A′i}∞i=1 ⊂ P
define Ai = ∪ij=1A

′
j. Now define A

+ = ∪∞i=1Ai, and it is now left to show
that this set satisfies the requirements of the proposition.

Firstly, A+ is indeed a positive set since it is the union of positive sets
and we can apply exercise 7.10 above. Since A+ ∈ P it follows by definition
of ρ that ν(A+) ≤ ρ. But for any i, A+ −Ai ⊂ A+ is a positive set and

ν(A+) = ν(Ai) + ν(A+ −Ai) ≥ ν(Ai).

This implies ν(A+) ≥ ρ and thus ν(A+) = ρ.

Now define A− = Ã+, and we show A− is a negative set by contradic-
tion. Assume that there is a set B ⊂ A− with ν(B) > 0. Then by the above
proposition there is a positive set B′ ⊂ B with ν(B′) > 0, and B′ is disjoint
from A+ by construction. But then A+ ∪ B′ is a positive set, and by dis-
jointedness ν(A+ ∪B′) = ν(A+) + ν(B′) > ρ, contradicting the definition of
ρ. Hence no such B can exist and A− is therefore a negative set.

For uniqueness, B̃+ = B− and so A+ − B+ = A+ ∩ B− is a positive
set and a negative set and thus a null set. Similarly for B+ −A+ and then
A+ 4B+.

Remark 7.13 Although we will not use it later, it is worth noting an im-
portant result known as the Jordan decomposition theorem, named for
Camille Jordan (1838 —1922). This result can be derived directly using
the tools underlying the proof of the Hahn decomposition theorem, but now
that this result is proved, we can obtain Jordan’s result as an interesting
corollary.

Given a signed measure ν and the measurable sets A+ and A− defined
in the Hahn decomposition theorem, define for A ∈ σ(X) :

µ+(A) = ν(A ∩A+), µ−(A) = −ν(A ∩A−).
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Then µ+ and µ−are measures, and:

ν = µ+ − µ−.

Further, since A+ ∩ A− = ∅, these measures have disjoint supports and so
µ+and µ− are mutually singular.

Of course, the decomposition of a signed measure ν into a difference of
measures is far from unique, since for any measure λ it also follows that

ν =
(
µ+ + λ

)
−
(
µ− + λ

)
.

However, the Jordan decomposition of ν as a difference of mutually sin-
gular measures is unique.

Proposition 7.14 (Jordan Decomposition theorem) Let ν be a signed
measure on a sigma algebra σ(X). Then there are mutually singular mea-
sures µ+ and µ− defined on σ(X) with ν = µ+ − µ−. Further, this de-
composition is unique. If µ+

0 and µ−0 are mutually singular measures with
ν = µ+

0 − µ
−
0 , then µ

+ = µ+
0 and µ− = µ−0 .

Proof. Existence is demonstrated above using the Hahn decomposition the-
orem..

For uniqueness, let A+ and A− be the supports for µ+ and µ−, and
A+

0 and A−0 the supports of µ+
0 and µ−0 . In other words, A

+ ∪ A− = X,
A+ ∩ A− = ∅, and µ+(A−) = µ−(A+) = 0, and similarly for A+

0 and A−0 .
Then for any A, since µ+(A) = µ+(A ∩ A+) and similarly for the other
measures:

ν(A) = µ+(A ∩A+)− µ−(A ∩A−)

= µ+
0 (A ∩A+

0 )− µ−0 (A ∩A−0 ).

Letting A = A+ ∩A−0 obtains that µ+(A+ ∩A−0 ) = −µ−0 (A+ ∩A−0 ) and thus
since measures are nonnegative:

µ+(A+ ∩A−0 ) = −µ−0 (A+ ∩A−0 ) = 0.

Similarly, letting A = A− ∩A+
0 obtains:

−µ−(A− ∩A+
0 ) = µ+

0 (A− ∩A+
0 ) = 0.

This then implies that both µ+ and µ+
0 are supported on A+ ∩A+

0 , and both
µ− and µ−0 are supported on A− ∩A−0 . In other words, as above:

ν(A) = µ+(A ∩A+ ∩A+
0 )− µ−(A ∩A− ∩A−0 )

= µ+
0 (A ∩A+ ∩A+

0 )− µ−0 (A ∩A− ∩A−0 ).
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Using this, if A ⊂ A+ ∩ A+
0 then µ+(A) = µ+

0 (A) and thus µ+ = µ+
0

since for general A :

µ+(A) = µ+(A ∩A+ ∩A+
0 ), µ+

0 (A) = µ+
0 (A ∩A+ ∩A+

0 ).

