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Preface
The idea for a reference book on the mathematical foundations of quantita-
tive finance has been with me throughout my career in this field. But the
urge to begin writing it didn’t materialize until shortly after completing my
first book, Introduction to Quantitative Finance: A Math Tool Kit, in 2010.
The one goal I had for this reference book was that it would be complete
and detailed in the development of the many materials one finds referenced
in the various areas of quantitative finance. The one constraint I realized
from the beginning was that I could not accomplish this goal, plus write a
complete survey of the quantitative finance applications of these materials,
in the 700 or so pages that I budgeted for myself for my first book. Little
did I know at the time that this project would require a multiple of this
initial page count budget even without detailed finance applications.

I was never concerned about the omission of the details on applications
to quantitative finance because there are already a great many books in
this area that develop these applications very well. The one shortcoming
I perceived many such books to have is that they are written at a level of
mathematical sophistication that requires a reader to have significant formal
training in mathematics, as well as the time and energy to fill in omitted
details. While such a task would provide a challenging and perhaps welcome
exercise for more advanced graduate students in this field, it is likely to
be less welcome to many other students and practitioners. It is also the
case that quantitative finance has grown to utilize advanced mathematical
theories from a number of fields. While there are also a great many very
good references on these subjects, most are again written at a level that
does not in my experience characterize the backgrounds of most students
and practitioners of quantitative finance.

So over the past several years I have been drafting this reference book,
accumulating the mathematical theories I have encountered in my work in
this field, and then attempting to integrate them into a coherent collection
of books that develops the necessary ideas in some detail. My target readers
would be quantitatively literate to the extent of familiarity, indeed comfort,
with the materials and formal developments in my first book, and suffi ciently
motivated to identify and then navigate the details of the materials they were
attempting to master. Unfortunately, adding these details supports learning
but also increases the lengths of the various developments. But this book was
never intended to provide a “cover-to-cover”reading challenge, but rather to
be a reference book in which one could find detailed foundational materials
in a variety of areas that support current questions and further studies in
quantitative finance.
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x Preface

Over these past years, one volume turned into two, which then became a
work not likely publishable in the traditional channels given its unforgiving
size and likely limited target audience. So I have instead decided to self-
publish this work, converting the original chapters into stand-alone books, of
which there are now nine. My goal is to finalize each book over the coming
year or two.

I hope these books serve you well.
I am grateful for the support of my family: Lisa, Michael, David, and

Jeffrey, as well as the support of friends and colleagues at Brandeis Interna-
tional Business School.

Robert R. Reitano
Brandeis International Business School



to Lisa
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Introduction

This is the seventh book in a series of nine that will be self-published under
the collective title of Foundations of Quantitative Finance. Each book in
the series is intended to build from the materials in earlier books, with the
first six volumes alternating between books with a more foundational
mathematical perspective, which was the case with the first, third and fifth
book, and books which develop probability theory and some quantitative
applications to finance, the focus of the second, fourth and sixth book.
This is the first of three books contemplated on stochastic processes.

While providing many of the foundational theories underlying quantita-
tive finance, this series of books does not provide a detailed development
of these financial applications. Instead this series is intended to be used
as a reference work for students, researchers and practitioners of quanti-
tative finance who already have other sources for these detailed financial
applications but find that such sources are written at a level which assumes
significant mathematical expertise, which if not possessed can be diffi cult to
acquire.

The goal of many books in quantitative finance is to develop financial
applications from an advanced point of view. So it is often the case that
the needed advanced foundational materials from mathematics and proba-
bility theory are assumed, or simply introduced and summarized, without a
complete and formal development that would of necessity take the respec-
tive authors far from their intended objectives. And while there are a great
many excellent books on mathematics and probability theory, a number of
which are cited in the references, such books typically develop materials
with a eye to comprehensiveness in the subject matter, and not with an eye
toward effi ciently curating and developing the theory needed for applications
in quantitative finance.

Thus the goal of this series is to introduce and develop in some detail
a number of the foundational theories underlying quantitative finance. The

xiii



xiv INTRODUCTION

included topics have been curated from a vast mathematical and probability
literature for the express purpose of supporting applications in quantitative
finance. In addition, the development of these topics will be found to be at
a much greater level of detail than in most advanced quantitative finance
books, and certainly in more detail that most advanced mathematics and
probability theory texts. In addition, and most importantly for a reference
work, this series of books is extensively self-referenced. The reader can enter
the volumes at any place of interest, and any earlier results utilized will be
explicitly identified for easy reference.

The title of this seventh book, Brownian Motion and Other Stochastic
Processes, begins the development of continuous time models suggested by
the last two chapters of book 6. In these earlier chapters asset prices and
the prices of associated financial derivatives were developed within a discrete
time binomial model. Such models were motivated by an investigation into
the feasible relationships between spatial and temporal distributions of asset
prices. While limiting results were developed for both the distributions of
asset prices and the associated prices of financial derivatives as the time-
step ∆t → 0, there was no detailed investigation into the ultimate fate
of the underlying binomial model other than central limit theorem based
results on spatial distributions.

Chapter 1 begins the transition to a continuous time model, but not
with an unmotivated definition of a Brownian motion on a given probabil-
ity space. Instead, the first sections introduce "binomial paths" in terms
of an interpolated representation of the book 6 binomial model, and then
investigates limits of such paths as ∆t→ 0. Using techniques from calculus
and previous volumes, such investigations fall short. Focusing on path-based
limits loses information on the limiting distributions, while a focus on the
multivariate limiting distributions loses information on the nature of the
limiting paths. Thus new tools are required.

The definition of a d-dimensional Brownian motion is then introduced
and seen to reflect the distributional assumptions previously developed, but
also a path-based assumption which then calls into question if such a math-
ematical object can be proved to exist. After investigating properties of a
Brownian motion derivable from the definition, the question of existence is
addressed. In addition to the famous Kolmogorov construction the chapter
then studies Donsker’s theorem, which is seen to successfully derive Brown-
ian motion from binomial motion and more general models, as well as the
constructions of Lévy, Ciesielski, and Wiener. Each construction utilizes
a different mathematical approach, and provides insights to the variety of
probability spaces on which such Brownian motions are defined. This chap-
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ter then ends with an investigation into the path-based properties of Brown-
ian motion, studying symmetry, growth, regularity and variation.

Chapter 2 introduces two big ideas that are studied in later chapters, the
Markov property and the martingale property. These are both properties
shared by Brownian motion, but also interesting and important properties
of more general classes of "stochastic processes" which merit independent
study. Chapter 3 begins this development with Markov processes and the
special subset of diffusion processes. Transition measures, already observed
for Brownian motion, are formally introduced, and then the existence ques-
tion is addressed: Does a Markov process exist for any given transition
function, and if so, what are its properties? Filtrations are introduced in
this setting but investigated more fully in the next chapter.

Before turning to martingales and related processes, chapter 4 begins
with a general definition of a stochastic process, and the several associated
notions of measurability of such processes. Given the several constructions of
Brownian motion in chapter 1, the notion of a canonical probability space is
formalized both for Brownian motion, as well as a general stochastic process.
Martingales and related processes are then defined and most of this chapter
then develops the theory and results largely attributable to Doob. After
an introduction to the role of martingales in the pricing of financial deriva-
tives, we begin the formal investigation with a first version of his martingale
maximal inequality. For more general results, local martingales need be
introduced which in turn requires the notion of a special random variable
called a stopping time. These random variables are defined and seen to mo-
tivate the so-called "usual assumptions" on the filtration of the probability
space, and then properties of stopped processes are investigated.

A beautiful series of results named for Doob are then sequentially de-
veloped. This begins with his result on optional stopping, which allows a
study of the connections between martingales and local martingales. After
generalizing the martingale maximal inequality using local martingale tech-
niques, limits of Lp-bounded martingales are investigated and the chapter
ends with a generalization of the optional stopping theorem and a discussion
of alternative approaches to identifying a martingale.

The final chapter 5 generalizes the variation discussion on Brownian
motion in chapter 1 to the development of the quadratic variation and co-
variation processes of martingales, local martingales, and semimartingales.
These notions will be essential for the development of stochastic integration
in book 8.





Chapter 1

Brownian Motion (BM) -
First Construction

The central idea needed for most continuous time models in finance is that
of a Brownian motion, the subject of this chapter. Intuitively, what is
needed is a continuous version of the limit of the binomial model of book 6
as ∆t→ 0. The central challenge is to prove that such limits can be
formally specified, proved to exist, and the properties of such limits
identified. In the first section we begin the development of this result with
a more detailed investigation into the discrete time binomial model of book
6 and certain of its limiting properties. We will investigate both
"pathwise" convergence as well as distributional convergence, and see that
neither approach provides a complete specification.

In the following sections the standard construction of Brownian motion
will be developed, using results largely developed by Andrey Kolmogorov
(1903 —1987).

1.1 Limits of Binomial Motion

In order to generalize the evolution of asset prices from discrete to
continuous time, it makes sense to begin with the simple binomial drivers
of the models of chapter 8 of book 6 to investigate how such a models
might converge as ∆t→ 0. To this end let T be given, and define b(∆t) as
a binomial variate, so that:

b(∆t) = ±
√

∆t, p = 1/2.

1



2CHAPTER 1 BROWNIANMOTION (BM) - FIRST CONSTRUCTION

Equivalently, it is sometimes convenient to express:

b(∆t) = b
√

∆t, b = ±1, p = 1/2,

separating the binomial random variate b = ±1 from the time interval ∆t.
When T <∞ it is often convenient to define ∆t = T/n as a way to
parametrize ∆t→ 0. When T =∞ one can define ∆t0 > 0 arbitrarily, and
then model ∆t = ∆t0/n. Even more generally one can consider arbitrarily
defined ∆tn → 0 parametrized in terms of n→∞.

While b(∆t) is generally meant to be a random variable and {bj(∆t)}nj=1

an independent sequence of such random variables, we will sometimes have
the need to consider a realization of b(∆t), or a realization of {bj(∆t)}nj=1.
By realization we mean a specific assignment of values to these random
variables, where implicitly, such assignments are governed by the binomial
probabilities. Rather than introduce a layer of notation, it will be clear from
the context whether we are considering bj(∆t) as a random variable or as a
specific realization of this random variable.

With ∆t and initial asset price X0 given, along with independent bi-
nomial variates {bj(∆t)}nj=1, the temporal binomial models of chapter 8 of
book 6 modeled asset prices at time j∆t by:

1. Additive Temporal Model:

Xj = X0 + µj∆t+ σBj(∆t),

2. Multiplicative Temporal Model:

ln [Xj/X0] = µj∆t+ σBj(∆t),

where
Bj(∆t) ≡

∑j

k=1
bk(∆t). (1.1)

Defining B0(∆t) = 0, it is easy to extend the definition of Bj(∆t) to a
continuous, piecewise linear function Bt(∆t) for t ∈ [0, T ] for any collection
{bj(∆t)}nj=1. For t ≡ (j + s) ∆t, 0 ≤ s ≤ 1, define the binomial path:

Bt(∆t) = (1− s)Bj(∆t) + sBj+1(∆t). (1.2)

Equivalently:
Bt(∆t) = Bj(∆t) + sbj+1(∆t). (1.3)
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As noted above, we can think of Bt(∆t) as a random variable for each t, or
define a realization of Bt(∆t) to mean the continuous function defined by
1.2 or 1.3 based on a realization of {bj(∆t)}nj=1.

In the above parametrization j = bt/∆tc, where bt/∆tc = max{j ∈
N|j ≤ t/∆t} denotes the greatest integer function, and so s ≡ t/∆t −
bt/∆tc. Hence the formula for Bt(∆t) can be explicitly expressed in terms
of t :

Bt(∆t) = Bbt/∆tc(∆t) + (t/∆t− bt/∆tc) bbt/∆tc+1(∆t).

This notation is cumbersome and it is more intuitive to just express Bt(∆t)
piecewise on each subinterval [j∆t, (j + 1) ∆t].

1.1.1 Pathwise Limits of Bt(∆t)

In this section we investigate pathwise limits of binomial paths as ∆t→ 0.
We begin with a natural idea, defining a pathwise binomial motion on
[0, T ] as a uniform limit of binomial paths when such a limit exists. When
T =∞ we define [0, T ] = [0,∞).

Definition 1.1 A function BU
t defined on [0, T ] for T ≤ ∞ is called a path-

wise binomial motion if there exists ∆tn → 0 and binomial realizations
{{bj(∆tn)}∞j=1}∞n=1 so that as n→∞ :

supt∈[0,T ]

∣∣BU
t −Bt(∆tn)

∣∣→ 0. (1.4)

Here Bt(∆tn) is defined as in 1.1 and 1.2.
We denote the class of all pathwise binomial motions on [0, T ] by BIN ([0, T ]) .

Remark 1.2 For each BU
t ∈ BIN ([0, T ]) there exists realizations of bi-

nomial sequences {{bj(∆tn)}∞j=1}∞n=1, or equivalently, realizations of associ-
ated binomial paths {Bt(∆tn)}∞n=1, so that Bt(∆tn) → BU

t uniformly in
t ∈ [0, T ] as n → ∞. In some constructions below it will be the case that
∆tn ≡ ∆t0/mn with integers mn → ∞ and ∆t0 > 0. When T < ∞ the
sequence of realizations {bj(∆tn)}∞j=1 needed for 1.4 is finite for each n. For
example with Nn ≡ bT/∆tnc then 1 ≤ j ≤ Nn + 1.

Also, note that for all BU
t ∈ BIN ([0, T ]) :

BU
0 = 0,

since B0(∆t) = 0 for all ∆t.
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The first task is to ensure that BIN ([0, T ]) is not an empty class making
the above definition vacuous, and this we do in example 1.5 and proposition
1.8. But first recall the definition that a sequence of functions satisfies the
Cauchy criterion, named for Augustin-Louis Cauchy (1789 —1857).

Definition 1.3 A function sequence {fn(t)}∞n=1 is said to satisfy the Cauchy
criterion on a set A, or, is uniformly Cauchy on A, if for any ε > 0
there is an N ∈ N so that for n,m ≥ N :

|fn(t)− fm(t)| < ε for all t ∈ A. (1.5)

The following proposition states that this criterion is equivalent to the
statement that {fn(t)}∞n=1 converges uniformly. But this is a useful reformu-
lation of uniform convergence in practice because it can be verified without
identifying the convergent function f(t).

Proposition 1.4 (Cauchy Criterion for Uniform Convergence) A se-
quence {fn(t)}∞n=1 converges uniformly to a function f(t) on a set A if and
only if this sequence satisfies the Cauchy criterion on A.
Proof. If fn(t)→ f(t) uniformly on A, then given ε > 0 there exists N so
that |fn(t)− f(t)| < ε/2 for all n ≥ N and all t ∈ A. Thus for n,m ≥ N :

|fn(t)− fm(t)| ≤ |fn(t)− f(t)|+ |f(t)− fm(t)| < ε

for all t ∈ A, and fn(t)}∞n=1 satisfies the Cauchy criterion on A.
Conversely, if {fn(t)}∞n=1 satisfies the Cauchy criterion on A then for

each t0 ∈ A, {fn(t0)}∞n=1 is a Cauchy sequence of real numbers. By propo-
sition 5.41 of Reitano (2010) there exists a real number, which we denote
by f(t0), such that fn(t0) → f(t0). Now given ε > 0 the Cauchy criterion
assures the existence of N so that 1.5 is satisfied for all n,m ≥ N. Thus for
all t ∈ A :

|fn(t)− f(t)| = limm→∞ |fn(t)− fm(t)| < ε,

and {fn(t)}∞n=1 converges uniformly to f(t) on A.

Example 1.5 (Existence of Binomial Motion) In this example we com-
plete a construction of binomial motion on [0, T ], noting that T need not be
finite. Arbitrarily choosing ∆t0 > 0, define ∆tn ≡ ∆t0/mn with mn =
4n. Thus each successive refinement of a partition quarters all intervals:
∆tn+1 = ∆tn/4. Given ∆t0, generate a realization of a binomial sequence
to obtain a realization of Bt(∆t0) on [0, T ]. We claim that we can then
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sequentially choose binomial sequences at each successive step n+ 1 that re-
produces the step n binomial path values at all k∆tn. Specifically, given any
∆tn-interval [k∆tn, (k + 1)∆tn] and starting value for Bk∆tn(∆tn), if

Bk∆tn(∆tn) = Bk∆tn(∆tn+1), ((1))

there are four binomial sequences for the associated ∆tn+1 subintervals such
that

B(k+1)∆tn(∆tn) = B(k+1)∆tn(∆tn+1). ((2))

For example, if b(n)
k+1 = 1 and thus

B(k+1)∆tn(∆tn) = Bk∆tn(∆tn) +
√

∆tn,

let (b
(n+1)
4k+1 , b

(n+1)
4k+2 , b

(n+1)
4k+3 , b

(n+1)
4k+4 ) denote the four binomial variates in this in-

terval associated with the ∆tn+1 time-steps. Then since
√

∆tn+1 =
√

∆tn/2,
if these variates equal {−1, 1, 1, 1} in any order, then (1) will obtain (2). As
B0(∆tn) = 0 for all n, this proves the claim by induction.

Thus by construction, each binomial path Bt(∆tn+1) equals the prior path
Bt(∆tn) for all t = k∆tn. By elementary geometry we can now conclude
that independent of how one chooses the 4-tuple of binomial variates in each
interval:

|Bt(∆tn+1)−Bt(∆tn)| ≤ 0.75
√

∆tn = 0.75
√

∆t0/2
n.

The resulting sequence of binomial paths {Bt(∆tn)}∞n=1 thus satisfies the
Cauchy criterion. If n > m ≥ N :

|Bt(∆tm)−Bt(∆tn)| ≤ 0.75
√

∆t02−(N−1).

By proposition 1.4, {Bt(∆tn)}∞n=1 converges uniformly to some function B
U
t ,

which is then by definition a binomial motion.

Exercise 1.6 Provide the details of the construction of binomial motion
using the approach of example 1.5, but where now ∆tn+1 = ∆tn/m

2 for any
positive integer m.

Because the convergence in 1.4 is uniform on the interval [0, T ], con-
tinuity of all Bt(∆tn) then assures continuity of the limit function BU

t by
proposition 9.51 of Reitano (2010). When T <∞ it then follows that BU

t is
uniformly continuous by that book’s proposition 9.36. Thus by proposition
3.11 of book 1, binomial motion is also Lebesgue measurable.
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Proposition 1.7 For all intervals [0, T ] :

BIN ([0, T ]) ⊂ C ([0, T ]) , (1.6)

where C ([0, T ]) denotes the class of continuous functions on [0, T ]. Thus
when T <∞, the functions in BIN ([0, T ]) are in fact uniformly continuous.
Proof. Details are referenced above, or a direct proof is left as an exercise.

The next result shows that BIN ([0, T ]) is sequentially closed.

Proposition 1.8 If ft is any function on [0, T ] with the property that for

any δ > 0 there is a BU(δ)
t ∈ BIN ([0, T ]) with

∣∣∣BU(δ)
t − ft

∣∣∣ < δ for all t,

then ft ∈ BIN ([0, T ]) .

Proof. Given any δ > 0 let {B(δ)
t (∆tn)}∞n=1 be a sequence of binomial paths

which converge uniformly to BU(δ)
t , where {∆tn}∞n=1 may depend on δ. By

the triangle inequality:∣∣∣B(δ)
t (∆tn)− ft

∣∣∣ ≤ ∣∣∣B(δ)
t (∆tn)−BU(δ)

t

∣∣∣+
∣∣∣BU(δ)

t − ft
∣∣∣

<
∣∣∣B(δ)

t (∆tn)−BU(δ)
t

∣∣∣+ δ,

for all t. To produce a convergent sequence of binomial paths for ft, given pos-

itive εn → 0 let δn = εn/2 above and choose ∆tn so that
∣∣∣B(δn)

t (∆tn)−BU(δn)
t

∣∣∣ <
εn/2. Then

∣∣∣B(δn)
t (∆tn)− ft

∣∣∣ < εn for all t, and ft ∈ BIN ([0, T ]) .

It would be interesting to identify if the functions in BIN ([0, T ]) can
be characterized in a useful way beyond 1.6. However, even if we could
characterize all such functions, a moment of thought reveals that we have
lost crucial information. By focusing on the resulting paths, we have lost
all information about the measure-theoretic properties of such paths. For
example, while it is possible to make probabilistic statements about Bt(∆tn)
for any t = k∆tn, or any finite collection of such times, there is no natural
way to evaluate such probabilistic statements about BU

t , the limiting paths
of Bt(∆tn) as ∆tn → 0.

Thus in the next section we temporarily abandon the question of path-
based limits, and instead consider distributional limits of Bt(∆tn) as ∆tn →
0 for finite collections of time-points t.
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1.1.2 Distributional Limits of Bt(∆t)

In this section, distributional and other limits of binomial paths Bt(∆tn)
as ∆tn → 0 are investigated for finite collections of time-points t. Thus
these statements fall short of providing distribution limits of such paths
"for all t" which might, for example, provide insights to probability
statements on binomial motion defined above or on other collections of
path-based limits of binomial paths. Nonetheless, the insights derived will
be useful to our understanding of what follows.

Specifically, the various results in the following propositions treat s, t, t′ ∈
[0, T ] etc. as fixed though arbitrary, and thus the stated limiting distribu-
tional results apply to the random variables Bs(∆tn), Bt(∆tn), Bt′(∆tn),
etc. While we do not yet have a probability space in which Bt(∆tn) or its
convergent Bt exist as paths or functions, once t is fixed these random vari-
ables can, if needed for context, be inferred to exist on a fixed probability
space provided by Skorokhod’s representation theorem of proposition 8.30
of book 2. In the later development below of a probability space of Brown-
ian motion with measure µ, these distributional limits and expectations can
then be consistently defined in the sense of book 2 relative to µ, since µ
will preserve the limiting "finite dimensional distributions" of Bt(∆tn) seen
below.