Similarly, µ− = µ−0 .

7.2.2 The Radon-Nikodým theorem

As noted in the introductory section, the Radon-Nikodým theorem is
named for Johann Radon (1887 —1956) who proved this result when
X = Rn, and Otto Nikodým (1887 —1974) who generalized Radon’s
result to σ-finite measure spaces. To set the stage, let (X,σ(X), µ) be a
σ-finite measure space and υ a σ-finite measure also defined on σ(X), and
which is absolutely continuous with respect to µ :

υ � µ.

Example 7.15 If f : X → R is a nonnegative µ-measurable function, then
defining

υ(A) =

∫
A
fdµ

produces a σ-finite measure. This follows because υ is countably additive
by corollary 2.49 to Lebesgue’s monotone convergence theorem and example
7.9. Also, such υ is absolutely continuous with respect to µ since if µ(A) = 0
then υ(A) = 0.

The goal of the Radon-Nikodým theorem is to reverse this conclusion
to state that every σ-finite measure υ that is absolutely continuous with
respect to µ arises in exactly this way. Further, the associated function f is
called the Radon-Nikodým derivative of υ with respect to µ, and is
unique µ-a.e. In other words, if also υ(A) =

∫
A gdµ, then f = g except on a

set of µ-measure 0.

Notation 7.16 The Radon-Nikodým derivative of υ with respect to
µ, is often denoted

[
dυ
dµ

]
or simply dυ

dµ , reflecting both by terminology and no-
tation the notion of a derivative from calculus. This also allows the notation-
ally compelling re-interpretation of 3.6, that a function g(x) is υ-integrable
if and only if g(x)dυdµ is µ-integrable, and when integrable:∫

A
g(x)dυ =

∫
A
g(x)

dυ

dµ
dµ. (7.3)

for any A ∈ σ(X).
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Remark 7.17 It is natural to wonder in what way the function f ≡ dυ
dµ can

be understood as a derivative. Assume that (X,σ(X), µ) = (R,B(R),m), the
Borel measure space with Lebesgue measure, and let υF be a Borel measure
induced by an increasing, right continuous function F. Equivalently, let υ be
a Borel measure, then υ = υF for such F given in 5.1 or 5.3 of book 1. We
consider two perspectives.

1. From proposition 3.15 of book 3, such F is differentiable m-a.e., and in
the special case where F is absolutely continuous by definition 3.54 of
book 3, we have by that book’s proposition 3.61 that F can be recovered
by the Lebesgue integral of F ′. In particular it follows that on any
interval [a, b] on which F is absolutely continuous,

F (x) = F (a) +

∫ x

a
F ′(y)dm.

Hence since υF is defined on the semi-algebra A′ by υF [(a, b]] = F (b)−
F (a), it follows that

υF [(a, b]] =

∫ b

a
F ′(y)dm,

and this generalizes to any A ∈ B(R):

υF [A] =

∫
A
F ′(y)dm.

This generalization follows from proposition 6.14 of book 1. However,
this representation is not unique in that if f = F ′ m-a.e., then f works
equally well in this representation of υF .

In summary, in the special case where υF is a Borel measure induced by
an increasing, absolutely continuous function F, the function f iden-
tified in the Radon-Nikodým theorem satisfies f = F ′ m-a.e. In other
words, in this special case:

dυF
dm

=
dF

dx
, m-a.e,

where dυF
dm is the Radon-Nikodým derivative and equals m-a.e. the

integrand dF
dx that defines υF .
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2. Another insight to the notation dυ
dm as a calculus derivative is a corol-

lary to the above remark. If F ′(x) is continuous on (a, b), then for any
x ∈ (a, b) and εn, ε′n → 0,

υF [(x− εn, x+ ε′n]]

m [(x− εn, x+ ε′n]]
→ F ′(x).

The limit on the left is reasonably interpreted as the derivative dυF
dm ,

since for example for finite measures:

υF
[
(x− εn, x+ ε′n]

]
= υF

[
(−∞, x+ ε′n]

]
− υF

[
(−∞, x− ε′n]

]
,

by 5.3 of book 1, while m [(x− εn, x+ ε′n]] = εn + ε′n. For ν in the
general case, a similar representation is possible using 5.3 of book 1
but depends on the sign of x. The limiting result is then proved as an
exercise directly from remark 1, or as a corollary to proposition 5.30
of book 3 using the continuity of F ′(x).

The next result addresses the perhaps surprising double use of the ter-
minology "absolutely continuous," first in the context of a function as intro-
duced in chapter 3 of book 3, and now again in the context of a measure.
The final conclusion below is that if F is an increasing right continuous
function, then F is absolutely continuous by definition 3.54 of book 3 if and
only if υF � m.

Recall that a function F is absolutely continuous if given ε > 0 there is
a δ so that ∑n

i=1

∣∣F (xi)− F (x′i)
∣∣ < ε

for any finite collection of disjoint intervals {(x′i, xi)}, with∑n

i=1

∣∣xi − x′i∣∣ < δ.

But note that if F is increasing and we use right semi-closed intervals in
this definition, then F is absolutely continuous if given ε > 0 there is a δ so
that with υF denoting the induced Borel measure,∑n

i=1
υF
[
(x′i, xi]

]
< ε

for any finite collection of disjoint intervals {(x′i, xi]}, with∑n

i=1
m
[
(x′i, xi]

]
< δ.

So indeed, absolute continuity of an increasing function reflects a property
between two measures, and begins to resemble the measure context, that
υF � m when m(A) = 0 implies that υF (A) = 0.
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Proposition 7.18 (Absolute Continuity Definitions) Let υF be a Borel
measure on (R,B(R),m) induced by an increasing, right continuous function
F. Then F is absolutely continuous by definition 3.54 of book 3 if and only
if υF � m.

Proof. If F is absolutely continuous then as in the above remark it follows
that for any for any A ∈ B(R):

υF [A] =

∫
A
F ′(y)dm,

and so υF � m.

If υF � m, the Radon-Nikodým theorem below will identify a Lebesgue

measurable function f so that υF [A] =

∫
A
f(y)dm for all Borel sets A.

Letting A = (a, x] it follows that:

υF [A] = F (x)− F (a) =

∫ x

a
f(y)dm.

Hence F (x) is defined as the indefinite Lebesgue integral of a measurable
function, and is thus absolutely continuous by proposition 3.57 of book 3.

The Radon-Nikodým theorem requires that (X,σ(X), µ) be a σ-finite
measure space, and υ a σ-finite measure on σ(X) which is absolutely con-
tinuous with respect to µ. In the next example we illustrate the need for
σ-finiteness of the underlying space.

Example 7.19 (Need for Measure Space σ-Finiteness) Let (X,σ(X), µ) =
((0, 1),B((0, 1), µ) and define µ as the counting measure where µ(A) is de-
fined as the number of points in A if finite, and µ(A) = ∞ otherwise. Let
υ = m, Lebesgue measure. Then m is finite and hence σ-finite, but µ is
not a σ-finite measure since (0, 1) has uncountably many points and it can
therefore not be represented as a countable union of sets of finite measure.
However m� µ since µ(A) = 0 implies A = ∅ and hence m(A) = 0.

Now if m(A) =
∫
A fdµ for some µ-measurable and thus Borel measurable

function f, express f = f+−f− as in definition 2.36 and apply the following
argument to each nonnegative function. Denoting either by f for simplicity,
it follows from 2.6 that:∫

A
f(x)dµ = sup

ϕ≤f

∫
A
ϕ(x)dµ,
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where each ϕ(x) =
∑n

i=1
aiχAi(x) is a simple function, and {Ai} a disjoint

collection of µ-measurable sets. Because∫
A
ϕ(x)dµ =

∑n

i=1
aiµ(Ai),

for the supremum of such integrals to be finite it must be the case that f = 0
except on a finite collection of points. But if f(a) 6= 0 for some a, then
letting A = {a} : ∫

A
f(x)dµ = f(a) 6= 0 = m(A),

in contradiction to m� µ.
Hence, even though m � µ, there is no µ-measurable function f for

which m(A) =
∫
A fdµ.