Recall that the notion of random variable convergence and denoted
Xn →d X, identifies convergence in distribution or convergence in
law, and was introduced in book 2 in definition 5.19 and extended in defini-
tion 8.2. This notion has been developed in books 2, 4 and 6. We reproduce
the general statement of definition 4.19 of book 6, applicable to random
variables or random vectors.

Definition 1.9 A sequence of distribution functions on Rj , {Fn(x)}, is said
to converge weakly to a distribution function F (x), denoted Fn ⇒ F, if
Fn(x)→ F (x) for every continuity point of F (x).

A sequence of probability measures on Rj, {µn}, is said to converge
weakly to a probability measure µ, denoted µn ⇒ µ, if Fn ⇒ F for the
associated distribution functions (recall 8.2 of book 1).

A sequence of random vectors {Xn} with range in Rj , converges in
distribution or converges in law to a random vector X, denoted Xn →d

X and sometimes Xn ⇒ X, if Fn ⇒ F for the associated distribution func-
tions.

Proposition 1.10 With N(0, t) denoting a normally distributed random
variate with mean 0 and variance t, and ∆tn → 0 :
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1. For every t ∈ (0, T ] :

Bt(∆tn)→d N(0, t).

2. For 0 ≤ s < t ≤ T :

Bt(∆tn)−Bs(∆tn)→d N(0, t− s).

3. For 0 ≤ s < t ≤ T, if ∆tn < (t− s)/2 :

E [Bs(∆tn)Bt(∆tn)] = min[s, t].

4. For 0 ≤ s1 < t1 ≤ s2 < t2 ≤ T, if ∆tn < min(tj − sj)/2 :

E [[Bt1(∆tn)−Bs1(∆tn)] [Bt2(∆tn)−Bs2(∆tn)]] = 0.

Proof. To prove 1, fix t and for each n let t = [j(n) + e(n)] ∆tn with integer
j(n) and 0 ≤ e(n) < 1. Then as noted in 1.3:

Bt(∆tn) = Bj(n)(∆tn) + e(n)bj(n)+1(∆tn).

Independence of {bj(∆tn)}∞j=1 obtains independence of Bj(n)(∆tn) and bj(n)+1(∆tn)
by proposition 3.56 of book 2, and then proposition 6.2 of book 6 produces
the identity in characteristic functions:

CBt(∆tn)(y) = CBj(n)(y)Ce(n)bj(n)+1(y).

Now

Ce(n)bj(n)+1(y) = 0.5
[
exp

(
iye(n)

√
∆tn

)
+ exp

(
−iye(n)

√
∆tn

)]
,

and hence for all y, Ce(n)b(n)j+1(y) → 1 as ∆tn → 0 by Euler’s formula of
6.12 of book 5.

Also, {bj(∆tn)}j(n)
j=1 satisfies Lindeberg’s condition of definition 7.4 of

book 6, by that book’s exercise 7.8. In detail using a small change in that
book’s notation, |Zj | = |bj(∆tn)| /

√
∆tn = |b| , where b = ±1 with p = 1/2,

and so for any s > 0 and j(n) > 1/s2 :∫
|Zj |>s

√
j(n)

Z2
j dλ ≡

∫
|b|>s
√
j(n)

1dλ = 0.

Thus since E
[
Bj(n)(∆tn)

]
= 0 and V ar

[
Bj(n)(∆tn)

]
= j(n)∆tn → t, corol-

lary 7.9 of Lindeberg’s central limit theorem obtains that Bj(n)(∆tn) →d
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N(0, t). Lévy’s continuity theorem of proposition 6.30 of book 6 states that
this is equivalent to CBj(n)(y) → CN(0,t)(y). Combining results obtains that
CBt(∆tn)(y)→ CN(0,t)(y) and another application of Lévy’s continuity theo-
rem produces Bt(∆tn)→d N(0, t).

To prove 2 and 3 we use the same set-up, expressing s and t in terms of
∆tn. Since s < t, express s = [j(n) + e(n)] ∆tn and t = [k(n) + f(n)] ∆tn,
where j(n) ≤ k(n), and 0 ≤ e(n), f(n) < 1. Since s < t, it follows that for
n large and defined so that ∆tn < (t − s)/2 say, that j(n) < k(n) and this
will be assumed to avoid ambiguity. To prove 2 note that:

Bt(∆tn)−Bs(∆tn) = (1− e(n)) bj(n)+1 +
∑k(n)

i=j(n)+2
bi(∆tn) + f(n)bk(n)+1,

and thus with X ≡
∑k(n)

i=j(n)+2 bi(∆tn) and the justification above:

C[Bt(∆tn)−Bs(∆tn)](y) = C(1−e(n))bj(n)+1(y)CX(y)Cf(n)bk(n)+1 .

As above C(1−e(n))bj(n)+1(y)→ 1 and Cf(n)bk(n)+1 → 1 as ∆tn → 0 by Euler’s
formula, and it remains to prove that CX(y)→ CN(0,t−s)(y). This follows as
before with Lindeberg’s central limit theorem since E[X] = 0 and V ar[X] =
(k(n)− j(n)− 1) ∆tn → t− s.

For 3 :

Bs(∆tn)Bt(∆tn) =
[
Bj(n)(∆tn) + e(n)bj(n)+1(∆tn)

] [
Bk(n)(∆tn) + f(n)bk(n)+1(∆tn)

]
=
∑j(n)

i=1
b2i (∆tn) +

∑
l 6=i

bl(∆tn)bi(∆tn) + other terms,

where each term in "other terms" is multiplied by e(n) and/or f(n). By inde-
pendence the expectation of the double summation is 0, while E

[
b2i (∆tn)

]
=

∆tn for all i. In addition, each term in "other terms" is of the form g(n)bl(∆tn)bi(∆tn)
with 0 ≤ g(n) < 1, and l = j(n)+1 and/or i = k(n)+1, and thus either has
expectation 0 if l 6= i , or expectation g(n)∆tn if l = i. Again assuming that
n is large and j(n) < k(n), there is only one such term of the latter type,
e(n)b2j(n)+1(∆tn), with expectation e(n)∆tn, and so:

E [Bs(∆tn)Bt(∆tn)] = j(n)∆tn + e(n)∆tn.

Thus, E [Bs(∆tn)Bt(∆tn)] = s, and this proves 3.

For 4, dropping the ∆tn-notation for simplicity:

[Bt1 −Bs1 ] [Bt2 −Bs2 ] = Bt1Bt2 −Bt1Bs2 −Bs1Bt2 +Bs1Bs2 ,
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so it follows from 3 that for n large, so ∆tn < min(tj − sj)/2 :

E [[Bt1 −Bs1 ] [Bt2 −Bs2 ]] = 0.

Parts 1 and 2 of the above proposition motivate an investigation into the
following limiting random variables.

Definition 1.11 For t ≥ 0 define distributional binomial motion Zt
by:

Bt(∆tn)→d Zt, (1.7)

and for s < t, define distributional binomial motion increments Z ′t−s
by:

Bt(∆tn)−Bs(∆tn)→d Z
′
t−s. (1.8)

Remark 1.12 Note that since B0(∆tn) ≡ 0 for all n, that 1.7 defines
Z0 = 0, a degenerate random variable. It then follows that Ztn →d Z0 as
tn → 0. Specifically, if Φµ,σ2(x) denotes the distribution function of N(µ, σ2)
evaluated at x, then:

Φ0,tn(x)→

 0, x < 0,

1, x > 0.

The limiting result on the right is seen to be the distribution function of Z0

evaluated at its points of continuity, so Ztn →d Z0 by definition 1.9.
See also 3 of proposition 1.21.

Exercise 1.13 By 1 of proposition 1.10, each Zt is distributed as N(0, t),
denoted Zt ∼ N(0, t), and similarly by 2, Z ′t−s ∼ N(0, t − s). As noted
in example 3.62 of book 4, convergence in distribution does not in general
assure convergence of moments. However, show that for k = 1, 2 :

E
[
Bk
t (∆tn)

]
→ E

[
Zkt

]
, (1.9)

and similarly:

E
[
(Bt(∆tn)−Bs(∆tn))k

]
→ E

[(
Z ′t−s

)k]
. (1.10)

Hint: This is not a theoretical proof, since all expectations can be explicitly
evaluated.
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The next result shows that the distributional convergence of Bt(∆tn)−
Bs(∆tn)→d Z

′
t−s is quite robust, and 1.10 generalizes significantly.

Proposition 1.14 For 0 ≤ s < t ≤ T, and any α > 0 :

|Bt(∆tn)−Bs(∆tn)|α →d

∣∣Z ′t−s∣∣α (1.11)

as n→∞, where Z ′t−s ∼ N(0, t− s) as in definition 1.11. In addition:

E [|Bt(∆tn)−Bs(∆tn)|α]→ E
[∣∣Z ′t−s∣∣α] . (1.12)

Proof. By 2 of proposition 1.10 and definition 1.11, Bt(∆tn)−Bs(∆tn)→d

Z ′t−s as n → ∞. The mapping theorem on R of proposition 8.37 of book
2 assures that if X(n) →d X, then g

[
X(n)

]
→d g [X] for any continuous

function g. Since g(x) = |x|α is continuous, 1.11 follows.
To now derive the convergence of moments in 1.12, proposition 5.6 in

book 6 states that this moment convergence will be justified if {|Bt′(∆tn)−Bt(∆tn)|α}∞n=1

is uniformly integrable. Recall from definition 5.5 of that book that the se-
quence of random variables:

{|Xn|α}∞n=1 ≡ {|Bt′(∆tn)−Bt(∆tn)|α}∞n=1,

is uniformly integrable if as N → ∞, with Gn the distribution function of
|Xn|α :

lim
N→∞

sup
n

∫
x≥N

xdGn = 0.

Note that here we have restated (5.10) of definition 5.5 as a Riemann-
Stieltjes integral consistent with (5.6) of that book because we have not spec-
ified a probability space on which these random variables are defined. Such a
space could be introduced with Skorokhod’s representation theorem of propo-
sition 8.30 of book 2, since |Xn|α →d

∣∣Z ′t−s∣∣α , but there is no need to do
this.

To simplify calculations, we demonstrate uniform integrability of X2M
n

for any even integer 2M. The result then follows from the observation that
uniform integrability of Xα

n implies this property for Xβ
n for β < α. As

in the proof of 3 in proposition 1.10 above, let s = [j(n) + e(n)] ∆tn and
t = [k(n) + f(n)] ∆tn, where j(n) ≤ k(n), and 0 ≤ e(n), f(n) < 1. For n
large, j(n) < k(n) and it then follows that, with the middle summation in
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the first line possibly vacuous:

X2M
n ≡ [Bt(∆tn)−Bs(∆tn)]2M

=

[
(1− e(n)) bj(n)+1(∆tn) +

∑k(n)

i=j(n)+2
bi(∆tn) + f(n)bk(n)+1(∆tn)

]2M

=

[∑k(n)

i=j(n)+1
bi

]2M

+
∑2M

l=1

(
2M

l

)(
f(n)bk(n)+1 − e(n)bj(n)+1

)l [∑k(n)

i=j(n)+1
bi

]2M−l

≡
(
X ′n
)2M

+ Yn.

We show uniform integrability of (X ′n)2M ≡
[∑k(n)

i=j(n)+1 bi

]2M
below and

now show that this will prove the uniform integrability of X2M
n . First, by

Lyapunov’s inequality in corollary 3.51 of book 4, letting χN denote the
characteristic function of the set [N,∞) :

E
[
χN
∣∣X ′n∣∣2M−l] ≤ (E [χN (X ′n)2M])(2M−l)/2M

.

Since
∣∣f(n)bk(n)+1 − e(n)bj(n)+1

∣∣ < 2
√

∆tn this obtains:

E [χNYn]

= E

[
χN
∑2M

l=1

(
2M

l

)(
e(n)bj(n)+1 + f(n)bk(n)+1

)l [∑k(n)

i=j(n)+1
bi

]2M−l
]

≤
∑2M

l=1

(
2
√

∆tn

)l (2M

l

)(
E
[
χN
(
X ′n
)2M])(2M−l)/2M

.

Thus if limN→∞ supnE
[
χN (X ′n)2M

]
= 0, this will proves that Yn is also

uniformly integrable. The sum of u.i. sequences (X ′n)2M and Yn is then u.i.
by the triangle inequality .

We now proceed in steps to prove uniform integrability of (X ′n)2M ≡[∑k(n)
i=j(n)+1 bi

]2M
.

1. Tail Estimate of (X ′n)2M : Define b′k = bk/
√

∆tn, yk = (b′k + 1) /2,
and l(n) = k(n)− j(n). Then yk is standard binomial (i.e., range 0, 1)
with p = 1/2 and we can apply Bernstein’s inequality in (5.4) of book
2 to obtain:

Pr

[∣∣∣∣ 1

l(n)

∑l(n)

j=1
yj −

1

2

∣∣∣∣ ≥ ε] ≤ 2e−l(n)ε2/4,
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and thus:

Pr

[∣∣∣∣∑l(n)

j=1
b′j

∣∣∣∣ ≥ 2l(n)ε

]
≤ 2e−l(n)ε2/4. ((1))

Hence re-indexing the binomial variates for notational simplicity to

(X ′n)2M = (∆tn)M
(∑l(n)

j=1
b′j

)2M

obtains:

Pr
[(
X ′n
)2M ≥ N] = Pr

[∣∣∣∣∑l(n)

j=1
b′j

∣∣∣∣ ≥ N1/2M/
√

∆tn

]
.

Applying Bernstein’s inequality in (1) with ε = N1/2M/
(
2l(n)

√
∆tn

)
produces:

Pr
[(
X ′n
)2M ≥ N] ≤ 2 exp

[
−N1/M/(16l(n)∆tn)

]
.

Since l(n)∆tn = (k(n)− j(n)) ∆tn and

t− s−∆tn < (k(n)− j(n)) ∆tn < t− s+ ∆tn,

it follows that :

Pr
[(
X ′n
)2M ≥ N] ≤ 2 exp

[
−N1/M/(16[t− s+ ∆tn

]
). ((2))

2. Uniform Integrability of (X ′n)2M : If Gn denotes the distribution
function of (X ′n)2M , we have from (2) that

1−Gn(x) ≤ 2 exp
[
−x1/M/(16[t− s+ ∆tn

]
), ((3))

and so 1 − Gn(x) is Lebesgue integrable over [N,∞) for any N > 0.
Recall Lebesgue-Stieltjes integration by parts in proposition 6.9 of book
5: ∫

(a,b]
gdµf = f(b)g(b)− f(a)g(a)−

∫
(a,b]

fdµg,

which we apply with g = 1−Gn, and with dµf denoting Lebesgue mea-
sure, defined with continuous f(x) = x. Also, let (a, b] = (N,Xmax

n ]
where Xmax

n exceeds the maximum value of |X ′n|
2M , which is no more

than (k(n)−j(n))2M (∆tn)M ≤ (t−s+∆tn)M . Then since Gn(Xmax
n ) =

1 by construction:∫
(N,Xmax

n ]
(1−Gn(x))dx

= Xmax
n (1−Gn(Xmax

n ))−N (1−Gn(N)) +

∫
(N,Xmax

n ]
xdGn

= −N (1−Gn(N)) +

∫
(N,∞)

xdGn. ((4))
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Using the bound in (3) for 1−Gn(x) it follows that supnN (1−Gn(N))
is bounded, and also:

sup
n

∫
(N,∞)

(1−Gn(x))dx <∞.

So by (4) we conclude that for any N :

sup
n

∫
(N,∞)

xdGn <∞.

With all terms in (4) bounded, we again obtain from (3) that

lim
N→∞

sup
n
N (1−Gn(N)) = 0

and

lim
N→∞

sup
n

∫
(N,∞)

(1−Gn(x))dx = 0,

and so from (4) :

lim
N→∞

sup
n

∫
(N,∞)

xdGn = 0.

Since Gn(x) denotes the distribution function of (X ′n)2M , this proves
that {(X ′n)2M}∞n=1 is uniformly integrable.

The next results will allow the conclusion of exercise 1.13 to be applied
to E [ZsZt] and E

[
Z ′t1−s1Z

′
t2−s2

]
. Specifically, that each covariance equals

the limit of expectations of 3 and 4 from proposition 1.10:

E [ZsZt] = min[s, t].

and for 0 ≤ s1 < t1 ≤ s2 < t2 ≤ T :

E
[
Z ′t1−s1Z

′
t2−s2

]
= 0.

We will also derive the joint distributions of, and the distributional rela-
tionships between, the Zt and Z ′t−s variates. On this latter point, it would
be natural to expect that Z ′t−s =d Zt − Zs, meaning equal in distribu-
tion. But this will require a direct proof since as noted in example 5.31 of
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book 2, Bt(∆tn) →d Zt and Bs(∆tn) →d Zs do not necessarily obtain that
Bt(∆tn)−Bs(∆tn)→d Zt − Zs.

Recalling section 5.2 of book 6, both covariance results above are ex-
amples of integration to the limit and would follow from 3 and 4 of
proposition 1.10 if such a conclusion is justified. The goal of a direct proof
would be to justify for example that:

lim
n→∞

E [Bs(∆tn)Bt(∆tn)] = E
[

lim
n→∞

Bs(∆tn)Bt(∆tn)
]
,

or in integral form on some (as yet undefined) measure space (X,σ(X), µ) :

lim
n→∞

∫
X
Bs(∆tn)Bt(∆tn)dµ =

∫
X

[
lim
n→∞

Bs(∆tn)Bt(∆tn)
]
dµ.

This latter expression is an integration to the limit in the notation of remark
2.41 of book 5.

Two potential but ultimately unusable approaches to justifying this re-
sult directly would follow from the uniform integrability of {Bs(∆tn)Bt(∆tn)}∞n=1 ,
which is in fact valid. However:

1. Proposition 2.52 of book 5 would also require thatBs(∆tn)Bt(∆tn)→
ZsZt µ-a.e., and we do not yet have a probability space (X,σ(X), µ)
on which these random variables are defined and on which such con-
vergence an be investigated;

2. Proposition 5.6 of book 6 would also require thatBs(∆tn)Bt(∆tn)→d

ZsZt, but this does not follow from Bs(∆tn) →d Zs and Bs(∆tn) →d

Zs (again recall example 5.31 of book 2).

Thus we take a detour to the desired outcomes. The reader is referred to
chapter 3 of book 6 for background on the multivariate normal distribution.

Remark 1.15 It is tempting to think that the conclusion in the next result
of independence of

{
Z ′ti−si

}n
i=1

would be a simple corollary to a proof that

E
[
Z ′tj−sjZ

′
tk−sk

]
= 0 for j 6= k, since for normal variates it is "known" that

uncorrelated implies independent. This general result is stated and proved
in corollary 3.22 of book 6. But there is a detail that must first be con-
firmed which is illustrated in example 3.23 of that book. To apply corollary
3.22 it must first be confirmed that these normal variates are multivari-
ate normally distributed. Thus we prove directly that (Z ′t1−s1 , ..., Z

′
tn−sn) is

multivariate normally distributed, then the derived covariance matrix will

assure independence, which will in turn assure that E
[
Z ′tj−sjZ

′
tk−sk

]
= 0

for j 6= k.
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Proposition 1.16 For 0 ≤ s1 < t1 ≤ s2 < t2 ≤ ... ≤ sn < tn ≤ T,

(Z ′t1−s1 , ..., Z
′
tn−sn)

is multivariate normally distributed with mean n-vector µ = 0, and diagonal
covariance matrix C with Cii = ti − si, and Cij = 0 otherwise. Thus:

{
Z ′tj−sj

}n
j=1

are independent random variables and for j 6= k :

E
[
Z ′tj−sjZ

′
tk−sk

]
= 0. (1.13)

Proof. We prove that
{
Z ′ti−si

}n
i=1

are multivariate normally distributed as
specified, and this will be done with the aid of the Cramér-Wold device or
the Cramér-Wold theorem of proposition 6.32 of book 6. To this end, let
Z = (Z1, Z2, ..., Zn) have a multivariate normal density function defined on
Rn as in (3.3) of book 6:

fZ(z) = (2π)−n/2 [detC]−1/2 exp

[
−1

2
zTC−1z

]
, (1.14)

where C is a diagonal covariance matrix with Cii = ti − si and Cij = 0
otherwise. Thus the determinant of C is given: detC =

∏n
i=1 (ti − si) . By

corollary 3.22 of book 6, such {Zi}ni=1 are independent since C is diagonal
and positive definite.

Define Bm = (B1(∆tm), B2(∆tm), ..., Bn(∆tm)) where Bi(∆tm) ≡ Bti(∆tm)−
Bsi(∆tm). The goal is to show that Bm ⇒ Z, and by the Cramér-Wold de-
vice this is true if and only if a ·Bm ⇒ a ·Z for all constant vectors a ∈ Rn.
Recall that the dot product of n-vectors is defined by x · y =

∑n
i=1 xiyi. By

proposition 3.9 of book 6, a ·Z is normally distributed with mean 0 and vari-
ance

∑n
i=1 a

2
i (ti − si) , and thus the goal is to show that a ·Bm converges in

distribution to this variate.