The proof of the Radon-Nikodým theorem is constructive, and for this
proof a technical result will be needed on the existence of measurable func-
tions with specified level sets defined as Aα ≡ {x|f(x) ≤ α}. If f is mea-
surable on (X,σ(X), µ), then by definition Aα ∈ σ(X) for all α, Aα ⊂ Aβ
if α < β, and f > α on X − Aα. The next results go the other way. Given
{Aα} ⊂ σ(X), when does an associated measurable f exist, and what are
its properties?

The first lemma provides the existence result for such a measurable func-
tion if Aα ⊂ Aβ when α < β, and yields the conclusion that f ≥ α on
X − Aα. The second then generalizes this to a µ-a.e. result in the case
where the assumption on sets for α < β is weakened from Aα − Aβ = ∅ to
µ(Aα−Aβ) = 0. In other words, if α < β then Aα ⊂ Aβ except for a subset
of Aα of µ-measure 0.

Lemma 7.20 If {Aα} ⊂ σ(X) is a countable collection of sets with Aα ⊂
Aβ for α < β, then there is a measurable extended real-valued function f on
X with f ≤ α on Aα and f ≥ α on X −Aα.
Proof. Given x ∈ X define f(x) = inf{α′|x ∈ Aα′}, defining inf ∅ ≡ ∞.
Hence if x ∈ Aα then f(x) ≡ inf{α′|x ∈ Aα′} ≤ α, while if x ∈ X − Aα,
then {α′|x ∈ Aα′} ⊂ (α,∞) and so f(x) = inf{α′|x ∈ Aα′} ≥ α. To show
that f is measurable, note that if f(x) < α then x ∈ Aβ for some β < α,
while if x ∈ Aβ for some β < α, then f(x) ≤ β < α. Hence {x|f(x) < α} =⋃
β<αAβ ∈ σ(X), since this is a countable union, and f is measurable.

Lemma 7.21 If {Aα} ⊂ σ(X) is a countable collection of sets with µ(Aα−
Aβ) = 0 for α < β, then there is a measurable extended real-valued function
f on X with f ≤ α µ-a.e. on Aα, and f ≥ α µ-a.e. on X −Aα.
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Proof. Define C ≡
⋃
α<β (Aα −Aβ), a countable union. As a countable

union of sets of measure zero, µ(C) = 0. Define A′α = Aα∪C. Then A′α ⊂ A′β
if α < β since:

A′α −A′β = (Aα ∪ C) ∩
(
Ãβ ∩ C̃

)
=
(
Aα ∩ Ãβ ∩ C̃

)
∪
(
C ∩ Ãβ ∩ C̃

)
= (Aα −Aβ)− C.

This last set is empty since α, β are among the countable collection of pairs
that defined C.

Hence there is a measurable function f on X with f ≤ α on A′α and
f ≥ α on X −A′α. Thus except possibly on C, a set of measure 0, f ≤ α on
Aα and f ≥ α on X −Aα.

With these technical results in hand, we are now ready for the statement
and proof of the Radon-Nikodým theorem. It should be noted that the ideas
underlying this theorem and the Lebesgue decomposition theorem which
follows are intimately related, as are the tools used in their proofs. In fact
it is largely a matter of taste whether one proves Radon-Nikodým first and
derives the Lebesgue decomposition as a corollary, or uses the opposite logic.
In fact, some texts combine the results as the Lebesgue-Radon-Nikodým
theorem.

Proposition 7.22 (Radon-Nikodým theorem) Let (X,σ(X), µ) be a σ-
finite measure space, and υ a σ-finite measure on σ(X) which is absolutely
continuous with respect to µ, so υ � µ. Then there exists a nonnegative mea-
surable function f : X → R, also denoted f ≡ ∂υ

∂µ , so that for all A ∈ σ(X) :

υ(A) =

∫
A
fdµ. (7.4)

Further, f is unique µ-a.e., meaning if g is a measurable function so that
7.4 is true with g, then g = f, µ-a.e.
Proof.

1. Reduction to Finite Measures: Both µ and υ are σ-finite mea-
sures, and thus there is a disjoint collect {An} ⊂ σ(X) so that

⋃
nAn =

X, and both µ(An) < ∞ and υ(An) < ∞ for all n. This follows be-
cause such a collection exists for each measure separately, so define
the An-sets in terms of intersections of these sets. For A ∈ σ(X),
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define finite measures µn(A) ≡ µ(A ∩ An) and υn(A) ≡ ν(A ∩ An),
and note that then υn � µn. Now assume that the existence state-
ment of the theorem has been proven for finite measures. Then for
each n there is a nonnegative σ(X)-measurable function, fn : X → R,
so that υn(A) =

∫
A fndµn for A ∈ σ(X). By definition,

∫
A fndµn =∫

A fnχAndµ, and so by countable additivity and disjointedness of {An}:

υ(A) =
∑

υn(A)

=
∑∫

A
fnχAndµ

=

∫
A

∑
fnχAndµ.

Hence the existence statement of the theorem is true in the σ-finite
case with f =

∑
fnχAn .

2. Existence Proof for Finite Measures:

(a) Construction of f : For rational nonnegative rk, let {A+
rk
, A−rk}

be the Hahn decomposition of the signed measure υ− rkµ, so that
A+
rk
∪A−rk = X and A+

rk
∩A−rk = ∅. Define A+

0 = X and A−0 = ∅.
For any rj , rk, note that A−rk −A

−
rj = A−rk ∩A

+
rj and hence this is

a positive set for υ − rjµ and a negative set for υ − rkµ. But if
rk < rj then for any A :

(υ − rjµ) [A] = (υ − rkµ) [A]− (rj − rk)µ[A] ≤ (υ − rkµ) [A],

and so if A is a positive set for υ − rjµ and a negative set for
υ − rkµ then µ[A] = 0. Letting A = A−rk − A

−
rj , it follows that

if rk < rj then µ[A−rk − A
−
rj ] = 0. By lemma 7.21, let f be the

measurable function on X so that f ≤ rk µ-a.e. on A−rk , and
f ≥ rk µ-a.e. on X − A−rk = A+

rk
. Since A−0 = ∅, it follows that

f ≥ 0 µ-a.e. on X.

b. µ-Integral of f : Choose integer N and the subset of rationals
with rk = k/N, k ≥ 0. Let A ∈ σ(X) be given and define:

Ak = A ∩
(
A−rk+1 −A

−
rk

)
, A∞ = A−

⋃∞
k=0

A−rk .

Then A = A∞ ∪
⋃∞
k=0Ak is a disjoint union and so µ[A] =

µ[A∞] +
∑∞

k=0 µ[Ak]. Now since

Ak ⊂ A−rk+1 −A
−
rk

= A−rk+1 ∩A
+
rk
,
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it follows that k/N ≤ f ≤ (k + 1) /N on Ak and so

k

N
µ[Ak] ≤

∫
Ak

fdµ ≤ k + 1

N
µ[Ak].

Also, Ak is by definition a positive set for υ− rjµ and a negative
set for υ−rkµ and thus (υ − rkµ) [Ak] ≥ 0 and (υ − rk+1µ) [Ak] ≤
0. This obtains that rkµ[Ak] ≤ υ[Ak] ≤ rk+1µ[Ak], and so for all
k <∞ :

υ[Ak]−
1

N
µ[Ak] ≤

∫
Ak

fdµ ≤ υ[Ak] +
1

N
µ[Ak].

Now by construction f = ∞ µ-a.e. on A∞. If µ[A∞] > 0 then
υ[A∞] = ∞ since (υ − rkµ) [A∞] ≥ 0 for all k, contradicting the
assumption that υ is a finite measure. So it must be the case that
µ[A∞] = 0 and hence υ[A∞] = 0 since υ � µ, and thus:

υ[A∞] =

∫
A∞

fdµ.

By the disjointedness of the union, A = A∞ ∪
⋃∞
k=0Ak, these

estimates can be added together by corollary 2.49 to obtain:

υ[A]− 1

N
µ[A] ≤

∫
A
fdµ ≤ υ[A] +

1

N
µ[A].

This is now true for every subset of rationals of the form rk =
k/N, k ≥ 0, and hence

∫
A fdµ = υ[A] for all A ∈ σ(X).