To this end, express si = [ji(m) + ei(m)] ∆tm and ti = [ki(m) + fi(m)] ∆tm,
where ji(m) ≤ ki(m) are integers, and 0 ≤ ei(m), fi(m) < 1. As noted in the
proof of proposition 1..14, si < ti assures that ji(m) < ki(m) for m large, so
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we assume this and observe that it is possible that ti = si+1 for any i. Thus:

a ·Bm
=
∑n

i=1
ai

[∑ki(m)
l=ji(m)+2 bl(∆tm) + fi(m)bki(m)+1(∆tm) + (1− ei(m))bji(m)+1(∆tm)

]
=
∑n

i=1
ai
∑ki(m)

l=ji(m)+2
bl(∆tm)

+
∑n

i=1
ai
[
fi(m)bki(m)+1(∆tm) + (1− ei(m))bji(m)+1(∆tm)

]
= Xm + Ym.

Now since 0 ≤ ei(m), fi(m) < 1 :

|Ym| ≤ 2nmax |ai|
√

∆tm,

and this obtains that Ym →P 0 (recall convergence in probability, for example
in definition 5.11, book 2).

For Xm, first note that this variate equals a sum of independent binomi-
als. As noted above, it is possible that ti = si+1 for any i, and in any such
case ki(m) = ji+1(m). But as can be seen above, the summation associated
with ai has last term bki(m)(∆tm), while the summation associated with ai+1

has first term bji+1(m)+2(∆tm). Thus:

V ar[Xm] =
∑n

i=1
a2
i (ki(m)− ji(m)− 1) ∆tm →

∑n

i=1
a2
i (ti − si).

To apply Lindeberg’s central limit theorem of corollary 7.9 of book 6 to
this summation, we must verify that this summation satisfies Lindeberg’s
condition in (7.7) of that book’s definition 7.9. In the notation of that def-
inition, s2

m ≡ V ar[Xm], which is bounded as m→∞ as noted above. Thus
(7.7) of book 6 is satisfied if and only if for every t > 0 :∑n

i=1

∑ki(m)

l=ji(m)+2
E
[
(aibl(∆tm))2 χ [|aibl(∆tm)| ≥ tsm]

]
→ 0 ((*))

asm→∞. Here χ is the indicator function and is defined by χ [|Aibl(∆tm)| ≥ tsm] =
1 on the set where |Aibl(∆tm)| ≥ tsm, and is 0 otherwise.

The terms of this sum can be estimated with Chebyshev’s inequality of
proposition 3.32 of book 2 since (aibl(∆tm))2 = a2

i∆tm is constant:

E
[
(aibl(∆tm))2 χ [|aibl(∆tm)| ≥ tsm]

]
= a2

i∆tm Pr [|aibl(∆tm)| ≥ tsm]

≤ a4
i (∆tm)2

(tsm)2 .
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Hence: ∑n

i=1

∑ki(m)

l=ji(m)+2
E
[
(aibl(∆tm))2 χ [|aibl(∆tm)| ≥ tsm]

]
≤
∑n

i=1

∑ki(m)

l=ji(m)+2

a4
i (∆tm)2

(tsm)2

≤ ∆tm
max a2

i

(tsm)2

∑n

i=1
a2
i (ki(m)− ji(m)− 1) ∆tm

=
max a2

i

t2
∆tm.

This last expression follows because the prior sum is seen to equal V ar[Xm] =
s2
m above, and thus (∗) is satisfied.
By Lindeberg’s central limit theorem of corollary 7.9 of book 6:

Xm√∑n
i=1 a

2
i (ti − si)

→d W,

where W ∼ N(0, 1) is a standard normal variate. Thus Xm →d W
′ where

W ′ is normally distributed with mean 0 and variance
∑n

i=1 a
2
i (ti − si) , and

so W ′ =d a ·Z above. Applying Slutsky’s theorem of proposition 5.29 of book
2 to Xm →d a · Z and Ym →P 0 obtains that:

a ·Bm = Xm + Ym →d a · Z.

This then proves that Bm ⇒ Z by the Cramér-Wold device noted above.
As a final detail, given i let n-vector a be defined with ai = 1 and aj = 0

for j 6= i. This last result then obtains that a ·Bm →d Zi, the ith variate of
the multivariate normal distribution above. On the other hand, proposition
1.10 and definition 1.11 assure that:

a ·Bm ≡ Bti(∆tm)−Bsi(∆tm)→d Z
′
ti−si ,

and so (Z1, Z2, ..., Zn) =d (Z ′t1−s1 , ..., Z
′
tn−sn).

This proves that (Z ′t1−s1 , ..., Z
′
tn−sn) is multivariate normal with the given

covariance matrix C. Finally, by corollary 3.22 of book 6,
{
Z ′tj−sj

}n
j=1

are

independent since C is diagonal and positive definite, and 1.13 follows from
exercise 3.11 of book 6.

It is tempting to attempt to derive the joint distribution of (Zt1 , Zt2 , ..., Ztn)
by a change of variable in the above distribution for (Z ′t1−s1 , ..., Z

′
tn−sn),
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choosing s1 = 0 and sj+1 = tj otherwise. The motivation for this would
be the assumptions that each Ztj equals a sum of Z ′tk−tk−1 from k = 1
to j, where t0 = 0. But as noted above, we cannot assume that the arith-
metic relationships that are apparently valid for Btk(∆tm)−Btk−1(∆tm) and
Btj (∆tm) extend to these limit variates. Thus we derive the joint distribu-
tion of (Zt1 , Zt2 , ..., Ztn) directly. Once done, the distributional relationships
between these groups of variates will be a change of variables corollary.

Proposition 1.17 For 0 < t1 < t2 < ... < tn ≤ T, the variates of distribu-
tional binomial motion:

(Zt1 , Zt2 , ..., Ztn)

are multivariate normally distributed with mean n-vector µ = 0, and covari-
ance matrix C with Cij = min(ti, tj). Thus:

E
[
ZtiZtj

]
= min(ti, tj). (1.15)

Proof. We only need replicate the above proof in this new context and do
most of this for completeness. The reader may well stop reading and instead
do this proof as an exercise..

Let Z = (Z1, Z2, ..., Zn) have a multivariate normal density function
defined on Rn as in 1.14 but with C defined in the statement above (detC
is derived in 1.17 of example 1.18 below). Next, define

Bm = (B1(∆tm), B2(∆tm), ..., Bn(∆tm))

where Bi(∆tm) ≡ Bti(∆tm) to simplify notation. We again show that Bm ⇒
Z by the Cramér-Wold device by proving that a ·Bm ⇒ a ·Z for all constant
vectors a ∈ Rn. By proposition 3.9 of book 6, a · Z is normally distributed
with mean 0 and variance:

V ar(a · Z) =
∑n

i=1
a2
i ti + 2

∑
1≤i<j≤n

aiajti,

and thus the goal is to show that a · Bm converges in distribution to this
variate.

Express ti = [ki(m) + fi(m)] ∆tm, where ki(m) is an integer and 0 ≤
fi(m) < 1. As above ti < ti+1 assures that ki(m) < ki+1(m) for m large,
so we assume this. Defining Ai =

∑n
j=i aj and k0(m) = 0 for notational

simplicity:

a ·Bm =
∑n

i=1
ai

[∑ki(m)

l=1
bl(∆tm) + fi(m)bki(m)+1(∆tm)

]
=
∑n

i=1
Ai
∑ki(m)

l=ki−1(m)+1 bl(∆tm) +
∑n

i=1
ai
[
fi(m)bki(m)+1(∆tm)

]
= Xm + Ym.



20CHAPTER 1 BROWNIANMOTION (BM) - FIRST CONSTRUCTION

As above:
|Ym| ≤ nmax |ai|

√
∆tm,

and this again obtains that Ym →P 0.
Noting that Xm is an independent sum, we again seek to apply Linde-

berg’s central limit theorem of corollary 7.9 of book 6. First, with t0 ≡ 0 :

V arXm =
∑n

i=1
A2
i (ki(m)− ki−1(m))∆tm →

∑n

i=1
A2
i (ti − ti−1),

and it is left as an algebraic exercise to verify that V arXm = V ar(a · Z)
defined above. To verify that the Xm-summation satisfies Lindeberg’s con-
dition of (7.7) of book 6, note that s2

m ≡ V ar[Xm] in the notation of that
definition is bounded as m → ∞ as noted above. Thus (7.7) of book 6 is
satisfied if and only if for every t > 0 :∑n

i=1

∑ki(m)

l=ki−1(m)+1
E
[
(Aibl(∆tm))2 χ [|Aibl(∆tm)| ≥ tsm]

]
→ 0 ((*))

as m → ∞. Here as above, the indicator function χ is defined by χ [·] = 1
on the set where |Aibl(∆tm)| ≥ tsm, and is 0 otherwise.

The terms of this sum can be estimated with Chebyshev’s inequality of
proposition 3.32 of book 4 since (Aibl(∆tm))2 = A2

i∆tm :

E
[
(Aibl(∆tm))2 χ [|aibl(∆tm)| ≥ tsn]

]
= A2

i∆tm Pr [|Aibl(∆tm)| ≥ tsm]

≤ A4
i (∆tm)2

(tsm)2 .

Hence: ∑n

i=1

∑ki(m)

l=ki−1(m)+1
E
[
(Aibl(∆tm))2 χ [|Aibl(∆tm)| ≥ tsm]

]
≤
∑n

i=1

∑ki(m)

l=ki−1(m)+1

A4
i (∆tm)2

(tsm)2

≤ ∆tm
maxA2

i

(tsm)2

∑n

i=1
A2
i (ki(m)− ki−1(m)) ∆tm

=
maxA2

i

t2
∆tm.

This last expression again follows because the prior sum is seen to equal
V ar[Xm] = s2

m above, and thus (∗) is satisfied.
The final steps of this result are now identical with those of proposition

1.16, and details are left to the reader.
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Example 1.18 One can obtain a convenient factorization of the joint den-
sity function of (Zt1 , Zt2 , ..., Ztn) as follows. Let f(z1, ..., zn) denote this
joint density function as defined in 1.14 with covariance matrix C where
Cij = min(ti, tj). Then with z0 ≡ 0 :

f(z1, ..., zn) =
∏n

j=1
fj(zj − zj−1), (1.16)

where fj is a normal density with mean 0 and variance tj − tj−1 :

fj(x) = [2π (tj − tj−1)]−1/2 exp
[
−x2/2 (tj − tj−1)

]
.

where t0 ≡ 0.
For detC, subtracting row j−1 from row j in order from j = n to j = 2

produces an upper triangular matrix with the same determinant as that of
C, and it is verified that

detC =
∏n

j=1
(tj − tj−1) , (1.17)

and so comparing the numerical coeffi cients in 1.16:

(2π)−n/2 [detC]−1/2 =
∏n

j=1
[2π (tj − tj−1)]−1/2 .

To complete the derivation, it must be shown that with z = (z1, ..., zn) :

exp

[
−1

2
zTC−1z

]
=
∏n

j=1
exp

[
− (zj − zj−1)2 /2 (tj − tj−1)

]
,

or equivalently,

zTC−1z =
∑n

j=1

[
(zj − zj−1)2 / (tj − tj−1)

]
. ((*))

Let D be the diagonal matrix with Djj = 1/ (tj − tj−1) , and E the matrix
defined by Ejj = 1, Ej,j−1 = −1, and is 0 otherwise. Then (∗) can be
expressed:

zTC−1z = zTETDEz.

Now zT
[
C−1 − ETDE

]
z = 0 for all z if and only if C−1 = ETDE, or

multiplying by C,
ETDEC = I,

where I is the identity matrix.
Now matrix EC is upper triangular and given by (EC)ij = ti − ti−1

for j ≥ i and is 0 otherwise, and hence since D is diagonal, it follows
that (DEC)ij = 1 for j ≥ i and is 0 otherwise. From this it follows that
ETDEC = I, and the result follows.
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We are now in position to address the distributional relationship between
the Z and Z ′ variates, using a change of variable in the above distribution
functions.

Corollary 1.19 For 0 ≡ t0 < t1 < t2 < ... < tn ≤ T :

(Z ′t1−t0 , Z
′
t2−t1 , ..., Z

′
tn−tn−1) =d (Zt1 , Zt2 − Zt1 , ..., Ztn − Ztn−1), (1.18)

and:

(Zt1 , Zt2 , ..., Ztn) =d

(
Z ′t1−t0 ,

∑2

j=1
Z ′tj−tj−1 , ...,

∑n

j=1
Z ′tj−tj−1

)
. (1.19)

where ” =d ” denotes equal in distribution.
Proof. The approach to both results is the same. For example, from the
distribution function for Z ≡ (Zt1 , Zt2 , ..., Ztn) we can identify the distribu-
tion for Z ′ ≡ (Zt1 , Zt2 − Zt1 , ..., Ztn − Ztn−1) using proposition 3.9 of book
6 noting that Z ′ = BZ where the matrix B is n × n with main diagonal
Bii = 1, and subdiagonal Bi,i−1 = −1. Thus Z ′ is multivariate normally
distributed with mean vector 0 and covariance matrix:

CZ′ = BCZB
T ,

where CZ is the covariance matrix of Z given in proposition 1.17. A cal-
culation confirms that CZ′ is the covariance matrix of proposition 1.16 for
(Z ′t1−t0 , Z

′
t2−t1 , ..., Z

′
tn−tn−1), and 1.18 follows.

Similarly, from the distribution function for Z ′ ≡ (Z ′t1−t0 , Z
′
t2−t1 , ..., Z

′
tn−tn−1)

we can derive the distribution function for

Z ≡
(
Z ′t1−t0 ,

∑2

j=1
Z ′tj−tj−1 , ...,

∑n

j=1
Z ′tj−tj−1

)
noting than Z = B′Z′ where matrix B′ is lower triangular and defined by
B′ij = 1 for j ≤ i and 0 otherwise. Then Z is multivariate normally distrib-
uted with mean vector 0 and covariance matrix:

CZ = B′CZ′
(
B′
)T
,

where CZ′ is the covariance matrix of Z ′ given in proposition 1.16. Again
a calculation confirms that CZ is the covariance matrix of proposition 1.17
for (Zt1 , Zt2 , ..., Ztn), and 1.19 follows.

In the next proposition we summarize the above results for completeness
and provide preliminary insights on t-continuity of Zt related to sequential



1.1 LIMITS OF BINOMIAL MOTION 23

continuity. Recall that a function f is sequentially continuous at t0 if
for any sequence tn → t0 one has f(tn) → f(t0). One can similarly define
sequential continuity in t for a stochastic process Xt, where a parallel notion
would be sequentially continuous at t0 with probability 1, and mean-
ing that if tn → t0 then Xtn(ω)→ Xt0(ω) for almost all ω. Below we use the
nonstandard terminology that Xt is weakly sequentially continuous at
t0 with probability 1, and meaning that given tn → t0, there exists a sub-
sequence tnk → t0 such that Xtnk

(ω) → Xt0(ω) for almost all ω. A similar
notion related to Hölder continuity (definition 1.78) is also presented.

Remark 1.20 Note a small but important technicality in the following proof.
We will assume for ease of exposition the existence of a probability space on
which the various random variables are defined, and this is justified as fol-
lows. For 3 for example, sn → t0 implies that Zsn →d Zt0 since Zt ∼ N(0, t)
for all t. This by definition implies weak convergence µsn ⇒ µt0 for the asso-
ciated probability measures on R. Thus Skorokhod’s representation theorem
of book 2’s proposition 8.30 applies to obtain such a space. For 4 and 5 this
result is applied to Zsn − Zt0 ∼ N(0, |t0 − sn|) for which Zsn − Zt0 →d 0.

Proposition 1.21 Let Zt be distributional binomial motion as in definition
1.11, and let 0 ≤ s1 < t1 ≤ s2 < t2 ≤ ... ≤ sn < tn ≤ T be given. Then:

1. (Zt1 , Zt2 , ..., Ztn) is multivariate normally distributed with mean n-
vector µ = 0 and covariance matrix C with Cij = min(ti, tj). Thus:

E
[
ZtiZtj

]
= min(ti, tj).

2. (Zt1−Zs1 , Zt2−Zs2 , ..., Ztn−Zsn) is independent multivariate normally
distributed with mean n-vector µ = 0 and diagonal covariance matrix
C with Cii = ti − si and Cij = 0 otherwise. Thus for j 6= k :

E
[(
Ztj − Zsj

)
(Ztk − Zsk)

]
= 0.

3. For any t0 ≥ 0, Zt is weakly sequentially continuous at t0 with prob-
ability 1. Given sn → 0 with t0 + sn ≥ 0 for all n, there exists a
subsequence snk such that:

Pr

[
lim
k→∞

Zt0+snk
= Zt0

]
= 1. (1.20)
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For any countable collection {tj}, Zt is weakly sequentially continuous
at all tj simultaneously with probability 1. That is, given sn → 0 with
tj + sn ≥ 0 for all n, j, there exists a subsequence snk such that:

Pr

[
lim
k→∞

Ztj+snk = Ztj for all j
]

= 1. (1.21)

4. For any t0 ≥ 0 and 0 < γ < 1/2, Zt is weakly sequentially Hölder
continuous at t0 with exponent γ with probability 1, in the follow-
ing sense. Given sn → t0 with t0 + sn ≥ 0 for all n, there exists a
subsequence snk such that:

Pr

 lim
k→∞

∣∣∣Zt0+snk
− Zt0

∣∣∣
|snk |

γ = 0

 = 1. (1.22)

For any countable collection {tj}, Zt is weakly sequentially Hölder
continuous at all tj simultaneously with probability 1. That is, given
sn → 0 with tj +sn ≥ 0 for all n, j, there exists a subsequence snk such
that:

Pr

 lim
k→∞

∣∣∣Ztj+snk − Ztj ∣∣∣
|snk |

γ = 0 for all j

 = 1. (1.23)

5. For any t0 ≥ 0, 1/2 < γ ≤ 1, N and sequence sn → 0 with t0 + sn ≥ 0
for all n, then for any subsequence snk :

Pr

lim sup
snk→0

∣∣∣Zt0+snk
− Zt0

∣∣∣
|snk |

γ > N

 = 1. (1.24)

Thus for any t0 ≥ 0 and 1/2 < γ ≤ 1, Zt is not weakly sequentially
Hölder continuous at t0 with exponent γ with probability 1, and
in particular, is not diff erentiable at t0 with probability 1.

Proof. Part 1 is just a restatement of proposition 1.17 for completeness,
while 2 is a re-interpretation of proposition 1.16 that is made possible by
corollary 1.19.

For 1.20 let t ≥ 0 and ε > 0 be given. Given sn → 0, define (remark
1.20):

Bn = {|Zt+sn − Zt| > ε}.
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Since Zt+sn − Zt ∼ N(0, |sn|) by 2, we have by (9.43) of book 2 and z ∼
N(0, 1) for notational convenience:

Pr[Bn] = 2 Pr
[
z ≥ ε/

√
|sn|
]

≤
√

2

π

1

rn
e−r

2
n/2,

where rn ≡ ε/
√
|sn| → ∞. Thus:∑∞

n=1
Pr[Bn] ≤

√
2

π

∑∞

m=1

nm
m
e−m

2/2,

where nm is defined as the number of rn terms with m ≤ rn < m+ 1.
Choose a subsequence snk,1 → 0 such that rnk,1 → ∞ fast enough to

ensure that this summation converges. This effectively limits the growth of
nm. For example, one can select snk,1 so that nm ≤ m. Then by the Borel-
Cantelli lemma of proposition 2.6 of book 2, it follows that Pr [lim supBn] =
0 and thus by definition 2.1 of that book:

Pr
[∣∣∣Zt+snk,1 − Zt∣∣∣ > ε for infinitely many snk,1

]
= 0.

Equivalently:

Pr
[∣∣∣Zt+snk,1 − Zt∣∣∣ ≤ ε for all but finitely many snk,1] = 1.

Omit these finitely many snk,1 , relabel the resulting subsequence snk,1 , and
define:

A1 = {
∣∣∣Zt+snk,1 − Zt∣∣∣ ≤ ε for all snk,1}.

Thus Pr[A1] = 1.
Now with ε/2 and this subsequence snk,1 , repeat the above argument and

choose the further subsequence
{
snk,2

}
⊂
{
snk,1

}
with sn1,2 > sn1,1 so that∑∞

n=1 Pr[Bn] converges with Bn defined in terms of ε/2. The Borel-Cantelli
lemma again applies to obtain after discarding finitely many terms:

Pr[A2] ≡ Pr
[∣∣∣Zt+snk,2 − Zt∣∣∣ ≤ ε/2 for all snk,2] = 1.

Continuing this way obtains a subsequence snk,j for each j with
{
snk,j

}
⊂{

snk,j−1
}
, sn1,j > sn1,j−1 , and:

Pr[Aj ] ≡ Pr
[∣∣∣Zt+snk,j − Zt∣∣∣ ≤ ε/j for all snk,j] = 1.
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Finally define snk ≡ snk,k and A ≡
⋂∞
j=1Aj , and note that by De Morgan’s

laws (book 1):

Pr[A] = 1− Pr[Ã] = 1− Pr
[⋃∞

j=1 Ãj

]
= 1.

To prove that:

Pr

[
lim
k→∞

Zt+snk = Zt

]
= 1, ((1))

we prove such convergence on A. To this end, given ε′ there exists j so that
ε/j < ε′ and thus by definition of Aj above,

Pr
[∣∣∣Zt+snk,j − Zt∣∣∣ ≤ ε′ for all snk,j] = 1.

This statement is therefore true for all nk,j ≥ nj,j ≡ nj , and since for l ≥ j
all snl are in this snk,j -sequence, it follows that:

Pr
[∣∣∣Zt+snl − Zt∣∣∣ ≤ ε′ for all nl ≥ nj] = 1. ((2))

Thus given any ε′ > 0 there exists Aj on which (2) is satisfied. Hence on
A ≡

⋂∞
j=1Aj , (2) is satisfied for all ε′, which proves (1).