3. Uniqueness of f : Let g be another measurable function which sat-
isfies 7.4. Then with h = f − g,∫

A
hdµ = 0

for all A ∈ σ(X). For any rational a, b > 0, let Aa,b = {x|a ≤ h ≤ b},
then

aµ [Aa,b] ≤
∫
A
hdµ ≤ bµ [Aa,b] ,

and hence µ [Aa,b] = 0. A similar conclusion is found for any rational
a, b < 0. So {x|h 6= 0} is a countable union of sets of µ-measure zero.
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Remark 7.23 It is worth a moment to better understand this result and
proof. By definition,

υ(A) =

∫
A
χAdυ

= sup
ϕ≤χA

∫
A
ϕ(x)dυ

= sup
ϕ≤χA

n∑
i=1

ν [Ai] .

Here ϕ(x) =

n∑
i=1

aiχAi(x), but since ϕ ≤ χA there is no loss of generality by

assuming ∪Ai = A is a disjoint union, and all ai = 1.
Similarly, approximate nonnegative measurable f with simple functions

as in proposition 1.18, where for any n let N ≡ n2n+1 and define measurable
sets {A(n)

j }Nj=1, and a simple function ϕn(x), by:

A
(n)
j =

 {x ∈ A|(j − 1)2−n ≤ f(x) < j2−n}, 1 ≤ j ≤ N − 1,

{x ∈ A|n ≤ f(x)}, j = N,

ϕn(x) =
{
a

(n)
j ≡ (j − 1)2−n, x ∈ A(n)

j , 1 ≤ j ≤ N.

Then since ϕn(x) → f(x) if follows by Lebesgue’s monotone convergence
theorem: ∫

A
fdµ = sup

n

∑N

i=1
a

(n)
j µ

[
A

(n)
j

]
.

So the essence of linking υ(A) and
∫
A fdµ is in finding sets for which ν [Ai]

and a(n)
j µ

[
A

(n)
j

]
can be linked, and defining f accordingly in terms of {a(n)

j }.
To this end, the above proof identified a countable collection of "almost

nested" sets, {A−rk} for rational rk, so that if rk < rj then µ[A−rk −A
−
rj ] = 0.

A measurable function f was then defined on X so that f ≤ rk µ-a.e. on
A−rk , and f ≥ rk µ-a.e. on X−A

−
rk

= A+
rk
.With this construction, it followed

that for any N and rk = k/N, if Ak ⊂ A−rk+1 −A
−
rk
, then

rkµ[Ak] ≤ υ[Ak] ≤ rk+1µ[Ak].

In addition, on any such Ak we have by construction that rk ≤ f ≤ rk+1

and so

rkµ[Ak] ≤
∫
Ak

fdµ ≤ rk+1µ[Ak].
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These results linked the µ and υ measures for any set Ak ⊂ A−rk+1−A
−
rk
. Since

any A ∈ σ(X) can be expressed as a disjoint union: A = A∞ ∪
⋃∞
k=0Ak,

where Ak ⊂ A−rk+1 − A
−
rk
if k < ∞ and A∞ ⊂ X∞ ≡ X −

⋃∞
k=0A

−
rk
, this

analysis then led to estimates for A. But as it cannot be assumed that X =

∪k
(
A−rk+1 −A

−
rk

)
, this construction leaves an "open question" regarding the

υ-measure of the set X∞ = X −
⋃∞
k=0A

−
rk
.

While it was relatively straightforward to show that µ[A∞] = 0 for any A,
the value of ν[A∞] is in general not constrained by this construction. But in
the special case of this theorem where υ � µ, this ensured that ν[A∞] = 0.
So then for every component of the disjoint union for A, the υ measures
could be estimated based on the µ integral of f.

In summary, by studying the signed measures υ−rkµ and applying Hahn’s
decomposition theorem, we identified sets {A−rk+1−A

−
rk
} for which υ-measures

could be bounded by multiples of µ-measures, and absolute continuity was the
property needed to take care of the loose end of the ν-measure of X∞. The
function f was then defined to have these sets as level sets, and since the
µ-integral of measurable f can then always be bounded by the µ-measures of
the supporting sets, we could transform the integral

∫
A χAdυ into

∫
A fdµ.

Corollary 7.24 (Radon-Nikodým theorem) Let (X,σ(X), µ) be a σ-
finite measure space, and υ a σ-finite measure on σ(X) which is absolutely
continuous with respect to µ, so υ � µ. Then there exists a nonnegative
measurable function f : X → R so that for all A ∈ σ(X), and all measurable
functions g : X → R : ∫

A
gdν =

∫
A
gfdµ, (7.5)

although both integrals may be infinite. However, g is ν-integrable if and
only if gf is µ-integrable.
Proof. Since the measure ν is given by 7.4, this result is an immediate
application of proposition 3.6 as noted in 7.3.