For 1.21, given t1 choose snk as above so that 1.20 is satisfied with t1 on
the set C1 with Pr[C1] = 1, and relabel this subsequence snk,1 . Note that C1

is the A-set above. For t2 choose
{
snk,2

}
⊂
{
snk,1

}
with sn1,2 > sn1,1 so that

1.20 is satisfied with t2 on the set C2 with Pr[C2] = 1, and continue in this
way for each successive tj . Now define snk ≡ snk,k and C ≡

⋂∞
j=1Cj , noting

as above that Pr[C] = 1. Now given j :

lim
k→∞

Ztj+snk,j = Ztj

on Cj . But since by definition {snk}∞k=j ⊂ {snk,j}∞k=1, it follows that on Cj :

lim
k→∞

Ztj+snk = Ztj . ((3))

Thus on C, (3) is satisfied for all j, proving 1.21.
The proof of 4 is the same as that of 3 except now:

Zt+sn − Zt
|sn|γ

∼ N(0, |sn|1−2γ). ((4))

Since 0 < γ < 1/2 it follows that |sn|1−2γ → 0 as n → ∞ and the same
proof works with |sn|1−2γ in place of |sn| .
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Finally for 5, (4) again remains valid but now |sn|1−2γ →∞. Define for
sn → 0 to be determined:

Dn =

{
|Zt0+sn − Zt0 |
|sn|γ

≤ N
}
.

Then by (4), and the observation that Pr[|z| ≤ x] ≤ 2xϕ(0) =
√

2
πx :

Pr[Dn] = Pr

[
|z| ≤ N/

√
|sn|1−2γ

]
≤
√

2

π
Nn,

where Nn ≡ N/
√
|sn|1−2γ . Thus

∑∞

n=1
Pr[Dn] ≤

√
2

π

∑∞

m=1
Nn.

Now Nn → 0 since |sn|1−2γ → ∞, so choose snk → ∞ fast enough
to ensure that this series converges, and thus Pr [lim supDnk ] = 0 by the
Borel-Cantelli lemma:

Pr


∣∣∣Zt0+snk

− Zt0
∣∣∣

|snk |
γ ≤ N for infinitely many nk

 = 0.

Equivalently:

Pr


∣∣∣Zt0+snk

− Zt0
∣∣∣

|snk |
γ > N for all but finitely many nk

 = 1,

which is 1.24.

Remark 1.22 For the proof of 1.20, it is not the case that
∑∞

n=1 Pr[Bn]
converges for any sequence sn → 0. For example one can choose sn so that
Pr[Bn] = 1

N+n where N depends on ε. Of course this only proves that we
cannot employ the above proof by Borel-Cantelli to obtain sequential con-
vergence with probability 1, it does not disprove sequential convergence with
probability 1. So we leave this as an open question.

Also note that divergence of
∑∞

n=1 Pr[Bn] does not provide a potential
result by the Borel part of the Borel-Cantelli lemma in book 2’s proposition
2.6, because the Bn-sets are not independent.
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Remark 1.23 (On Continuity) It is quite tempting to now declare that
despite defining Zt in terms of the distributional limits of binomial motion
Bt(∆t) as ∆t→ 0, that we have in some sense arrived at a pathwise result
reminiscent of the pathwise limits of the prior section. Unfortunately, this
is an over-reach.

First, weak sequential continuity does not assure sequential continuity,
and the validity of sequential convergence is an open question as noted in
remark 1.22. But even in the best case, sequential continuity at each point
t0 with probability 1 by 1.20 would not imply sequential continuity for all t
with probability 1. Specifically, if At ≡ {lim

s→t
Zs = Zt} and A ≡ {lim

s→t
Zs = Zt

for all t}, then A =
⋂
tAt is an intersection of uncountably many sets. Thus

A need not even be measurable, and even if it is, we could not conclude that
Pr[A] = 1 since the above proof would fail. It is indeed not true that the
union of uncountably many sets of measure 0 has measure 0, as R =

⋃
t{t}

attests with Lebesgue measure.

Continuing in this best case, it is also the case that simultaneous sequen-
tial continuity on any countable collection of points {tj} with probability 1 by
1.21 does not imply sequential continuity for all t with probability 1. Again,
"all t" includes uncountably many such countable collections. Moreover,
even if 1.21 could be generalized to an uncountable dense set of t such as the
irrationals, sequential continuity for all t would not necessarily follow. For
example, define f(t) = 0 on the irrationals, while if t = n/m is a rational
in lowest terms define f(t) = 1/m. Then f(t) is in fact continuous on the
irrationals, and apparently not continuous. The astute reader may recognize
this function as Thomae’s function from remark 3.19 of book 1.

Andrey Kolmogorov (1903 —1987) had an insight that will be devel-
oped below in proposition 1.81 and corollary 1.82. Kolmogorov proved that
if probability 1 continuity of Zt on a dense set of t ∈ [0, T ] with T < ∞
can be improved to Hölder continuity on such a set (again with probabil-
ity 1), then Zt can be redefined on the complement of this set to make Zt
continuous (again with probability 1). Further, this redefinition preserves all
of the distributional properties of Zt noted in proposition 1.21. Kolmogorov
also proved that Hölder continuity (definition 1.78) on such a dense set will
follow from Hölder-like results for moments, which we readily prove next for
Zt.

Thus with an application of these results, 1.25 will obtain that Zt is
Hölder continuous with exponent γ < 1/2 on a dense set of t ∈ [0, T ],
and can be redefined outside this set to be continuous in t. Further, this
redefinition preserves all of the distributional properties of the original Zt.
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Again, all statements are to be interpreted with probability 1. See corollary
1.82.

Proposition 1.24 For 0 ≤ s < t ≤ T and any α ≥ 0 :

E
[
|Zt − Zs|2α

]
= cα |t− s|α , (1.25)

where cα = 1√
2π

∫∞
−∞ |x|

2α exp
(
−x2/2

)
dx.

Proof. The identity in 1.25 follows from corollary 1.19, that Zt − Zs =d

Z ′t−s ∼ N(0, t− s), and a change of variable in the integral.

1.2 Introduction to Brownian Motion

In this section we begin the formal development of Brownian motion
and some of its properties. The connection with Zt constructed above will
be apparent. It is named for Robert Brown (1773 —1858), a botanist
credited for observing seemingly random movements of both organic and
inorganic minute particles suspended in water. Brownian motion is also
commonly referred to as aWiener process after Norbert Wiener
(1894 —1964), who developed the formal mathematical theory for
Brownian motion, proving existence and deriving many of its properties.
As will be seen later in this chapter, the notion of a "process," or more
formally a "stochastic process," generalizes further the ideas underlying
Brownian motion.

1.2.1 Definition and Initial Properties

For general properties of random vectors and associated sigma algebras,
the reader is referred to chapters 1 and 3 of book 2. We summarize the
relevant results here, where all references are to book 2.

Summary 1.25 1. The Borel sigma algebra on Rd, denoted B(Rd),
is defined as the smallest sigma algebra that contains the open sets of
Rd (remark 3.31).

2. Given a probability space (S, σ(S), µ), a random vector X is a mea-
surable mapping:

X : (S, σ(S), µ)→
(
Rd,B(Rd),md

)
,
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where md denotes Lebesgue measure on Rd. If needed for specificity, X
is sometimes called a d-dimensional random vector or a random
d-vector. When d = 1, X is called a random variable.

That X is measurable means:

X−1
[
B(Rd)

]
⊂ σ(S), (1.26)

and so X−1(A) ∈ σ(S) for all A ∈ B(Rd) (definition 3.1, exercise 3.3,
definition 3.30). If needed for specificity, such X is sometimes referred
to as σ(S)/B(Rd)-measurable.

3. The random d-vector X ≡ (X1, ..., Xd) is σ(S)/B(Rd)-measurable if
and only if all Xj are σ(S)/B(R)-measurable (proposition 3.32).

4. Given a random vector X on (S, σ(S), µ), the sigma algebra gener-
ated by X, denoted σ(X), is the smallest sigma algebra with respect
to which X is σ(X)/B(Rd)-measurable. If {Xα}α∈I is a finite or
infinite (countable or not) family of random vectors, σ ({Xα}α∈I) is
similarly defined as the smallest sigma algebra with respect to which
all Xα are measurable (definition 3.43). By definition, σ(X) ⊂ σ(S)
and σ ({Xα}α∈I) ⊂ σ(S), and thus such sigma algebras are often re-
ferred to as sigma subalgebras of σ(S). Then σ(X) = X−1

[
B(Rd)

]
(exercise 3.44) and σ ({Xα}α∈I) = σ ({σα (X)}α∈I) , where this latter
sigma algebra is defined as the smallest sigma algebra that contains
σα (X) for all α (same proof as proposition 3.45).

5. Given (S, σ(S), µ), the sigma subalgebras σ1(S) and σ2(S) are said
to be independent sigma algebras if given A1 ∈ σ1(S) and A2 ∈
σ2(S) :

µ
[
A1

⋂
A2

]
= µ [A1]µ [A2] . (1.27)

More generally, a finite or infinite (countable or not) collection of
sigma subalgebras {σα (X)}α∈I are said to be independent sigma
algebras if for any finite index collection {αj}nj=1 :

µ
[⋂n

j=1
Aα(j)

]
=
∏n

j=1
µ
[
Aα(j)

]
(1.28)

(definition 1.15).

Note: These definitions also apply to the notion of independent col-
lections of sets, A1 and A2, or more generally {Aα}α∈I , where these
collections are perfectly general other than for the requirement of con-
taining measurable sets.
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6. Given (S, σ(S), µ), random d-vectors X1 and X2 are said to be in-
dependent random vectors if σ(X1) and σ(X2) are independent
sigma algebras. Thus by 4 (that σ(Xj) = X−1

j

[
B(Rd)

]
) and 5, for all

A1, A2 ∈ B(Rd) :

µ
[
X−1

1 (A1)
⋂
X−1

2 (A2)
]

= µ
[
X−1

1 (A1)
]
µ
[
X−1

2 (A2)
]
. (1.29)

More generally (definition 3.47), a finite or infinite (countable or not)
collection of random vectors {Xα}α∈I are said to be independent
random vectors if {σα (X)}α∈I are independent sigma algebras, and
thus by 4 and 5, for any finite index collection {α (j)}nj=1 :

µ
[⋂n

j=1
X−1
α(j)

(
Aα(j)

)]
=
∏n

j=1
µ
[
X−1
α(j)

(
Aα(j)

)]
. (1.30)

Remark 1.26 (On Brownian motion) We next turn to the definition of
Brownian motion. However, it should not be overlooked that based on the
development to this point, that the following definition could well be vacuous.
In other words, defining Brownian motion does not prove it exists, and we
have not yet proved that it does. This shortcoming will be resolved below in
various sections on alternative constructions of Brownian motion.

Brownian motion is an example of a d-dimensional stochastic process
investigated below. In general, a stochastic process is simply a collection of
random vectors (Xt)t∈I indexed by a parameter t ∈ I which is usually asso-
ciated with time. This is a pretty general notion, so to be useful or amenable
to productive investigation, one usually imposes various additional assump-
tions related to measurability or distributional properties.

There are two complementary perspectives on Brownian motion, and
these will apply to other stochastic processes with appropriate modifications.
For specificity we discuss the 1-dimensional case, distinguishing between the
random variable Bt, and realizations of this variate, Bt (ω) , for ω ∈ S.

1. Fixed time(s): For fixed t, Bt is a random variable which by (2)
of definition 1.27 has normally distributed realizations with mean 0
and variance t. For fixed t′ > t, Bt and Bt′ are random variables,
each with normally distributed realizations with 0 means and respective
variances of t and t′, and with Bt and Bt′−Bt independent. A similar
interpretation applies to fixed {tj}nj=1 ⊂ [0, T ] for increasing tj .

2. Fixed path: For fixed ω ∈ S, the realization {Bt (ω)}t is equivalent
to a function of t. It can be interpreted as a fixed function defined on
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[0, T ], or more suggestively, as a quantity that evolves with, or reveals
itself over, time. This notion of "revealing itself" is consistent with the
idea that at a given point in time we may have only partial information
on a given realization. At time t, there is information on Bs for s ≤ t,
but this will not be enough to identify the specific defining variate ω
or the value of Bt′ for t′ > t. Indeed, at time t all that can be said of
Bt′ − Bt for any t′ > t is that it is normally distributed with mean 0
and variance t′− t, and is independent of Bt. Thus we know nothing of
the future. In this sense, we cannot finally identify the path parameter
ω until time T.

Definition 1.27 (d-dimensional Brownian motion) Let (S, σ(S), µ) be
a probability space. A d-dimensional Brownian motion B : S → Rd is
a collection of random vectors (Bt)t∈I indexed by t ∈ I, where typically
I ≡ [0, T ] for T ≤ ∞ :

B ≡ (Bt)t∈I ≡
(
B

(1)
t , B

(2)
t , ..., B

(d)
t

)
t∈I

, (1.31)

so that:

1. For almost all ω, B0(ω) = 0. In other words, µ
[
B−1

0 (0)
]

= 1;

2. For 0 ≤ s < t, Bt − Bs has a multivariate normal distribution (de-
finition 3.6, book 6) with mean d-vector 0, and covariance matrix
C ≡ (t− s)Id, where Id denotes the d× d identity matrix;

3. For n ≥ 2, and 0 ≤ s1 < t1 ≤ s2 < t2 ≤ ... ≤ sn < tn ≤ T,{
Btj −Bsj

}n
j=1

are independent random vectors;

4. For almost all ω, Bt(ω) is a continuous function of t.

Notation 1.28 Note that it is only natural to denote the component vari-
ates of the random vector Bt in 1.31 as {B(j)

t }dj=1. But this convention also
creates a notational ambiguity: Are these variates 1-dimensional Brownian
motions? As we will see in proposition 1.42 below, the answer is "yes,"
and in addition these 1-dimensional Brownian motions will be seen to be
independent.

Example 1.29 Letting d = 1, the collection of variates Zt constructed in
the previous section appears to "almost" satisfy the conditions of a Brownian
motion. Specifically, conditions 1 − 3 are proved in proposition 1.21. On
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the other hand, we have not yet identified a probability space (S, σ(S), µ)
on which all such variates are seen to be measurable, and hence random
variables on this space. In addition, we have not shown that the constructed
Zt are continuous, nor have we yet formalized how they might be modified
to be continuous without affecting the required distributional properties.

Remark 1.30 By definition 1.37 below, the above definition of Brownian
motion only specifies the finite dimensional distributions of B in prop-
erties 2 and 3. In other words, this definition only addresses distributional
properties of B at finite collections of time points. However, because Brown-
ian motion is required to be continuous in property 4, this is enough to
uniquely specify this process, or more precisely, specify the law of this
process. See proposition 2.10.

Condition 1 characterizes what is sometimes referred to as standard
Brownian motion. In some applications one is interested in Brownian
motion started at x ∈ Rd, or Brownian motion with initial random
vector X : S → Rd, respectively definable as Bt + x or Bt +X.

Condition 2 states that X ≡ Bt −Bs has a multivariate normal distrib-
ution by definition 3.6 of book 6. However by exercise 3.4 of that book, and
the uniqueness of characteristic functions (proposition 6.25, book 6), one
obtains that X has a density function fX(x) with x = (x1, ..., xd) and Id the
d× d identity matrix:

fX(x) = (2π)−d/2(t− s)−d/2 exp

[
−1

2
xT
(
(t− s)−1Id

)
x

]
. (1.32)

Thus the matrix (t − s)−1I is a d × d diagonal matrix with (t − s)−1 along
the diagonal.

Condition 2 also implies that Brownian motion is translation invari-
ant, meaning that for any r > 0 :

Bt −Bs =d Bt+r −Bs+r,

where =d means equal in distribution. In addition, since C in this defini-

tion is positive definite, corollary 3.22 of book 6 obtains that
{
B

(j)
t −B

(j)
s

}d
j=1

are independent random variables.
Condition 3 states that Brownian motion has independent increments.

What is perhaps not immediately obvious, is whether conditions 2 and 3 im-

ply that
{{

B
(k)
tj
−B(k)

sj

}d
k=1

}n
j=1

are independent random variables. That
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this is true is proved below by an application of proposition 3.53 of book 2,
recalling that this result also applies to independent random vectors.

Finally, we can equivalently demand in condition 4 that Brownian motion
be continuous for all ω, and it is a matter of taste whether one states this
one way or the other. If Bt is continuous for ω ∈ S ′ ⊂ S with µ [S ′] = 1,
we can simple redefine Bt ≡ 0 on S − S ′ and now Bt is continuous for all
s ∈ S. Such a redefinition does not change the distributional qualities of this
process since µ [S − S ′] = 0.

Proposition 1.31 Given a d-dimensional Brownian motion B : S → Rd,
B ≡ (Bt)t∈I ≡

(
B

(1)
t , B

(2)
t , ..., B

(d)
t

)
t∈I

and 0 ≤ s1 < t1 ≤ s2 < t2 ≤ ... ≤

sn < tn ≤ T,

{{
B

(k)
tj
−B(k)

sj

}d
k=1

}n
j=1

are independent random variables.

Moreover, these variates have a multivariate normal distribution with mean
nd-vector 0, and nd × nd diagonal covariance matrix C with Cii = tj − sj
for (j − 1)d + 1 ≤ i ≤ jd. Alternatively, with Id the d × d identify matrix
and 0d the d× d zero matrix:

C =


(t1 − s1) Id 0d · · · 0d

0d (t2 − s2) Id · · · 0d
...

...
. . .

...

0d 0d · · · (tn − sn) Id

 . (1.33)

Proof. For notational convenience, let X = (X1, ..., Xn), Xj ≡ Btj −Bsj =

(X
(1)
j , ..., X

(d)
j ), X

(k)
j ≡ B(k)

tj
−B(k)

sj , and

x =
(
x

(1)
1 , ..., x

(d)
1 , x

(1)
2 , ..., x(1)

n , ..., x(d)
n

)
.

If F (x) denotes the joint distribution function of X, and F (k)
j the distribution

function of X(k)
j , then proposition 3.53 of book 2 obtains that independence

is proved if we show that:

F (x) =
∏n

j=1

∏d

k=1
F

(k)
j (x

(k)
j ) .

By this same result, if Fj denotes the joint distribution function of Xj , then
condition 3 provides that:

F (x) =
∏n

j=1
Fj(xj), ((*))
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where xj ≡
(
x

(1)
j , ..., x

(d)
j

)
, and a final application using condition 2 and

component variate independence yields:

Fj(xj) =
∏d

k=1
F

(k)
j (x

(k)
j ),

and the independence result follows.
The conclusion of multivariate normality now follows from (∗) since by

2, Xj ≡ Btj−Bsj has a multivariate normal distribution with mean d-vector
0, and covariance matrix Cj ≡ (tj − sj)I, where I is a d×d identity matrix.
An application of 1.32 completes the proof.

Corollary 1.32 Proposition 1.31 remains true even if the Brownian mo-
tions have different increment intervals. Specifically, if for each k,

0 ≤ s(k)
1 < t

(k)
1 ≤ s(k)

2 < t
(k)
2 ≤ ... ≤ s(k)

n(k)
< t

(k)

n(k)
≤ T,

then

{{
B

(k)

t
(k)
j

−B(k)

s
(k)
j

}d
k=1

}n(k)
j=1

are independent random variables, and have

a multivariate normal distribution with mean n-vector 0, and n×n diagonal
covariance matrix C discussed below, where n =

∑d
k=1 n

(k).
Proof. Using all time points from the various time collections obtains a
fixed set of time points which we denote 0 ≤ t0 < t1 < t2 < ... < tN ≤ T. By

an application of proposition 1.31 it follows that
{{

B
(k)
tj
−B(k)

tj−1

}d
k=1

}N
j=1

are independent random variables with a multivariate normal distribution
with mean Nd-vector 0, and Nd×Nd diagonal covariance matrix C :

C =


(t1 − t0) Id 0d · · · 0d

0d (t2 − t1) Id · · · 0d
...

...
. . .

...

0d 0d · · · (tN − tN−1) Id

 .

For each k the original increments
{
B

(k)

t
(k)
j

−B(k)

s
(k)
j

}n(k)
j=1

are obtainable by dis-

joint partial sums of independent
{
B

(k)
tj
−B(k)

tj−1

}N
j=1

and thus

{{
B

(k)

t
(k)
j

−B(k)

s
(k)
j

}d
k=1

}n(k)
j=1

are independent by 3 of example 3.58 of book 2.
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These partial sums can be represented by a linear transformation. That
is, there exists an n(k) × N matrix Ak of 0s and 1s so that with apparent
notation:

Ak

{
B

(k)
tj
−B(k)

tj−1

}N
j=1

=

{
B

(k)

t
(k)
j

−B(k)

s
(k)
j

}n(k)
j=1

.

Denote by A the n×Nd matrix with n =
∑d

k=1 n
(k), defined as:

A =


A1 01 · · · 01

02 A2 · · · 02

...
...
. . .

...

0d 0d · · · Ad

 ,

where each 0k denotes a n(k) × N zero matrix. Then again with apparent
notation:

A

{{
B

(k)
tj
−B(k)

tj−1

}d
k=1

}N
j=1

=

{{
B

(k)

t
(k)
j

−B(k)

s
(k)
j

}d
k=1

}n(k)
j=1

.