Corollary 7.25 (Radon-Nikodým theorem) Let (X,σ(X), µ) be a σ-
finite measure space, and υ a σ-finite measure on σ(X) for which both υ � µ
and µ� ν. Then:

∂υ

∂µ
=

[
∂µ

∂υ

]−1

, a.e. (7.6)

Remark 7.26 Note that the "a.e." in 7.6 is unambiguous, since by assump-
tion µ(A) = 0 if and only if ν(A) = 0. Thus a.e. means both µ-a.e. and
υ-a.e.



202 CHAPTER 7 GENERAL MEASURE RELATIONSHIPS

Proof. By the above proposition there exists nonnegative measurable func-
tions fυ ≡ ∂υ

∂µ and fµ ≡
∂µ
∂υ defined on X → R so that for all A ∈ σ(X) :

υ(A) =

∫
A
fνdµ, µ(A) =

∫
A
fµdυ.

Letting g = fµ in 7.5 obtains that for all A ∈ σ(X):

µ(A) =

∫
A
fµdυ =

∫
A
fµfνdµ.

Since both functions are nonnegative, fµfν = 1 a.e.

7.2.3 The Lebesgue Decomposition Theorem

The Lebesgue decomposition theorem is named for Henri Lebesgue
(1875 —1941), and can be proved based on a small adaptation of the
constructive proof of the Radon-Nikodým theorem.

Proposition 7.27 (Lebesgue Decomposition Theorem) Let (X,σ(X), µ)
be a σ-finite measure space, and υ a σ-finite measure defined on σ(X). Then
there are measures υac and υs defined on σ(X) with υac � µ and υs ⊥ µ,
so that for all A ∈ σ(X) :

υ(A) = υac(A) + υs(A). (7.7)

Further, this decomposition is unique in that if υ(A) = υ′ac(A) + υ′s(A) with
υ′ac � µ and υ′s ⊥ µ, then υ′ac = υac and υ′s = υs.
Proof.

1. Existence: Recalling the construction in the proof of the Radon-
Nikodým theorem, for any N let rk = k/N, k ≥ 0, and define:

Eac =
⋃∞

k=0
A−rk , Es = X −

⋃∞
k=0

A−rk .

For any A ∈ σ(X), let:

υac(A) = υ(A ∩ Eac), υs(A) = υ(A ∩ Es).

Then 7.7 is satisfied since X = Eac ∪ Es is a disjoint union.
To prove that υac � µ, the above construction obtains that for any N :

υ[A∩Eac]−
1

N
µ[A∩Eac] ≤

∫
A∩Eac

fdµ ≤ υ[A∩Eac] +
1

N
µ[A∩Eac].
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As N is arbitrary it follows that for all A ∈ σ(X) :

υac(A) =

∫
A∩Eac

fdµ,

and consequently υac(A) = 0 if µ(A) = 0. For the proof that υs ⊥ µ,
the above construction proved that µ (Es) = 0, and thus υac (Es) = 0
by absolute continuity. But then since Eac ∩ Es = ∅, it follows by
definition above that υs(Ẽs) = υs(Eac) = 0.

2. Uniqueness: If also υ(A) = υ′ac(A)+υ′s(A), then for all A ∈ σ(X) we
have υac(A) + υs(A) = υ′s(A) + υ′ac(A), which we would like to express
as:

υac(A)− υ′ac(A) = υ′s(A)− υs(A). ((*))

To avoid A-sets that produce ∞ − ∞, we need to reduce this proof
to the case of finite measures. As in the proof of the Radon-Nikodým
theorem, the σ-finiteness of µ and ν allows the identification of disjoint
{Xi} with ∪Xi = X, and where each Xi has finite µ- and ν-measure.
For either measure denoted λ, define the finite measure λi on σ(X) by

λi(A) = λ(A ∩Xi).