Proposition 3.9 of book 6 then obtains the result that

{{
B

(k)

t
(k)
j

−B(k)

s
(k)
j

}d
k=1

}n(k)
j=1

have a multivariate normal distribution with mean vector 0 and covariance
matrix CA ≡ ACAT . While CA cannot be more explicitly represented in
general, note that by the independence result obtained in the first paragraph,
CA must be diagonal by corollary 3.22 of book 6.

Corollary 1.33 For 0 ≤ s, t :

E
[
B(j)
s B

(k)
t

]
= δjk min{s, t}, (1.34)

where δjk = 1 if j = k and δjk = 0 if j 6= k.
Proof. Assume s < t, then:

B(j)
s B

(k)
t = B(j)

s B(k)
s +B(j)

s

(
B

(k)
t −B(k)

s

)
.

By the prior result E
[
B

(j)
s

(
B

(k)
t −B

(k)
s

)]
= 0 for any j, k, and E

[
B

(j)
s B

(k)
s

]
=

0 if j 6= k. If j = k then E
[(
B

(j)
s

)2
]

= s by condition 2 of definition 1.27

(recall exercise 3.11 of book 6).
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Remark 1.34 δjk is called the Kronecker delta and named for Leopold
Kronecker (1823 —1891).

Corollary 1.35 Given 0 < t1 < t2 < ... < tn ≤ T,

{{
B

(k)
tj

}d
k=1

}n
j=1

have a multivariate normal distribution with mean nd-vector 0, and nd×nd
covariance matrix C :

C =


t1Id t1Id · · · t1Id
t1Id t2Id · · · t2Id
...

...
. . .

...

t1Id t2Id · · · tnId

 , (1.35)

where Id is the d× d identify matrix,
Proof. Apply proposition 1.31 with s1 = 0 and in general sj = tj−1. Then{{

B
(k)
tj
−B(k)

tj−1

}d
k=1

}n
j=1

are multivariate normal with covariance matrix in

1.33. Now let:

A ≡



Id 0d 0d · · · 0d

Id Id 0d · · · 0d

Id Id Id · · · 0d
...
...
...
. . .

...

Id Id Id · · · Id


,

defined as an nd× nd lower triangular block matrix with d× d identity ma-
trices on and below the diagonal, and d×d zero matrices above the diagonal.
Then with apparent notation:

A

({{
B

(k)
tj
−B(k)

tj−1

}d
k=1

}n
j=1

)
=

{{
B

(k)
tj

}d
k=1

}n
j=1

,

and thus by proposition 3.9 of book 6
{{

B
(k)
tj

}d
k=1

}n
j=1

has a multivariate

normal distribution with nd-mean vector 0, and covariance matrix ACAT

and C as in 1.33. This matrix product can now be avoided using exercise
3.11 of book 6 and 1.34 of corollary 1.33, which obtains 1.35.
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1.2.2 Simplifications for the Construction of BM

The results of this section are of interest theoretically, but are also useful
in the development below on constructions of Brownian motion. For
example, it was noted above and proved in proposition 1.42 below that Bt
is d-dimensional Brownian motion if and only if the component variates{(
B

(j)
t

)
t∈I

}d
j=1

are independent 1-dimensional Brownian motions. Thus

once 1-dimensional Brownian motion has been constructed and hence
proved to exist, this will provide a construction and proof of the existence
of d-dimensional Brownian motion. The following section proves that if we
can construct independent 1-dimensional Brownian motions on [0, T ] for
T <∞, this gives rise to a 1-dimensional Brownian motion on [0,∞).

For both of these developments we require the notion of independent
Brownian motions. This is developed in the next section, generalizing
somewhat the discussion above and in section 3.4 of book 2 on independent
random vectors.

Independent Brownian Motions

Assume that we are given Brownian motions B(1), B(2) defined on the
probability space (S, σ(S), µ). To state that these are independent
Brownian motions requires an application of 6 of summary 1.25 and thus
we must specify the sigma algebras σ

(
B(1)

)
and σ

(
B(2)

)
. Since each

Brownian motion represents a family of random vectors, meaning
B ≡ (Bt)t∈I , definition 3.43 of book 2 states that σ (B) ≡ σ

(
(Bt)t∈I

)
is

the smallest sigma algebra with respect to which Bt is a measurable
random vector for all t ∈ I. By proposition 3.45 of that book:

σ (B) = σ
[
(σ (Bt))t∈I

]
.

In other words, σ (B) is the smallest sigma algebra that contains σ (Bt) for
all t. Since σ (Bt) = B−1

t

[
B(Rd)

]
by 4 of summary 1.25, it follows that:

σ (B) = σ
[(
B−1
t (C)

)
t∈I, C∈B(Rd)

]
. (1.36)

That is, σ (B) is the sigma algebra generated by B−1
t (C) , for all t ∈ I and

C ∈ B(Rd).

Definition 1.36 (Independent Brownian motions 1) We say that B(1)

and B(2) are independent Brownian motions on (S, σ(S), µ) if σ
(
B(1)

)
and
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σ
(
B(2)

)
as defined in 1.36 are independent sigma algebras in the sense of 5

of summary 1.25. The same definition applies to any collection {B(j)}, fi-
nite or infinite, recalling that for infinite collections, independence is defined
in terms of finite subcollections.

The definitional requirement on σ
(
B(1)

)
and σ

(
B(2)

)
for independence

can be simplified by a book 2 result. By corollary 1.27 there, if A1 and A2

are independent classes of sets, and each closed under finite intersections,
then σ (A1) and σ (A2) are independent sigma algebras. Here, σ (A1) and
σ (A2) are defined as the smallest sigma algebras that contain the respective
classes of sets. Thus independence of σ

(
B(1)

)
and σ

(
B(2)

)
is assured by

identifying classes A1 and A2 with the requisite properties:

1. Each is closed under finite intersections;

2. Each generates the sigma algebra of interest.

Clearly, defining the class A =
{
B−1
t (C)

}
t∈I, C∈B(Rd)

satisfies 2 by defi-
nition, but not 1. But note that for each t, Bt induces a Borel measure µt
on B(Rd) in the usual way. For C ∈ B(Rd) :

µt(C) ≡ µ
[
B−1
t (C)

]
.

In the terminology of book 5’s definition 3.9, µt is the measure on B(Rd)
induced by Bt. For example when C ≡

∏d
j=1(−∞, xj ], then µt(C) = Ft(x)

the joint distribution function of Bt where x ≡ (x1, ..., xd). Such measures
form a subset of the finite dimensional distributions of a Brownian motion.

Definition 1.37 Let B be a d-dimensional Brownian motion defined on
(S, σ(S), µ). The finite dimensional distributions (FDDs) of B are
the collection of Borel measures µt1,t2,...,tk defined on B(Rkd) by:

µt1,t2,...,tk

(∏k
j=1Cj

)
≡ µ

(⋂k
j=1B

−1
tj

(Cj)
)
, (1.37)

where for any k = 1, 2, ..., we have {tj}kj=1 ⊂ [0, T ], {Cj}kj=1 ⊂ B(Rd), and:⋂k
j=1B

−1
tj

(Cj) ≡ {ω ∈ S|Btj (ω) ∈ Cj for all j}.

The same terminology applies for a general d-dimensional stochastic
process X defined on (S, σ(S), µ).
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Remark 1.38 (On FDDs) Note that while each µt1,t2,...,tk is only explic-
itly defined on the measurable rectangles

∏k
j=1Cj ∈ B(Rkd), each such set

function extends to a measure on B(Rkd) using the extension theorems of
section 6.2 of book 1. This collection of rectangles forms a semi-algebra A′
(definition 6.8), and µt1,t2,...,tk is a pre-measure (definition 6.6) because µ is
a measure. Then µt1,t2,...,tk extends to a measure on the algebra A generated
by A′ by the Carathéodory Extension theorem II of proposition 6.13. The
Hahn-Kolmogorov Extension theorem then completes the extension of this
measure to a complete sigma algebra which contains A and thus contains
B(Rkd).

Note also that in the special case where Cj =
∏d
i=1(−∞, x(j)

i ], then with

xj ≡ (x
(j)
i , ..., x

(j)
d ) :

µt1,t2,...,tk

(∏k
j=1Cj

)
= Ft1,t2,...,tk(x1, ..., xk), (1.38)

and thus µt1,t2,...,tk obtains the joint distribution function of (Bt1 , ..., Btk).
Conversely, given such Ft1,t2,...,tk , the measure µt1,t2,...,tk is obtainable by the
construction in chapter 8 of book 1.

Returning to the above discussion, there is a simple adjustment to the
class A =

{
B−1
t (C)

}
t∈I, C∈B(Rd)

which achieves the desired objectives 1 and
2 above.

Definition 1.39 Let B be a d-dimensional Brownian motion defined on
(S, σ(S), µ). The finite dimensional pre-images of B are defined as the
class of sets:

A ≡
{⋂k

j=1B
−1
tj

(Cj)
}
, (1.39)

where for any k = 1, 2, ..., {tj}kj=1 ⊂ [0, T ], and {Cj}kj=1 ⊂ B(Rd).

Now A is closed under finite intersections of such sets by definition,
and also, σ (A) = σ (B) by 1.36. Thus to prove that B(1) and B(2) are
independent Brownian motions on (S, σ(S), µ), it is enough by corollary 1.27
of book 2 to prove that the associated finite-dimensional pre-image classes
A1 and A2 are independent classes of sets, meaning that 1.27 is satisfied.
The same approach works for any finite number of Brownian motions, and
even an infinite collection since demonstrations of independence only reflect
component sets from finitely many the of the given classes by 1.28 in 5 of
summary 1.25.

Summarizing:
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Definition 1.40 (Independent Brownian motions 2) We say that B(1)

and B(2) are independent Brownian motions on (S, σ(S), µ) if A1 and A2 as
defined in 1.39 are independent classes of sets in the sense of 5 of summary
1.25. The same definition applies to any collection {B(j)}, finite or infinite.

The following result is a corollary of a result in the next section, but
logically belongs here. The notation is a bit cumbersome but states that for
independent Brownian motions, any collection of increments is independent.

Proposition 1.41 If
{
B

(j)
t

}N
j=1

are independent 1-dimensional Brownian

motions on I = [0, T ], where N is finite or infinite, then
{{

B
(ji)
tik
−B(ji)

sik

}mi
k=1

}n
i=1

are independent random variables for any finite n ≤ N, where for each i :

0 ≤ si1 < ti1 ≤ si2 < ti2 ≤ ... ≤ simi < timi ≤ T.

Proof. Proposition 1.42 below will assure that
(
B

(j1)
t , ..., B

(jn)
t

)
is an n-

dimensional Brownian motion on (S, σ(S), µ) for any n. Thus this result is
a restatement of corollary 1.32.

Dimensional Reduction

In this section we prove that one only need construct a 1-dimensional
Brownian motion on I = [0, T ] to obtain a d-dimensional Brownian motion
on I. This requires two steps, the first of which assumes that we have in
fact constructed d independent 1-dimensional Brownian motions on I. We
then obtain d-dimensional Brownian motion by simply assigning these d
Brownian motions as components of a random vector.

Proposition 1.42 The process (Bt)t∈I ≡
(
X

(1)
t , X

(2)
t , ..., X

(d)
t

)
t∈I

is a d-

dimensional Brownian motion on (S, σ(S), µ) if and only if
{(
X

(j)
t

)
t∈I

}d
j=1

={(
B

(j)
t

)
t∈I

}d
j=1

are independent 1-dimensional Brownian motions on (S, σ(S), µ).

Proof. If
{(
B

(j)
t

)
t∈I

}d
j=1

are independent 1-dimensional Brownian mo-

tions, define Xt ≡
(
B

(1)
t , B

(2)
t , ..., B

(d)
t

)
t∈I

which we show satisfies definition

1.27 for a d-dimensional Brownian motion on (S, σ(S), µ). Using the def-
inition 1.27 properties for 1-dimensional Brownian motions, Xt : S → Rd
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is σ(S)/B(Rd)-measurable and thus a random vector by proposition 3.32 of
book 2, is continuous in t, and X0 = 0 with probability 1 since

{ω|X0 = 0} =
⋂d
j=1{ω|B

(j)
0 = 0}.

To prove that Xt satisfies 2 of definition 1.27, let 0 ≤ s < t be given.
Then each B(j)

t − B
(j)
s is normally distributed with mean 0 and variance

t − s, and since independent, proposition 1.21 of book 4 obtains that the
joint density of Xt −Xs satisfies:

f(x1, ..., xd) =
∏d
j=1 f(xj).

This product of f(xj) is then seen to equal the joint density in 1.32 of a
multivariate normal with mean vector 0 and covariance matrix C ≡ (t−s)Id,
confirming 2.

Finally, to prove that Xt satisfies 3 of definition 1.27, let 0 ≤ s1 < t1 ≤
s2 < t2 ≤ ... ≤ sn < tn ≤ T be given and consider the random vectors
{Xtk −Xsk}

n
k=1 , which we must prove to be independent. For notational

convenience, let Y = (Y1, ..., Yn), Yk ≡ Xtk −Xsk = (Y
(1)
k , ..., Y

(d)
k ), Y

(j)
k ≡

B
(j)
tk
−B(j)

sk , and

y =
(
y

(1)
1 , ..., y

(d)
1 , y

(1)
2 , ..., y(1)

n , ..., y(d)
n

)
.

If F (y) denotes the joint distribution function of Y, and F (j)
k the distribution

function of Y (j)
k , then proposition 3.53 of book 2 obtains that independence

of the nd component variates is proved if:

F (y) =
∏n
k=1

∏d
j=1 F

(j)
k (y

(j)
k ) . ((*))

This follows because given (∗), independence of component variates then
obtains independence of the vectors made from these components, {Yk}nk=1,
by exercise 3.50 of book 2.

Now for (∗) :

F (y
(1)
1 , ..., y

(d)
1 , ..., y(1)

n , ..., y(d)
n ) = F (y

(1)
1 , ..., y(1)

n , y
(2)
1 , ..., y

(d)
1 , ..., y(d)

n )

=
∏d
j=1 F (y

(j)
1 , ..., y(j)

n )

=
∏n
k=1

∏d
j=1 F

(j)
k (y

(j)
k ).

After the definitional first step, the first product is justified by independence
of the Brownian motions and book 2’s proposition 3.53 (noting the para-
graph preceding this proposition), while the second product is obtained from
independent increments for each Brownian motion.
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Conversely, let (Bt)t∈I ≡
(
X

(1)
t , X

(2)
t , ..., X

(d)
t

)
t∈I

be a d-dimensional

Brownian motion on (S, σ(S), µ). Then
{(
X

(j)
t

)
t∈I

}d
j=1

are measurable (propo-

sition 3.32, book 2), continuous and µ{ω|X(j)
0 = 0} = 1 for all j by the

analogous properties of Bt. To demonstrate that each X
(j)
t satisfies 2 of de-

finition 1.27, let 0 ≤ s < t be given. Now the joint density of Bt − Bs is
multivariate normal with mean vector 0 and covariance matrix C ≡ (t−s)Id,
and thus

{(
X

(j)
t −X

(j)
s

)
t∈I

}d
j=1

are independent by corollary 3.22 of book

6. By inspection one sees that the density functions of these random vari-
ables are normal with mean 0 and variance t− s. For 3 of this definition, let
0 ≤ s1 < t1 ≤ s2 < t2 ≤ ... ≤ sn < tn ≤ T be given. Then proposition 1.31

proves that
{{

X
(j)
tk
−X(j)

sk

}d
j=1

}n
k=1

are independent random variables, and

this proves independence of the random vectors {Xtk −Xsk}
n
k=1 by 1 of book

2’s exercise 3.50.

Returning to the problem of constructing a d-dimensional Brownian
motion, the above result requires the construction of d independent 1-
dimensional Brownian motions, but we now show that constructing one such
Brownian motion is suffi cient.

Assume that (Bt)t∈I is a 1-dimensional Brownian motion on a proba-
bility space (S, σ(S), µ). Recalling the construction of chapter 7 of book
1, and in particular proposition 7.20, we construct the probability space
(Sd, σ(Sd), µd) from d-copies of (S, σ(S), µ). This construction applies in

the more general setting of products of measure spaces
{

(Sj , σ(Sj), µj)
}d
j=1

,

but we do not need this generality here.
Thus Sd = {(s1, ..., sd)|sj ∈ S}, and a set function µ0 is defined on the

semi-algebra A′ of measurable rectangles by:

µ0

[∏d
j=1Aj

]
≡
∏d
j=1 µ [Aj ] , (1.40)

where Aj ∈ σ(S). Then σ(Sd) is the sigma algebra generated by A′, and the
measure µd extends the set function µ0 on A′ to a measure on σ(Sd).

Proposition 1.43 Let (Bt)t∈I be a 1-dimensional Brownian motion defined

on (S, σ(S), µ). Then
{(
B

(j)
t

)
t∈I

}d
j=1

defined on (Sd, σ(Sd), µd) by:

B
(j)
t (s1, ..., sd) ≡ Bt(sj), (1.41)
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are independent 1-dimensional Brownian motions on (Sd, σ(Sd), µd) for t ∈
I.
Proof. That each B(j)

t is a 1-dimensional Brownian motion on (Sd, σ(Sd), µd)
is true by construction, with details left to the reader. To verify that these
are independent we recall the discussion of the introduction to this section.
Specifically, define the classes of finite dimensional pre-images in Sd of the
various B(j) as in 1.39:

Aj ≡
{⋂k

i=1

(
B

(j)
ti

)−1
(Ci)

}
,

where {ti}ki=1 ⊂ I, {Ci}ki=1 ⊂ B(R) and k = 1, 2, ... If it can be shown that
{Aj}dj=1 are independent classes of sets, defined as in 1.28 in 5 of summary

1.25, then the sigma algebras {σ (Aj)}dj=1 are independent by corollary 1.27

of book 2, and thus
{(
B

(j)
t

)
t∈I

}d
j=1

are independent by definition 1.36.

To see that {Aj}dj=1 are independent classes of sets, note that as a mea-

surable set in Sd :⋂k
i=1

(
B

(j)
ti

)−1
(Ci) = S × S × · · · ×

⋂k
i=1B

−1
ti

(Ci)× · · · × S,

where
⋂k
i=1B

−1
ti

(Ci) is the jth component of this d-product. Thus if Aj ∈ Aj ,

say Aj =

{⋂kj
i=1

(
B

(j)
tji

)−1
(Cji)

}
, then

⋂d
j=1Aj =

∏d
j=1

[⋂kj
i=1B

−1
tji

(Cji)
]
,

and by two applications of 1.40:

µd

[⋂d
j=1Aj

]
=
∏d
j=1 µ

[⋂kj
i=1B

−1
tji

(Cji)
]

=
∏d
j=1 µd [Aj ] .

This equality verifies 1.28 and proves that
{(
B

(j)
t

)
t∈I

}d
j=1

are independent

1-dimensional Brownian motions.

Corollary 1.44 Let Bt be a 1-dimensional Brownian motion defined on

(S, σ(S), µ). Then with B(j)
t defined in 1.41, B̃t ≡

(
B

(1)
t , B

(2)
t , ..., B

(d)
t

)
t∈I

is a d-dimensional Brownian motion on (Sd, σ(Sd), µd).
Proof. Since B(j)

t are independent 1-dimensional Brownian motions on
(Sd, σ(Sd), µd) by proposition 1.43, the conclusion on B̃t follows from propo-
sition 1.42.
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Time Interval Reduction

This next result also simplifies the construction of a general Brownian
motion, now focusing on 1-dimensional results. It states that if we can
construct a 1-dimensional Brownian motion on any fixed interval [0, T ] for
T <∞, then we can construct Brownian motion on [0,∞). This again
requires two steps. The first result assumes that we have constructed
countably many independent 1-dimensional Brownian motions on [0, T ],
and creates a construction on [0,∞) through concatenation, or more
visually, splicing these independent paths. In some constructions discussed
below, it is common to see [0, T ] = [0, 1] and thus we prove this case. The
case of general T is identical but requires additional notational complexity.

The second step shows that from one 1-dimensional Brownian motions
on [0, 1], we can construct finitely many, and in many cases countably many
independent such Brownian motions, generalizing proposition 1.43.

Proposition 1.45 Assume that
(
B

(j)
t

)∞
j=0

are independent 1-dimensional

Brownian motions defined on (S, σ(S), µ) for t ∈ [0, 1]. Define:

Bt ≡

 B
(0)
t , t ∈ [0, 1),∑k−1

j=0 B
(j)
1 +B

(k)
t−k, t ∈ [k, k + 1), k ≥ 1.

(1.42)

Then Bt is a 1-dimensional Brownian motion defined on (S, σ(S), µ) for
t ∈ [0,∞).

Proof. As a sum of measurable functions, Bt is a random variable on
(S, σ(S), µ) for all t, and {B0 = 0} = {B(0)

0 = 0} so B0 = 0 with probability
1. Also,

{Bt is continuous on [0,∞)} =
⋂∞
j=0{B

(j)
t is continuous on [0, 1]},

and this set has probability 1 as a countable intersection of probability 1 sets.
This is formalized by complementation, that the union of probability 0 sets
has probability 0.

To verify 2 of definition 1.27, let 0 ≤ s < t be given and express s = j+e,
t = k + f, with integers j ≤ k, and 0 ≤ e, f < 1. If j = k, then e < f and

Bt −Bs = B
(j)
f −B

(j)
e .
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By assumption on B
(j)
t , the variate Bt − Bs is normally distributed with

mean 0 and variance f − e = t− s. If j < k = j + n where n ≥ 1 then:

Bt −Bs =
∑j+n−1

i=0 B
(i)
1 +B

(j+n)
f −

∑j−1
i=0 B

(i)
1 −B(j)

e

=
∑j+n−1

i=j+1 B
(i)
1 +B

(j+n)
f +

(
B

(j)
1 −B(j)

e

)
.

As a sum of independent normals by assumption, Bt − Bs is normally dis-
tributed with mean 0 and variance n− 1 + f + (1− e) = t− s.

To verify 3 of definition 1.27 let 0 ≤ s1 < t1 ≤ s2 < t2 ≤ ... ≤ sn <
tn ≤ T be given, noting that the main obstacle in this step is notational. To
simplify, note that to prove independence of {Btk −Bsk}

n
k=1 we can with t0 ≡

0 instead prove independence of the larger collection defined to also include
all terms in

{
Bsk −Btk−1

}n
k=1

for which sk 6= tk−1. Changing notation, let
0 = t0 < t1 < t2 < ... < tn ≤ T be given and we prove independence of{
Btk −Btk−1

}n
k=1

. Exactly as in the verification of 2 above, each variate
Btk −Btk−1 has one of two representations. Let tk = jk + ek, jk = jk−1 +nk
where now nk ≥ 0 to reflect both cases:

Btk −Btk−1 =
∑jk−1+nk−1

i=jk−1
B

(i)
1 +B

(jk−1+nk)
ek −B(jk−1)

ek−1 .

Let J ⊂ {1, 2, ..., n} be defined as the collection of k-indexes so that
[tk−1, tk] ⊂ [jk, jk + 1] for any integer jk. Then

{
Btk −Btk−1

}
k∈J are inde-

pendent random variables because in each case nk = 0 and thus jk = jk−1

and:
Btk −Btk−1 = B(jk)

ek
−B(jk)

ek−1 . ((1))

These random variables are independent as independent increments of the
same Brownian motion B

(j)
t , or as increments of independent Brownian

motions recalling proposition 1.31.
Now assume tk = jk + ek, jk = jk−1 + nk with nk ≥ 1. In this case:

Btk −Btk−1 =
(
B

(jk−1)
1 −B(jk−1)

ek−1

)
+
∑jk−1+nk−1

i=jk−1+1 B
(i)
1 +B

(jk−1+nk)
ek , ((2))

where the summation is non-vacuous only for nk ≥ 2. This is a sum of inde-

pendent random variables because
(
B

(j)
t

)∞
j=0

are independent by assumption,

and independent Brownian motions have independent increments by propo-
sition 1.41.

The final step is notationally burdensome but conceptually simple. The
partition 0 = t0 < t1 < t2 < ... < tn ≤ T naturally creates a collection
of independent random variables which contains all the random variables
identified in the representations above for the various Btk −Btk−1 :
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• Type 1 cases: B(jk)
ek −B

(jk)
ek−1

• Type 2 cases: Sum of B(jk−1)
1 −B(jk−1)

ek−1 , B
(jk−1+1)
1 , ..., B

(jk−1+nk)
ek

As noted above, all of the variates in these collections are independent
since they are either independent Brownian motions or independent incre-
ments of such motions. Thus by 1 of exercise 3.50 of book 2, this collection
can be partitioned into independent random vectors where each vector con-
tains the variates needed for a given Btk −Btk−1. In type 1 cases the vector
has a single component, while in type 2 cases it has the variates identified.
Then 2 of that book’s example 3.58 obtains that sums of these independent
vector’s component variates, which equal the Btk−Btk−1 , are again indepen-
dent. Thus,

{
Btk −Btk−1

}n
k=1

are independent.

Corollary 1.46 If
(
B

(j)
t

)M
j=0

are independent 1-dimensional Brownian mo-

tions defined on (S, σ(S), µ) for t ∈ [0, 1], and Bt defined as in 1.42, then
Bt is a 1-dimensional Brownian motion defined on (S, σ(S), µ) for t ∈
[0,M + 1).

Proof. Immediate from the prior result.

The second step is similar to that needed for the dimensional reduction.
Returning to the problem of constructing a 1-dimensional Brownian motion
on [0, T ], the above results require the construction of finitely or countably
many independent 1-dimensional Brownian motions on [0, 1] say. We now
show that constructing one such Brownian motion is suffi cient.

Assume that (Bt)t∈I is a 1-dimensional Brownian motion on a probability
space (S, σ(S), µ). For T < ∞ one needs "only" M > T independent 1-
dimensional Brownian motions on [0, 1] by corollary 1.46. For this we repeat
the statement of proposition 1.43 and corollary 1.44, referencing the identical
proofs.

Proposition 1.47 Let Bt be a 1-dimensional Brownian motion defined on

(S, σ(S), µ) for t ∈ [0, 1]. Then
{
B

(j)
t

}M
j=1

defined on (SM , σ(SM ), µM ) by

1.41:

B
(j)
t (s1, ..., sd) ≡ Bt(sj),

are independent 1-dimensional Brownian motions on (SM , σ(SM ), µM ) for
t ∈ [0, 1].
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Further, using
{
B

(j)
t

}M
j=1

in 1.42 obtains a 1-dimensional Brownian mo-

tion B̃t defined on (SM , σ(SM ), µM ) for t ∈ [0, T ].
Proof. Identical to the proofs above, but now referencing corollary 1.46 for
the statement on B̃t.

For T = ∞ the same approach works with earlier book 1 results but
with a technical adjustment. Recall the construction of chapter 9 of book
1, and in particular proposition 9.20, which constructed the infinite product

probability space (SN, σ(SN), µN) from
{

(Sj , σ(Sj), µj)
}∞
j=1

. For the count-

able additivity portion of that proof, the book 1 result explicitly assumed
that the probability spaces (Sj , σ(Sj), µj) =

(
R, σj(R), µj

)
, where σj(R)

contained the Borel sigma algebra B(R). This assumption provided inner
regularity of the associated finite dimensional probability measures by that
book’s proposition 5.27, and this provided a key technical step in the pre-
sented proof.

As noted there, this result can be generalized. Specifically, with the use of
Fubini’s theorem of book 5’s proposition 5.15, one can prove countable addi-

tivity for any collection of probability spaces
{

(Sj , σ(Sj), µj)
}∞
j=1

, and thus

the existence of (SN, σ(SN), µN) in this general case. See for example, Hal-
mos (1950). Since the 1-dimensional Brownian motions constructed below
for t ∈ [0, 1] are defined on probability spaces (S, σ(S), µ) 6=

(
R, σj(R), µj

)
as

assumed in book 1, we complete the development of this section reflecting
the more general result.

Given probability spaces
{

(Sj , σ(Sj), µj)
}∞
j=1

with general notation, de-

fine SN ≡ {(s1, s2, ...)|sj ∈ Sj}. Below we assume (Sj , σ(Sj), µj) = (S, σ(S), µ)
for all j, but briefly introduce ideas here more generally to notationally com-
plement the finite dimensional development. The measure µN is first defined
as a set function on the algebra A+ of finite dimensional measurable rectan-
gles as follows. By definition, A ∈ A+ if there exists an n-tuple of positive

integers J ≡ (j(1), ..., j(n)) and H ∈ σ
(∏n

i=1 σ(Sj(i))
)
, the finite dimen-

sional sigma algebra (proposition 7.20, book 1) associated with product
space

∏n
i=1 S j(i), so that:

A = {s ≡ (s1, s2, ...)|(sj(1), ..., sj(n)) ∈ H}.

A set function µ0 is then defined on such A by:

µ0 [A] ≡ µJ [H] , (1.43)
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where µJ denotes the product measure on
∏n
i=1 S j(i), and sometimes de-

noted
∏n
i=1 µj(i). Finally, σ(SN) is the sigma algebra generated by A+, and

the set function defined on A+ by 1.43 extends to a measure µN on this
sigma algebra.

Remark 1.48 All of this more general development for (SN, σ(SN), µN) can
be found in chapter 9 of book 1, except for the last step of countable additivity
of µN on A+ for which we reference Halmos (1950).

As noted in 3 of remark 9.15 of book 1, 1.43 is a generalization of 1.40
in the sense that when H =

∏n
i=1Aj(i), with Aj(i) ∈ σ(Sj(i)), then:

µ0 [A] =
∏n
i=1 µj(i)

[
Aj(i)

]
. (1.44)

This follows from the definition of µJ on measurable rectangles noted above.

Notation 1.49 It is sometimes convenient to write formulas in terms of
projection mappings. Define πj : SN → S by πj(s) = sj , and if J ≡
(j(1), ..., j(n)) define πJ : SN →

∏n
i=1 S j(i) by πJ(s) =

(
sj(1), ..., sj(n)

)
.

Then with A and H as above:

π−1
J (H) = A,

and 1.43 can be expressed:

µ0

[
π−1
J (H)

]
≡ µJ [H] . (1.45)

It is an exercise to check that all such πJ are measurable, indeed by construc-

tion of A+ and σ(SN).More specifically each πJ is σ(SN)/σ
(∏n

i=1 σ(Sj(i))
)
-

measurable.
Thus in the terminology of book 5’s definition 3.9, the measure µN con-

structed has the following property. Each finite dimensional measure µJ is
induced by µN and the transformation πJ . In some references it is said
that each µJ is the pushforward measure of µN along the projection
πJ .

Proposition 1.50 Let (Bt)t∈I be a 1-dimensional Brownian motion de-
fined on (S, σ(S), µ), and let (SN, σ(SN), µN) be defined as above with respect

to countably many copies of (S, σ(S), µ). Then
{(
B

(j)
t

)
t∈I

}∞
j=1

defined on

(SN, σ(SN), µN) by:
B

(j)
t (s1, s2, ...) ≡ Bt(sj), (1.46)
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are independent 1-dimensional Brownian motions.

Proof. That each B(j)
t is a 1-dimensional Brownian motion on (SN, σ(SN), µN)

is true by construction, with details left to the reader. To verify that these
are independent, define the classes of finite dimensional pre-images in SN of
the various B(j) as in 1.39:

Aj ≡
{⋂k

i=1

(
B

(j)
ti

)−1
(Ci)

}
,

where k = 1, 2, ..., {ti}ki=1 ⊂ I, and {Ci}ki=1 ⊂ B(R). If {Aj}∞j=1 ⊂ σ(SN) are
independent classes of sets, defined as in 1.28 in 5 of summary 1.25, then
the sigma algebras {σ (Aj)}∞j=1 are independent by corollary 1.27 of book 2,

and thus
{(
B

(j)
t

)
t∈I

}∞
j=1

are independent by definition 1.40.

To see that {Aj}∞j=1 are independent classes of sets, note that as a mea-

surable set in SN :

⋂k
i=1

(
B

(j)
ti

)−1
(Ci) = π−1

j

[⋂k
i=1B

−1
ti

(Ci)
]

= S × S × · · · ×
⋂k
i=1B

−1
ti

(Ci)× S × S× · · · ,

where
⋂k
i=1B

−1
ti

(Ci) is the jth component in this infinite product. Thus if
Aj(i) ∈ Aj(i) for a finite collection {j(i)}ni=1 of distinct indexes:

Aj(i) =

{⋂kj(i)
l=1

(
B

(j(i))
tj(i)l

)−1 (
Cj(i)l

)}
= π−1

j(i)

[{⋂kj(i)
l=1 B−1

tj(i)l

(
Cj(i)l

)}]
,

then with J ≡ (j(1), ..., j(n)) and apparent notation:

⋂n
i=1Aj(i) = π−1

J

[∏n
i=1

(⋂kj(i)
l=1 B−1

tj(i)l

(
Cj(i)l

))]
.

Then by 1.45 and 1.44:

µN

[⋂n
j=1Aj(i)

]
=
∏n
j=1 µ

[⋂kj(i)
l=1 B−1

tj(i)l

(
Cj(i)l

)]
= µN

[∏n
i=1Aj(i)

]
.

This equality verifies 1.28 and proves that
{(
B

(j(i))
t

)
t∈I

}n
j=1

are independent

1-dimensional Brownian motions.
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Corollary 1.51 Let (Bt)t∈[0,1] be a 1-dimensional Brownian motion defined

on (S, σ(S), µ), and
{(

B̃
(j)
t

)
t∈[0,1]

}∞
j=0

defined with 1.46 by B̃(j)
t = B

(j+1)
t .

Then
(
B̃t

)
t∈[0,∞)

as defined in 1.42 with B̃(j)
t is a 1-dimensional Brownian

motion on (SN, σ(SN), µN).

Proof. Since B̃(j)
t are independent 1-dimensional Brownian motions on

(SN, σ(SN), µN) by proposition 1.50, the conclusion on B̃t follows from propo-
sition 1.45.

1.3 The Standard Construction of BM on [0,∞)

The so-called "standard construction" of Brownian motion is based on an
application of Kolmogorov’s Existence theorem, named for Andrey
Kolmogorov (1903 —1987), and noted in book 1’s proposition 9.20 in the
special case of (RN, σ(RN), µN). In fact, this existence theorem has nothing
to do with Brownian motion per se, but rather provides an existence result
whenever the finite dimensional distributions defined in 1.37 satisfy certain
natural consistency assumptions.

Thus once the finite dimensional distributions needed for Brownian mo-
tion have been shown to satisfy these conditions, the probability space of
Brownian motion will be constructed. Unfortunately, this construction does
not obtain continuity of paths with probability 1 for reason that will be re-
vealed below. So some additional work will be required to prove that these
constructed paths can be modified to be continuous with probability 1.

For the Kolmogorov approach to Brownian motion we focus on 1-dimensional
Brownian motion defined on I ≡ [0,∞). By proposition 1.43 and corollary
1.44 this is suffi cient to provide a construction of d-dimensional Brownian
motion on this same time interval.

1.3.1 Introduction to Kolmogorov’s Set-Up

In this section we review for completeness the book 1 set-up for countable
products of probability spaces alluded to in the prior section. As this is a
special case of Kolmogorov’s existence theorem, we then introduce the
generalization needed for the current application.
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Countably Infinite Product Spaces of Book 1

The set-up and conclusion of the book 1 result can be summarized as
follows (all references are to book 1):

1. Set-Up: Given probability spaces {(R, σi(R), µi)}∞i=1, the product
space RN ≡

∏∞
i=1Ri is defined by:

RN = {(x1, x2, ...)|xi ∈ R}. (1.47)

A class A+ is defined as the collection of general finite dimen-
sional measurable rectangles in RN, also called general cylin-
der sets, defined as follows. Given a positive integer n, let J =
(j(1), j(2), ..., j(n)) be an n-tuple of positive integers, andH ∈ σ(

∏n
i=1Rj(i)),

the sigma algebra associated with the finite product space of

{(R, σj(i)(R), µj(i))}ni=1

of proposition 7.20 (there denoted σ (A)). A general finite dimensional
measurable rectangle in RN is a set A defined as:

A = {x ∈ RN|(xj(1), xj(2), ...xj(n)) ∈ H}. (1.48)

The cylinder set A is said to be defined by H and J.

A cylinder set A is equivalently specified in terms of projection map-
pings. Define πj : RN → R by πj : (x1, x2, ...) = xj . Then with J as
above let

πJ =
∏n
i=1 πj(i) : RN →

∏n
i=1Rj(i)

be defined by

πJ : (x1, x2, ...) = (xj(1), xj(2), ...xj(n)).

If A is defined by H and J, it follows that:

A = π−1
J (H). (1.49)

But note that while A is defined by given H and J, it is not charac-
terized by such H and J. Specifically, there are infinitely many pairs
(H,J) which define a given set A ⊂ RN, as can be verified as an exer-
cise.

For A ∈ A+, the product set function µ0 is defined in 1.43 by:

µ0(A) = µJ(H),
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where µJ denotes the finite dimensional measure of proposition 7.20
associated with the product space defined with {(R, σj(i)(R), µj(i))}ni=1.
Since A is not characterized by H and J, this set function must be
proved to be well-defined.

2. Preliminary Results: The set function µ0 in 1.43 is well-defined
(proposition 9.16), the class A+ is an algebra of sets (proposition 9.17),
and the product set function µ0 is countably additive and hence a
measure on the algebra A+ (proposition 9.19).

3. Final Conclusion: By the theory developed in chapter 5 of book
1, the measure µ0 on A+ can be uniquely extended to a complete
measure µN on a sigma algebra σ(RN), where by extended is meant
that A+ ⊂ σ(RN) and for A ∈ A+ :

µN(A) = µ0(A),

(proposition 9.20). Hence (RN, σ(RN), µN) is a complete measure
space, called the product measure space, and µN is called the prod-
uct measure.

If we instead consider the measure space
(
RN, σ (A+) , µN

)
, where

σ (A+) ⊂ σ
(
RN
)
is defined as the smallest sigma algebra that

contains A+, then by proposition 6.14, µN is the unique extension
of µ0 to σ (A+) .

Uncountably Infinite Product Spaces

For the current application, the points in RN with countably infinite
coordinates need an uncountable generalization. Since such points can be
represented in terms of the range of a function defined on the natural
numbers:

f : N→ {f(1), f(2), ...},

there is a natural generalization. Namely, a "point" in the new
"uncountably infinite product space" of {(R, σt(R), µt)}t∈I is simply a
function defined on the time interval I, which as above is often [0, 1] or
[0,∞). We use [0, T ] to implicitly represent either of these common
intervals.

1. Set-Up: In place of the countably infinite product space RN of real se-
quences, we have an uncountably infinite "product space" of functions,
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denoted R[0,T ], and defined by:

R[0,T ] = {ω(t)|ω : [0, T ]→ R}. (1.50)

Thus each point ω ∈ R[0,T ] is a real-valued function defined on [0, T ].

Generalizing the earlier notation of πJ , given n and τn = (t1, t2, ..., tn) ∈
[0, T ]n, define a projection mapping:

πτn : R[0,T ] →
∏n
j=1Rtj

by:
πτn : ω(t)→ (ω(t1), ω(t2), ..., ω(tn)). (1.51)

Alternative notation when needed is:

πt1,t2,...,tn ≡ πτn ≡
∏n
j=1 πtj .

A class of cylinder sets A+ can then be defined exactly as before.

Definition 1.52 With τn = (t1, t2, ..., tn) ∈ [0, T ]n and H ∈ B(Rn) a
Borel set, the cylinder set A is said to be defined by H and τn if:

A = π−1
τn (H) ≡ {ω(t)|(ω(t1), ω(t2), ..., ω(tn)) ∈ H}. (1.52)

The class A+ is thus defined as the collection of cylinder sets:

A+ = {A ⊂ R[0,T ]|A = π−1
τn (H), H ∈ B(Rn), τn ∈ [0, T ]n}. (1.53)

The smallest sigma algebra generated by A+ is denoted σ
(
R[0,T ]

)
,

and thus in the notation of book 2’s section 1.4.1, σ
(
R[0,T ]

)
≡ σ (A+) .

As in the countable case above, a given A ∈ A+ is not characterized by
the given H and τn and there are infinitely many pairs (H, τn) which
define a given cylinder set A ⊂ R[0,T ].

Our goal is to prove that with S ≡ R[0,T ], that a Brownian motion
B can be defined on S. As will be seen in 1.57 below, we will in fact
identify ω ∈ R[0,T ] as the Brownian path, and this leaves the task to
find the right measure µ on R[0,T ] to make this all work. Starting with
the definition of a set function µ0 on rectangles, we do not in this case
want to define µ0(A) in terms of a product measure

∏n
j=1 µtj on H. To
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do so would be to model {ω(tj)}nj=1 in general, and with this identi-
fication {Btj}nj=1 in particular, as independent random variables. For
Brownian motion, of course, we know this not to be true by corollary
1.33 and book 6’s corollary 3.22.

To see that independence of {Btj}nj=1 would follow from defining µ0(A)
in terms of a product measure

∏n
j=1 µtj , consider the following. For

each j the probability space (R, σtj (R), µtj ) is induced by Btj , meaning
that µtj is the Borel measure induced by the distribution function of
Btj (recall section 3.1, book 2, and notation 1.49 of the prior section).
Thus if we define µ0(A) ≡ µτn(H) as in 1.43, where µτn denotes the
(book 1, chapter 7) finite dimensional measure associated with product
space of {(R, σtj (R), µtj )}

n
i=1, then letting H =

∏n
j=1(−∞, xtj ] would

obtain by 1.38 that:

F (xt1 , ..., xtn) = µτn

(∏n
j=1(−∞, xtj ]

)
=
∏n
j=1 µtj

(
(−∞, xtj ]

)
=
∏n

j=1
F (xtj ).

By proposition 3.53 of book 2, this relationship between joint and
marginal distribution functions can occur if and only if {Btj}nj=1 are
independent random variables.

To allow for a more general probability model, we define µ0(A) in
terms of a more general product measure as developed in chapter 8
of book 1. For Brownian motion, given any τn = (t1, t2, ..., tn) with
tj < tj+1, let µτn be the Borel measure induced (recall section 8.2.2,
book 1) by the joint distribution function of (Bt1 , ..., Btn) :

Fτn(x1, ..., xn) ≡ F (xt1 , ..., xtn).

This distribution function is given by the multivariate normal density
function fτn(xt1 , ..., xtn) defined as in 1.35 of corollary 1.35 with d = 1.

Then for a cylinder set A ⊂ R[0,T ] defined by H and τn, we define:

µ0(A) ≡
∫
· · ·
∫
H
fτn(x1, ..., xn)dx1...dxn. (1.54)

As in the case of RN, we must verify that such µ0 is well defined since
any such A can be specified in infinitely many ways with different H
and τn combinations.