Then with this notation we have proved from part 1 that for all i,
υi(A) = υaci(A) + υsi(A) with υaci � µi and υsi ⊥ µi. Now if also
υ(A) = υ′ac(A)+υ′s(A), then this is also true with subscripts i, and once
again υ′aci � µi and υ

′
si ⊥ µi. Thus if we can prove that υ

′
aci = υaci

and υ′si = υsi the proof will be complete. Said differently, we can now
drop the notationally burdensome i-subscripts and complete the proof
assuming all measures are finite, and thus the subtractions in (∗) are
well defined.

Now (υac − υ′ac) � µ by definition. Since υs ⊥ µ and υ′s ⊥ µ, let
Es be defined as above with µ (Es) = υs(Ẽs) = 0, and let E′s be the
analogously defined set for υ′s, so that µ (E′s) = υs(Ẽ

′
s) = 0. Defin-

ing E′′s = Es ∪ E′s obtains µ (E′′s ) = 0. Thus µ (A) = 0 for all mea-
surable A ⊂ E′′s , and since (υac − υ′ac) � µ and this implies that
(υac − υ′ac) (A) = 0 for all such A, and by (∗) this in turn obtains
(υ′s − υs) (A) = 0. Thus υac = υ′ac and υ

′
s = υs on all measurable

subsets of E′′s . But υs(Ẽ
′′
s ) = υ′s(Ẽ

′′
s ) = 0 since Ẽ′′s = Ẽs ∩ Ẽ′s, and so

υs(A) = υ′s(A) = 0 for all measurable A ⊂ Ẽ′′s , and by (∗) the same
is true that υac(A) = υ′ac(A) = 0. Combining obtains υac = υ′ac and
υ′s = υs on σ(X) and the proof of uniqueness is complete.



204 CHAPTER 7 GENERAL MEASURE RELATIONSHIPS

Proposition 7.18 above investigated the notion of being absolutely con-
tinuous, both as this terms applies to a given function and as a property
between two measures. The next result addresses the notion of being sin-
gular, again as this term applies to a function as in definition 3.47 of book
3 and as a property between two measures. The conclusion below is that if
F is an increasing right continuous function, then F is singular by definition
3.47 if and only if υF ⊥ m.

This result may seem surprising initially. A function F is singular if
F ′ = 0 except on a set of measure 0.When applied to two measures this term
reflects a comparative concept, and the terminology mutually singular
highlights this fact. By definition, υF ⊥ m means that there is a set A so
that m(A) = υF (Ã) = 0. In other words, m and υF have disjoint supports
with union equal to X, or in the special case here, R.

But note that for a function F, it could have been stated that F is
Lebesgue singular if m [A] = 0 where A = {x|F ′(x) 6= 0}. So indeed,
singularity of a function reflects a comparative measure concept if it can be
shown that for such A, υF (Ã) = 0 where υF is the Borel measure induced
by F.

Proposition 7.28 (Singular Definitions) Let υF be a Borel measure on
(R,B(R),m) induced by an increasing, right continuous function F. Then F
is a singular function by definition 3.47 of book 3 if and only if υF ⊥ m.
Proof. If F is a singular function then F ′(x) = 0 m-a.e. Let Ã =
{x|F ′(x) = 0} and A = {x|F ′(x) 6= 0}. Then m [A] = 0 and so υF ⊥ m

will follow if we show that υF
[
Ã
]

= 0, and we do this by showing that

υF

[
Ã ∩ [−a, a]

]
= 0 for any interval [−a, a]. By proposition 5.30 of book 1,

if F ′(x) ≤ ε on a Borel set B then υF (B) ≤ εm(B). But F ′(x) = 0 on Ã
implies that for every ε > 0 that

υF

[
Ã ∩ [−a, a]

]
≤ 2aε,

and so υF
[
Ã ∩ [−a, a]

]
= 0 for all a. Using continuity from below obtains

that υF
[
Ã
]

= 0, and hence, υF ⊥ m.

Conversely, if υF ⊥ m then for some Borel set A, m(A) = υF (Ã) = 0.
Again by proposition 5.30 of book 3, if F ′(x) ≥ ε on a Borel set B then
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εm(B) ≤ υF (B). Since m(A) = 0, this implies that:

εm
[
{x|F ′(x) ≥ ε}

]
= εm

[
{x ∈ Ã|F ′(x) ≥ ε}

]
≤ υF (Ã)

= 0.

Hence m [{x|F ′(x) ≥ ε}] = 0 for all ε and so m [{x|F ′(x) 6= 0}] = 0 and F
is a singular function.
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