The integral in 1.54 is well defined on H ∈ B(Rn) and in fact defines
a Borel measure by proposition 3.3 of book 5. By proposition 1.11 of
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book 6, this integral reproduces the Borel measure µτn(H) induced by
Fτn , so 1.54 is equivalent to:

µ0(A) ≡ µτn(H). (1.55)

Remark 1.53 (FDDs) Note that the definition in 1.55 can be un-
derstood in the context of the finite dimensional distributions
{µt1,t2,...,tn} of a Brownian motion Bt defined on (S, σ(S), µ). This
was introduced in 1.37 of definition 1.37 by:

µt1,t2,...,tn

(∏n
j=1Cj

)
≡ µ

(⋂n
j=1B

−1
tj

(Cj)
)
,

where {Cj}nj=1 ⊂ B(Rd). With d = 1 here, if H =
∏n
j=1Cj ∈ B(Rn)

and A ⊂ R[0,T ] is defined by H and τn, then:

A ≡ π−1
τn (H) =

⋂n
j=1 ω

−1
tj

(Cj) ,

where ω−1
tj

(Cj) ≡ {ω|ω (tj) ∈ Cj}. Thus 1.55 can be expressed:

µ0

(⋂n
j=1 ω

−1
tj

(Cj)
)
≡ µτn

(∏n
j=1Cj

)
.

Since 1.37 identifies how such a µ must act on preimage sets of the
form

⋂n
j=1B

−1
tj

(Cj) , we start this investigation with 1.55 by defining

a set function µ0 on R[0,T ] that will give the induced µ the correct finite
dimensional distributions. In other words, 1.55 initializes µ0 to have
the FDDs {µt1,t2,...,tn} of Brownian motion.
If we can extend µ0 so defined on A+ to a measure µ defined on
σ
(
R[0,T ]

)
≡ σ (A+) , then by definition µ will have the right finite

dimensional distributions, meaning the FDDs of Brownian motion.

Remark 1.54 (Time Permutations) It is useful to have a defini-
tion of µ0(A) for A = π−1

τn (H) but for which τn = (t1, t2, ..., tn) con-
tains distinct parameters but does not satisfy the condition that tj <
tj+1 for all j. The definition of π−1

τn (H) ⊂ R[0,T ] is well defined in this
case since 1.52 does not depend on the ordering of the tj-parameters.
But because of the form of the density function fτn(x1, ..., xn), which
explicitly reflects an assumption of time-order by explicitly reflecting
these times as parameters, 1.54 cannot be applied when this ordering
assumption is violated.
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A simple way to extend this definition consistently to general τn =
(t1, t2, ..., tn) is to introduce a (unique) permutation ρ on the set
{1, 2, ..., n} :

ρ : {1, 2, ..., n} → {ρ(1), ρ(2), ..., ρ(n)},

so that tρ(j) < tρ(j+1) for all j. In other words, ρ reorders the indices
so that

{
tρ(j)

}n
j=1

are indexed in increasing time order. With A =

π−1
τn (H), we then define:

µ0(A) ≡ µτn(H) ≡
∫
· · ·
∫
ρ(H)

f(y1, ..., yn)dy1...dyn. (1.56)

Here
ρ(H) = {(yρ(1), ..., yρ(n))|(y1, ..., yn) ∈ H},

and the density function f(y1, ..., yn) is defined as in 1.35 with time
indexes tρ(1), ..., tρ(n).

It should be noted that 1.56 is consistent with change of variables and
1.54. If f(y1, ..., yn) is the density function of {Btρ(j)}nj=1, then the
density function of of the original {Btj}nj=1, denoted fτn(y1, ..., yn), is
given by:

fτn(y1, ..., yn) = f(Ry),

where R is the linear (reordering) transformation: R(y1, ..., yn) =
(yρ(1), ..., yρ(n)). Consistent with 1.54 we define for A = π−1

τn (H) :

µ0(A) ≡
∫
· · ·
∫
H
fτn(y1, ..., yn)dy1...dyn

=

∫
· · ·
∫
H
f(Ry)dy1...dyn.

By (3.17) of proposition 3.24 of book 5, noting that detR = ±1, this
last expression can be written:

µ0(A) ≡
∫
· · ·
∫
R(H)

f(y1, ..., yn)dy1...dyn,

which is 1.56 since R(H) = ρ(H) defined above.

2. Preliminary Questions: Is A+ defined above an algebra? Is µ0 well
defined and countably additive on A+ and thus a measure?
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3. Final Conclusion: If the preliminary questions are answered in the
affi rmative, then by the theory developed in chapter 6 of book 1, the
conclusion will be that the measure µ0 can be uniquely extended to a
complete measure µT on a sigma algebra σ

C
(
R[0,T ]

)
. By extended is

meant that A+ ⊂ σC
(
R[0,T ]

)
, and for A ∈ A+ :

µT (A) = µ0(A).

Hence,
(
R[0,T ], σC

(
R[0,T ]

)
, µT

)
is a complete measure space. The

sigma algebra σC
(
R[0,T ]

)
is by book 1’s propositions 6.2 and 6.4, the

collection of Carathéodory measurable sets with respect to µ∗, the
outer measure induced by µ0.

In addition, if we instead consider the measure space
(
R[0,T ], σ

(
R[0,T ]

)
, µT

)
,

where as in definition 1.52 σ
(
R[0,T ]

)
≡ σ (A+) denotes the smallest

sigma algebra generated by A+, then by proposition 6.14 of book 1,
µT is the unique extension of µ0 to σ

(
R[0,T ]

)
. And as noted in

remark 1.53, this extension from µ0 to µT then preserves the finite di-
mensional distributions, and thus µT will have the FDDs of Brownian
motion.

With this introduction, we now set out to fill in the details.

1.3.2 Kolmogorov’s Existence Theorem

Kolmogorov’s Existence theorem is presented below. For its
statement, I denotes an arbitrary set of indexes, for example I = N as in
chapter 9 of book 1, or I = [0, T ] as above with T finite such as T = 1, or
more generally I = [0,∞). The statement and proof have nothing to do
with the specific distributional requirements of Brownian motion and thus
has wide applicability. Instead, this theorem assumes that there exists a
complete and consistent collection of measures indexed by all subsets of
I-parameters. It then concludes the existence of a probability space
(RI , σ(RI), µI) on the space RI of all real-valued functions defined on I, so
that the finite dimensional distributions (definition 1.37) of µI agree with
the original collection of measures.

If σ(RI) is properly defined (see the discussion below), the functions
ω(t) ∈ RI then induce a collection of random variables {Xt}t∈I defined on
(RI , σ(RI), µI) under the natural assignment:

Xt : ω → ω(t). (1.57)
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Thus Xt : RI → R for all t ∈ I, and each X can be interpreted as a
"stochastic process" in the sense of remark 1.26. Then by construction, this
stochastic process has the originally specified finite dimensional distributions
as discussed in remark 1.53.

The finite dimensional distributions in Kolmogorov’s theorem are not
explicitly represented as in 1.54, since in general, probability measures need
not be given by density functions (book 6, proposition 1.12). Instead it is
assumed that for every finite collection {tj}nj=1 ⊂ I, there exists a probability
measure µt1t2...tn defined on B(Rn). It is then important to ensure that the
collection of such distributions is consistently defined.

If the collection of these measures {µt1t2...tn} were in fact the finite di-
mensional distributions of Brownian motion or other stochastic process, the
following consistency properties would of necessity be valid:

1. For any permutation ρ defined on (1, 2, ..., n) and {Aj}nj=1 ⊂ B(R) :

µt1t2...tn

[∏n

j=1
Aj

]
= µtρ(1)tρ(2)...tρ(n)

[∏n

j=1
Aρ(j)

]
. (1.58)

2. Given µt1t2...tn , and An+1 ≡ R, then for any tn+1 :

µt1t2...tn

[∏n

j=1
Aj

]
= µt1t2...tntn+1

[∏n+1

j=1
Aj

]
. (1.59)

Kolmogorov’s result concludes that these consistency conditions on {µt1t2...tn}
are also suffi cient to ensure the existence of (RI , σ(RI), µI) with the desired
properties. That is, it assures the existence of a measure on µI on RI with
the given finite dimensional distributions. As above, this also assures the ex-
istence of a stochastic process defined on this probability space by 1.57, and
by construction this process has the given finite dimensional distributions.

Kolmogorov’s consistency conditions are stated in terms of properties of
the collection of probability measures {µt1t2...tn} on {A′n}, where A′n denotes
the semi-algebra of measurable rectangles on Rn (proposition 7.2, book 1).
But these conditions actually imply a very general consistency condition on
these measures as defined on the associated Borel sigma algebras {B(Rn)}.
To state this result we require the notion of a general projection of Rp
onto Rn, denoted φ : Rp→ Rn, where p ≥ n.

Definition 1.55 A general projection φ of Rp onto Rn for p ≥ n is
a composition of a permutation ρ defined on Rp and a simple projection
φ0 : Rp→ Rn :

φ = φ0 ◦ ρ.
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Here ρ creates a shuffl e of the p-indexes, and then φ0 truncates the p-vector
into an n-vector. Specifically (note the notational convention here ver-
sus remark 1.54):

ρ : (x1, ..., xn, xn+1, ..., xp)→ (xρ−1(1), ..., xρ−1(n), xρ−1(n+1), ..., xρ−1(p)),

φ0 : (x1, ..., xn, xn+1, ..., xp)→ (x1, ..., xn),

and so:
φ : (x1, ..., xn, xn+1, ..., xp) = (xρ−1(1), ..., xρ−1(n)).

Note that for a general projection φ that:

φ−1 ≡ ρ−1 ◦ φ−1
0 : Rn→ Rp

is well defined for A ∈ B(Rn) :

φ−1 (A) = ρ−1
[
A× Rp−n

]
= {(x1, ..., xn, xn+1, ..., xp)|(xρ(1), ..., xρ(n)) ∈ A}.

For example, if A =
∏n

j=1
Aj a rectangle, expressing A =

∏p

j=1
A′j with

A′j = Aj for j ≤ n and A′j = R otherwise. It then follows that φ−1 (A) is
also a rectangle:

φ−1 (A) = ρ−1
[∏p

j=1
A′j

]
=
∏p

j=1
A′ρ(j),

where A′ρ(j) = Aj for j ≤ n and A′ρ(j) = R otherwise.

Proposition 1.56 The collection of measures {µt1t2...tn} satisfy the consis-
tency conditions of 1.58 and 1.59 above if and only if for any n, A ∈ B(Rn),
p ≥ n, and φ = φ0 ◦ ρ :

µt1t2...tn [A] = µtρ(1)tρ(2)...tρ(p)
[
φ−1 (A)

]
. (1.60)

Proof. If 1.60 is satisfied, then taking p = n and A =
∏n

j=1
Aj obtains

1.58 since:

φ−1
(∏n

j=1
Aj

)
= ρ−1

(∏n

j=1
Aj

)
=
∏n

j=1
Aρ(j).

Similarly, 1.59 follows with p = n+ 1 and the same A since now

φ−1
(∏n

j=1
Aj

)
=
∏n

j=1
Aρ(j) × R.
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Applying 1.58:

µtρ(1)tρ(2)...tρ(n+1)
[
φ−1 (A)

]
= µtρ(1)tρ(2)...tρ(n+1)

[∏n

j=1
Aρ(j) × R

]
= µtρ(1)tρ(2)...tρ(n+1)

[∏n

j=1
Aρ(j) × Rρ(n+1)

]
= µt1t2...tntn+1

[∏n

j=1
Aj × R

]
.

For the reverse implication, first it is an exercise to check that µtρ(1)...tρ(p)
[
φ−1

]
is a measure on B(Rn), noting that µtρ(1)tρ(2)...tρ(p) is a measure on B(Rp) by
assumption. Now let A ∈ A′n, so A =

∏n
j=1Aj with Aj ∈ B(R). Then by

1.59 applied (p− n)-times:

µt1t2...tn [A] = µt1t2...tp
[
A× Rp−n

]
.

Then expressing A × Rp−n =
∏p

j=1
A′j as above, with A

′
j = Aj for j ≤ n

and A′j = R otherwise, 1.58 obtains:

µt1t2...tp
[
A× Rp−n

]
= µtρ(1)tρ(2)...tρ(n)

[∏p

j=1
A′ρ(j)

]
,

where A′ρ(j) = Aj for j ≤ n and A′ρ(j) = R otherwise. Since φ−1 (A) =∏p
j=1A

′
ρ(j), this proves 1.60 for A ∈ A

′
n.

For given n and p ≥ n define measures on the semi-algebra A′n :

µ
(n)
1 ≡ µt1t2...tn , µ

(n)
2 ≡ µtρ(1)tρ(2)...tρ(p)

[
φ−1

]
.

These agree on A′n as just proved. By the construction of the Carathéodory
extension theorem II of proposition 6.13 of book 1, these measures extend
to all A ∈ An, the algebra generated by A′n, and by that construction will
again agree on this algebra. Each such measure on the algebra An can then
be extended to a measure on a complete sigma algebra that contains An by
the Hahn-Kolmogorov extension theorem of proposition 6.4 of book 1. But
then by that book’s proposition 6.14, these extensions are uniquely defined
on the smallest sigma algebra that contains An, which is B(Rn). Thus by
this uniqueness, the identity in 1.60 extends to B(Rn) for all n and p ≥ n.

Finally we discuss the sigma algebra σ(RI), already introduced in defi-
nition 1.52 with I ≡ [0, T ], but here we provide additional insight. In order
for the definition of Xt given in 1.57:

Xt : ω → ω(t),
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to obtain a collection of random variables on the probability space (RI , σ(RI), µI),
and thus a stochastic process, each Xt must be measurable, or more specif-
ically, σ(RI)/B(R)-measurable. This provides a different perspective on the
definition of this sigma algebra.

Definition 1.57 (Alternative) The sigma algebra σ(RI) is defined as the
smallest sigma algebra on RI such that all projection mappings πt : RI → R
are Borel measurable.

To see why this works to produce random variable, note that if ω ∈ RI
then:

πt : ω → ω(t).

So for t ∈ I, A ∈ B(R) :

π−1
t (A) ≡ {ω ∈ RI |ω(t) ∈ A}.

Hence if πt is Borel measurable then π−1
t (B(R)) ⊂ σ(RI) where:

π−1
t (B(R)) ≡ σ{π−1

t (A)|A ∈ B(R)},

noting that π−1
t (B(R)) is a sigma algebra for any t.

By definition of σ(RI) as the smallest sigma algebra that makes all such
projections Borel measurable, it follows that:

σ(RI) ≡ σ
[
π−1
t (B(R))| t ∈ I

]
. (1.61)

That is, σ(RI) is the smallest sigma algebra that contains all of the π−1
t (B(R))-

sigma algebras.

Remark 1.58 (Equivalence of σ(RI)-definitions) Of course we cannot
define the same object two ways, here σ(RI) in definitions 1.52 and 1.57,
without proving these definitions are equivalent. First, while σ(RI) is by
definition 1.57 the smallest sigma algebra on RI such that all projection
mappings πt : RI → R are Borel measurable, the same statement is true for
the n-tuple projections πτn : RI → Rn defined by:

πτn : ω = (ω(t1), ω(t2), ..., ω(tn)).

This follows because for all measurable rectangles
∏n
j=1Aj ∈ B(Rn) :

π−1
τn

[∏n
j=1Aj

]
=
⋂n
j=1 π

−1
tj

[Aj ] ,
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and thus π−1
τn

[∏n
j=1Aj

]
∈ σ(RI). Since these rectangles generate B(Rn),

this obtains that each πτn is σ(RI)/B(Rn)-measurable. Hence 1.61 can be
equivalently expressed:

σ(RI) ≡ σ
[
π−1
τn (B(Rn))| all n, τn

]
. (1.62)

Now definition 1.52 can be expressed:

σ(RI) ≡ σ
[
π−1
τn (H)| all n, τn, H ∈ B(Rn)

]
,

and we see these are equivalent.
For another and perhaps surprising characterization of σ(RI) see 1.72

of proposition 1.67.

Notation 1.59 The subscripting notation for the finite dimensional mea-
sures µt1t2...tn is sometimes necessary but obviously cumbersome. In many
cases it will be easier to identify the n-tuple of time points by τn ≡ (t1, t2, ..., tn)
for example, and then streamline notation as for projections πτn by defining:

µτn ≡ µt1t2...tn . (1.63)

Proposition 1.60 (Kolmogorov’s Existence theorem) Assume that for
every finite collection {tj}nj=1 ⊂ I that there exists a probability measure
µt1t2...tn defined on B(Rn), and that the collection of all such measures satis-
fies the consistency conditions in 1.58 and 1.59. Let RI denote the collection
of real-valued functions defined on I, and σ(RI) ≡ σ

[
π−1
t (B(R)), t ∈ I

]
.

Then there exists a unique probability measure µI on σ(RI) so that given
τn = (t1, t2, ..., tn) and πτn : RI → Rn defined by 1.51:

µI
[
π−1
τnH

]
= µτn [H] , (1.64)

for any H ≡
∏n
j=1Aj ∈ B(Rn). In other words, (RI , σ(RI), µI) is a prob-

ability space, and the finite-dimensional distributions of µI agree with the
specified probability measures.
Proof. The proof of this result parallels the proof for the probability space
(RN, σ(RN), µN) in chapter 9 of book 1, but will be developed again in this
more general setting for completeness. There are several steps in this proof
which are needed to verify the assumptions of, and hence justify the applica-
tion of, the Hahn-Kolmogorov extension theorem of proposition 6.4 of book
1.
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1. A+ is an algebra: We first show that A+, the collection of finite
dimensional rectangles defined as in 1.53:

A+ = {A ⊂ RI |A = π−1
τn (H), H ∈ B(Rn), τn ∈ In},

is an algebra (definition 6.8, book 1). Specifically, we show that A+ is
closed under complementation and finite intersections, noting that it
is apparent that it contains ∅ = π−1

t (∅) for any t ∈ I. If A ∈ A+ is
given, A = π−1

τn (H) for H ∈ B(Rn), then the complement of A is:

Ã ≡ RI −A = π−1
τn (Rn −H).

Since Rn −H ∈ B(Rn) it follows that Ã ∈ A+.

Next let A = π−1
τn (H) ∈ A+ be defined by H ∈ B(Rn) and τn =

(t1, t2, ..., tn), and B = π−1
τm(K) ∈ A+ be defined by K ∈ B(Rm) and

τm = (t′1, t
′
2, ..., t

′
m). Let τ = (s1, s2, ..., sp) contain all distinct tj and

t′k so p ≤ n + m, and define projection mappings πn : Rp → Rn and
πm : Rp → Rm by:

πn(xs1 , xs2 , ..., xsp) = (xt1 , xt2 , ..., xtn),

πm(xs1 , xs2 , ..., xsp) = (xt′1 , xt′2 , ..., xt′m).

Now define H ′,K ′ ⊂ Rp by H ′ = π−1
n (H) and K ′ = π−1

m (K) . Then
A can also be defined by H ′ and τ :

π−1
τ (H ′) = {B|(Bs1 , Bs2 , ..., Bsp) ∈ H ′}

= {B|(Bs1 , Bs2 , ..., Bsp) ∈ π−1
n (H)}

= {B|πn(Bs1 , Bs2 , ..., Bsp) ∈ H}
= {B|(Bt1 , Bt2 , ..., Btn) ∈ H}.

Similarly, B can also be defined by K ′ and τ . Now A∩B is defined by
H ′ ∩K ′ and τ :

A ∩B = {B|(Bs1 , Bs2 , ..., Bsp) ∈ H ′ ∩K ′},

and so A ∩B = π−1
τ (H ′ ∩K ′) ∈ A+.

2. There exists a set function µ0 that is a well-defined and fi-
nitely additive on A+: For this, define the set function µ0 on A+

as above. If A = π−1
τn (H) ∈ A+ is defined by H ∈ B(Rn) and

τn = (t1, t2, ..., tn), then:

µ0(A) ≡ µt1t2...tn [H] . (1.65)
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We first prove that µ0 is well defined, meaning its value is independent
of how a given A ∈ A+ is represented. To this end, assume that
A above is also defined by K ∈ B(Rm) and τm = (t′1, t

′
2, ..., t

′
m), so

A = π−1
τm(K). To prove that

µt1t2...tn [H] = µt′1t′2...t′m [K] ,

define τ = (s1, s2, ..., sp), πn : Rp → Rn and πm : Rp → Rm as in part
1. Then as above:

A = π−1
τ (H ′) = π−1

τ (K ′),

and H ′ = K ′ by proof by contradiction. Then µs1s2...sp [H ′] = µs1s2...sp [K ′]
since µs1s2...sp is a measure. The proof of well-definedness is com-
pleted by noting that µs1s2...sp [H ′] = µt1t2...tn [H] and µs1s2...sp [K ′] =
µt′1t′2...t′m [K] by proposition 1.56, since πm and πn are general projec-
tions, where H ′ = π−1

n (H) , and K ′ = π−1
m (K) .

Finite additivity follows from well-definedness. If {Aj}nj=1 ⊂ A+ are

disjoint, where each Aj is defined by Hj ∈ B(Rnj ) and τnj = (t
(j)
1 , t

(j)
2 , ..., t

(j)
nj ),

let τ = (s1, s2, ..., sp) be defined to contain all t
(j)
i , and πnj : Rp → Rnj

be defined as in part 1. Now define {H ′j}nj=1 ⊂ B(Rp) by H ′j =

π−1
nj (Hj) , and note that as in 1 that Aj = π−1

τ (H ′j) and thus {H ′j}nj=1

are disjoint.. Hence
⋃
n
j=1Aj = π−1

τ (
⋃
n
j=1H

′
j) and since µs1s2...sp ≡ µτ

is a measure on B(Rp) :

µ0

(⋃
n
j=1Aj

)
= µ0

(
π−1
τ

[⋃n

j=1
H ′j

])
≡ µτ

(⋃n

j=1
H ′j

)
=
∑n

j=1
µτ
(
H ′j
)

≡
∑n

j=1
µ0 (Aj) .

3. The set function µ0 is a measure on A+. All that remains is
countable additivity, and the proof here will use the "continuity from
above" approach of proposition 6.19 of book 1, employing results al-
ready derived for the proof of that book’s proposition 9.19 for (RN, σ(RN),
µN). For this approach we seek to prove that if {Aj}∞j=1 ⊂ A+ with
Aj+1 ⊂ Aj and

⋂
j Aj = ∅, then µ0(Aj)→ 0. There is no question here

that µ0(A1) <∞ since µ0(A1) = µt1t2...tn [H] for some H ∈ B(Rn) and
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probability measure µt1t2...tn . We use proof by contradiction to show
that if µ0(Aj) ≥ ε > 0 for all j, then

⋂
j Aj 6= ∅.

Assume that Aj ∈ A+ is defined by Hj ∈ B(Rnj ) and τnj =
(
t
(j)
1 , t

(j)
2 , ..., t

(j)
nj

)
.

Similar to above, define the time vector τ j = (s1, s2, ..., sNj ) where the

components are distinct and include all time points of
{(
t
(k)
1 , t

(k)
2 , ..., t

(k)
nk

)}
k≤j

.

Thus Nj ≤
∑

k≤j nk, and {Nj} is a non-decreasing sequence. We can
assume that {Nj} is unbounded since if {Aj}∞j=1 reflect only finitely
many time points, the proof in 2 generalizes to this case because then
the needed τ in that proof has only finitely many components. We also
assume that {Nj} is strictly increasing since we always have the abil-
ity to add new time points without changing Aj as was done in 1, or
changing the measure of Aj by 1.59. Thus Aj is now definable with
H ′j ∈ B(RNj ) and τ j , where H ′j = π−1

j (Hj) and the projection mapping
πj is defined as above by πj : τ j → τnj .

There are four steps to this proof which parallel the book 1 proof of
proposition 9.19, which we include here for completeness.

a. Replacing {Aj} by special subsets {Cj} : As each Aj is given
by measurable H ′j ⊂ RNj and τ j , so Aj = π−1

τ j (H ′j) and µ0(Aj) ≡
µτ j (H

′
j), it follows from the assumption µ0(Aj) ≥ ε > 0 for all j that

µτ j (Hj) ≥ ε > 0 for all j. Each Borel measure µτ j is inner regular by
proposition 5.27 of book 1, and µτ1(H

′
1) <∞ by assumption, so there

exists compact Kj ⊂ H ′j such that µτ j (Hj−Kj) < ε/2j+1. Define Bj ⊂
RI as given by Kj ⊂ RNj and τ j = (s1, s2, ..., sNj ), so Bj = π−1

τ j (Kj),

and define Cj ⊂ RI by Cj = ∩i≤jBi. Then Cj ⊂ Bj ⊂ Aj and

µ0(Aj −Bj) = µτ j (Hj −Kj) < ε/2j+1.

Then by De Morgan’s laws and the nesting property for {Aj} :

Aj − Cj = Aj
⋂(⋃

i≤j B̃i
)

=
⋃
i≤j

(
Aj
⋂
B̃i

)
=
⋃
i≤j(Aj −Bi)

⊂
⋃
i≤j(Ai −Bi).

Now Aj −Cj ∈ A+ by allowable set manipulations for an algebra and
thus µ0(Aj − Cj) is well defined by 3.a. Since {Ai − Bi}i≤j need not



1.3 THE STANDARD CONSTRUCTION OF BM ON [0,∞) 67

be disjoint we use finite subadditivity for µ0(Aj − Cj) which obtains:

µ0(Aj − Cj) < jε/2j+1 < ε/2.

Since µ0(Aj) ≥ ε, it then follows that µ0(Cj) > ε/2 for all j and hence
all Cj are non-empty sets in RI . Summarizing, {Cj} ⊂ RI is a nested
sequence of non-empty sets with Cj+1 ⊂ Cj for all j.
The goal of the next steps is to use this nested set sequence to construct
y ∈

⋂∞
j=1Bj , and it will then follow from Bj ⊂ Aj that

⋂∞
j=1Aj 6= ∅,

completing the proof by contradiction.

b. An infinite point sequence: To prove
⋂∞
j=1Bj 6= ∅ first choose

x(j) ∈ Cj for all j. This is possible since all Cj are non-empty. Then
each x(j) ∈ Aj , and since Aj is defined by τ j = (s1, s2, ..., sNj ) and
H ′j = πτ j (Aj) with {Nj} strictly increasing, it follows that for every
j :

(x
(j)
1 , ..., x

(j)
N1
, x

(j)
N1+1, ..., x

(j)
N2
, ..., x

(j)
Nj−1+1, ..., x

(j)
Nj

) ∈ H ′j .

Here for notational simplicity, x(j)
1 ≡ x

(j)
s1 , etc. In other words, x

(j)
1

denotes the the function x(j) evaluated at s1. However, since x(j) ∈
Cj ≡

⋂
i≤j Bi and Kj = πτ j (Bj) , it follows that:

(x
(j)
1 , ..., x

(j)
N1

) ∈ K1, all j;

(x
(j)
1 , ..., x

(j)
N1
, x

(j)
N1+1, ..., x

(j)
N2

) ∈ K2, all j ≥ 2;

and in general:

(x
(j)
1 , ..., x

(j)
N1
, x

(j)
N1+1, ..., x

(j)
N2
, ..., x

(j)
Ni−1+1, ..., x

(j)
Ni

) ∈ Ki, all j ≥ i.

c. A convergent subsequence: Recall each Ki ⊂ RNi , so let
πk : RNi → R denote the kth coordinate projection mapping for
k ≤ Ni. As Ki is compact and hence closed and bounded (for ex-
ample, proposition 4.17, Reitano (2010)), it follows that πk (Ki)
is compact for all k since πk is continuous and such mappings pre-
serve compactness (same proof as proposition 9.62, Reitano (2010)).

Now consider
{
x

(j)
1

}∞
j=1
∈ π1 (K1) . Since any infinite sequence of

points in compact π1 (K1) has an accumulation point in π1 (K1) and
a subsequence that converges to this accumulation point, there exists

y1 ∈ π1 (K1) and subsequence
{
x

(n1,m)
1

}∞
m=1

which converges to y1.
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Next consider
{
x

(n1,m)
2

}∞
m=1

∈ π2 (K1) , defined as a subsequence of

the original
{
x

(j)
2

}∞
j=1
∈ π2 (K1) . Then again there exists y2 ∈ π2 (K1)

and subsequence
{
x

(n2,m)
2

}∞
m=1

which converges to y2. By construction,

{n2,m}∞m=1 ⊂ {n1,m}∞m=1. We continue this construction through the
xN1 components, then turn to compact K2, which by part b contains

all the sequences
{
x

(j)
k

}∞
j=2

for N1 + 1 ≤ k ≤ N2. Each step con-

structs a subsequence of the prior index subsequence which converges
to a point yk ∈ πk (K2) . And this process continues for each compo-
nent in turn, using the compactness of each πk (Ki) and identifying
an accumulation point for each component, say yk, as well as a subse-
quence of the original collection of components which converge to this
point. We now have a collection of subsequences, {{nk,m}∞m=1}∞k=1 so

that {nk+1,m}∞m=1 ⊂ {nk,m}∞m=1 and
{
x

(nk,m)
k

}∞
m=1

converges to yk for

each k.

d. The non-empty intersection: Finally, consider the "diagonal"
index sequence {ni,i}∞i=1. It is then true by construction that this index
sequence is a subsequence of all the constructed index sequences and

hence with this single sequence,
{
x

(ni,i)
k

}∞
i=1

converges to yk for each

k. We now prove that:

y ≡ (y1, y2, y3, ...) ∈ Bj for all j,

and hence y ∈ Aj for all j, proving
⋂∞
j=1Aj 6= ∅. To this end note

that (y1, y2, y3, ...yN1) ∈ K1 by construction and hence y ∈ π−1
τ1 (K1) =

B1. But also (y1, y2, y3, ...yN2) ∈ K2 since by construction this is a
limit of a subsequence of (x

(j)
1 , ..., x

(j)
N1
, x

(j)
N1+1, ..., x

(j)
N2

) ∈ K2, and so
y ∈ π−1

τ2 (K2) = B2, and so forth. Thus y ∈ Bj for all j, and recalling
that Bj ⊂ Aj for all j completes the proof of continuity from above.
Thus µ0 is a measure on A+.

4. For the final steps, the Hahn-Kolmogorov extension theorem of
proposition 6.4 of book 1 assures the existence of µI on a complete
sigma algebra C(RI) that contains A+, and µI satisfies 1.64. That
book’s proposition 6.14 then assures that µI is uniquely defined on the
smallest sigma algebra that contains A+, which is by definition σ(RI).
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Remark 1.61 (The stochastic process) Given the space (RI , σ(RI), µI),
we can define a stochastic process Xt on this space as in remark 1.26, as a
collection of random variables on (RI , σ(RI), µI) indexed by time. For-
mally, the random variable Xt is defined on RI by:

Xt (ω) ≡ ω(t). (1.66)

This is a random variable for each t since:

Xt (ω) = πt (ω) ,

and thus measurability is assured by the construction of σ(RI) in 1.61.
In addition, the finite dimensional distribution functions of the process

Xt are given by {µτn} by 1.64. In the notation there, if H ≡
∏n
j=1Aj ∈

B(Rn) and τn = (t1, t2, ..., tn) :

π−1
τnH ≡

⋂n
j=1X

−1
tj

(Aj) ,

and thus by 1.64:

µI

[⋂n
j=1{X

−1
tj

(Aj)
]

= µτn

[∏n
j=1Aj

]
. (1.67)

In other words, the FDDs of Xt are given by the initial collection of proba-
bility measures {µτn}.

Remark 1.62 (Generalizations) Kolmogorov’s existence theorem also ap-
plies in a multivariate context, whereby for every finite collection {tj}nj=1 ⊂
I, there exists a probability measure µt1t2...tn defined on B(Rnm) such that
1.58 and 1.59 apply with Aj ∈ B(Rm). Then RI denotes the collection of real
vector-valued functions defined on I, so each ω ∈ RI satisfies ω : I → Rm,
and the resulting stochastic process defined by 1.66 is a vector valued process
with range in Rm. The proof is essentially the same.

Remark 1.63 (On Initial Conditions) Note that subject only to consis-
tency criteria, Kolmogorov’s existence theorem is completely general in terms
of the "initial" state of the process. For example if I = [0,∞), then the spec-
ification of the probability measure µ0, which is to say µt for t = 0, provides
an initial distribution for ω(0) by 1.64, or X0 (ω) by 1.67. For H ∈ B(R) :

µI
[
X−1

0 (H)
]

= µ0 [H] .
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This initial state can be restricted to a given point x ∈ R by defining:

µ0 [H] =

 1, x ∈ H,

0, x /∈ H.

Then X0 = x, µI-a.e., since with H = R− {x} :

µI
[
X−1

0 (H)
]

= 0.

Example 1.64 ((RN, σ(RN), µN)) The probability space (RN, σ(RN), µN) of
proposition 9.20 of book 1 is a corollary of this general result. There we were
given probability spaces {(R, σi(R), µi)}∞i=1 and finite dimensional probability
measures on measurable rectangles that were defined as product probability
measures:

µt1t2...tn

[∏n
j=1Aj

]
=
∏n
j=1 µtj [Aj ] ,

where the various "time points" tj have integer values. These distributions
are seen to satisfy the consistency assumptions of this theorem, by definition.

Kolmogorov’s theorem can also be used to define more general probabil-
ity structures on RN. For example the finite dimensional measures could be
defined as in chapter 8 of book 1, as long as these definitions satisfy the
required consistency conditions.

In the next section we show that the distributional requirements of Brown-
ian motion from definition 1.27 lead to a consistent collection of finite di-
mensional probability measures. These will be used below for a probability
measure on RI , but can then also be used to produce another probability space
structure on RN. In essence, the resulting space (RN, σB(RN), µBN ) then pro-
vides a discretized version of Brownian motion, with time-steps implied by
the parameters of the given finite dimensional probability measures.

1.3.3 First Construction of Brownian Motion on [0,∞)

It would seem that a measure space and a Brownian motion on [0,∞) or
[0, T ] or a general time set I can now be constructed as an immediate
corollary to Kolmogorov’s existence theorem. All that is required is that
the desired finite dimensional probability measures be defined, proved to
be consistent, and then ensure that B0 = 0 with probability 1 (recall
remark 1.63). The finite dimensional distributions µt1t2...tn must be defined
to reflect the distributional requirements of definition 1.27.
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These distributional requirements are stated in terms of the increments
of Brownian motion, where the result of proposition 1.31 can be stated for
d = 1 :

• For n ≥ 2 and 0 ≤ s1 < t1 ≤ s2 < t2 ≤ ... ≤ sn < tn ≤ T,{
Btj −Bsj

}n
j=1

has a multivariate normal distribution with mean n-
vector 0, and n× n diagonal covariance matrix C with Cjj = tj − sj .

Corollary 1.35 translates this result to a distributional assumption on the
Brownian variates, again with d = 1 :

• Given 0 < t1 < t2 < ... < tn ≤ T,
{
Btj
}n
j=1

have a multivariate normal
distribution with mean n-vector 0, and n×n covariance matrix C with
Cij = min{ti, tj}.

That these specifications are equivalent follows from a change of variables
as illustrated in the proof of corollary 1.19 for

{
Ztj
}n
j=1
.

Using the second specification, given A0 and A =
∏n
j=1Aj with Aj ∈

B(R) and 0 ≡ t0 < t1 < t2 < ... < tn, define:

νt0t1t2...tn [A0 ×A] ≡ νt0 (A0) νt1t2...tn [A] ,

νt1t2...tn [A] ≡ (2π)−n/2 [detC]−1/2 ∫
A exp

[
−1

2y
TC−1y

]
dy1...dyn,

(1.68)

where νt0 (A0) = 1 if 0 ∈ A0 and µt0 (A0) = 0 otherwise. As above the
matrix C is defined by Cij = min{ti, tj}. In this specification, the factor
νt0 (A0) is only present if t0 = 0 is among the time variates. By 1.16 of ex-
ample 1.18 these can be expressed in terms of the univariate normal density,
for example:

νt0t1t2...tn [A0 ×A] ≡ νt0 (A0)

∫
A

∏n

j=1
fj(yj − yj−1)dy1...dyn, (1.69)

where

fj(yj − yj−1) ≡ [2π (tj − tj−1)]−1/2 exp
[
− (yj − yj−1)2 /2 (tj − tj−1)

]
,

(1.70)
with y0 ≡ 0 and t0 ≡ 0.

Note that νt1t2...tn defines a probability measure on B(Rn) by book 5’s
proposition 3.3 and the observation that

∏n
j=1 fj(yj−yj−1) integrates to 1 by

example 1.18. The same is true for νt0t1t2...tn as this definition on rectangles
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extends to a product measure on σ [B(R)× B(Rn)] (book 1, proposition
7.20). However, this smallest sigma algebra is seen to equal B(Rn+1) since
both are generated by measurable rectangles of the form

∏n+1
j=1 Aj .

The next result shows that this family of probability measures can be
extended to arbitrary collections {tj}nj=1 ⊂ [0,∞) and then satisfies Kol-
mogorov’s consistency conditions in 1.58 and 1.59. Note that if 0 ≤ t1 <
t2 < ... < tn, the definition of µt1t2...tn below reduces to:

µt1t2...tn

[∏n
j=1Aj

]
≡ νt1t2...tn

[∏n
j=1Aj

]
,

as is obtained by using the identity permutation, ρ(j) = j for all j. Also note
that while µt1t2...tn below is only explicitly defined on measurable rectangles,
this definition extends to a measure on B(Rn) by book 1’s proposition 7.20,
and agrees with the probability measure νtρ(1)tρ(2)...tρ(n) on this sigma algebra
by uniqueness of that book’s proposition 6.14.

Proposition 1.65 Given arbitrary {tj}nj=1 ⊂ [0,∞), let ρ be the (unique)
permutation on (1, ..., n) so that 0 ≤ tρ(1) < tρ(2) < ... < tρ(n), and define
the probability measure µt1t2...tn :

µt1t2...tn

[∏n
j=1Aj

]
≡ νtρ(1)tρ(2)...tρ(n)

[∏n
j=1Aρ(j)

]
,

where νtρ(1)tρ(2)...tρ(n) is defined in 1.68 and depends on whether t1 = 0 or
t1 > 0.

Then the collection {µt1t2...tn} satisfies the consistency conditions of 1.58
and 1.59.
Proof. For 1.58, let {tj}nj=1 and {Aj}nj=1 ⊂ B(R) be given and ρ a per-
mutation on (1, ..., n). If ρ1 is the permutation on (1, ..., n) so that tρ1(1) <
tρ1(2) < ... < tρ1(n), then:

µt1t2...tn

[∏n
j=1Aj

]
≡ νtρ1(1)tρ1(2)...tρ1(n)

[∏n
j=1Aρ1(j)

]
.

Similarly, if ρ2 is a permutation on (ρ (1) , ..., ρ (n)) so that tρ2[ρ(1)] < tρ2[ρ(2)] <
... < tρ2[ρ(n)], then:

µ
ρ(1)tρ(2)...tρ(n)

[∏n
j=1Aρ(j)

]
≡ νtρ2[ρ(1)]tρ2[ρ(2)]...tρ2[ρ(n)]

[∏n
j=1Aρ2[ρ(j)]

]
.

By uniqueness of the respective time orderings it must be the case that
ρ1 (j) = ρ2 [ρ (j)] for all j, and thus:

µt1t2...tn

[∏n
j=1Aj

]
= µ

ρ(1)tρ(2)...tρ(n)

[∏n
j=1Aρ(j)

]
.
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For 1.59, let {tj}nj=1 and {Aj}nj=1 ⊂ B(R) be given, and choose tn+1 6= tj
all j. We assume tj 6= 0 for all j and leave this case as an exercise. If ρ is
a permutation on (1, ..., n+ 1) as above, then using the representation as in
1.69:

µt1t2...tntn+1

[∏n
j=1Aj × R

]
≡ νtρ(1)tρ(2)...tρ(n)tρ(n+1)

[∏n+1
j=1 Aρ(j)

]
=

∫∏n+1

j=1
Aρ(j)

∏n

j=1
fj(yj − yj−1)dy1...dyn.

Here

fj(yj−yj−1) =
[
2π
(
tρ(j) − tρ(j−1)

)]−1/2
exp

[
− (yj − yj−1)2 /2

(
tρ(j) − tρ(j−1)

)]
,

and we define An+1 = R. Assume that tρ(2) = tn+1 for notational simplicity,
then:

µt1t2...tntn+1

[∏n
j=1Aj × R

]
=

∫
Aρ(1)×R×Aρ(3)×

∏n+1

j=4
Aρ(j)

f3(y3 − y2)f2(y2 − y1)f1(y1)
∏n

j=4
fj(yj − yj−1)dy1...dyn.

Since the integrand is nonnegative, we can iterate this integral by Tonelli’s
theorem of proposition 5.22 of book 5, and integrate first with respect to y2

over R. Using a change of variable in this integral:∫
R
f3(y3 − y2)f2(y2 − y1)dy2 =

∫
R
f3(y3 − y1 − y2)f2(y2)dy2,

and this is seen to be a convolution of f3 and f2 evaluated at y3 − y1 (de-
finition 6.14, book 5). This convolution obtains the density function of the
sum of the random variables with these distributions (corollary 2.10, book
6), which is a normal variate with a variance of tρ(3) − tρ(1). Thus denoting

this density function f̃3:

µt1t2...tntn+1

[∏n
j=1Aj × R

]
=

∫
Aρ(1)×Aρ(3)×

∏n+1

j=4
Aρ(j)

f̃3(y3 − y1)f1(y1)
∏n

j=4
fj(yj − yj−1)dy1...dyn

= µt1t2...tn

[∏n
j=1Aj

]
.
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Proposition 1.66 (Almost Brownian motion) For I = [0,∞) or [0, T ]
or a general time set, there exists a probability space (RI , σ(RI), µB) for
which the finite dimensional probability distributions of µB are given by
{µt1t2...tn} of proposition 1.65. Thus defining random variables {Bt}t∈I on
RI by:

Bt (ω) ≡ ω(t), (1.71)

{Bt}t∈I satisfies properties 1 − 3 of definition 1.27 for a Brownian motion
defined on (RI , σ(RI), µB).
Proof. The existence of (RI , σ(RI), µB) with given finite dimensional prob-
ability distributions is Kolmogorov’s existence theorem. Property 1 of def-
inition 1.27 follows from construction and the definition of νt0 in 1.68 for
t0 = 0, while the distributional properties of increments in properties 2-3
follow from a change of variable in the joint density function for

{
Btj
}n
j=1

given 0 < t1 < t2 < ... < tn, defined above. See the proof of corollary 1.19
for details.

Continuity and (RI , σ(RI), µB)

The reader will no doubt have observed the absence of property 4 for
Brownian motion in the statement of corollary 1.66. At this point it is
clear that the Brownian paths {Bt}t∈I cannot be continuous in t by the
definition of RI as the space of all real valued functions on I, but it is fair
to wonder, are these functions are at least continuous with µB-probability
1? This would mean that there exists measurable C ⊂ RI with C ∈ σ(RI)
and µI(C) = 1, so that for all ω ∈ C, ω(t) and thus Bt (ω) is continuous in
t. The answer to this question is decidedly "no."

It turns out that every Kolmogorov construction has a limitation that is
summarized in the following proposition. In essence it says that every set in
σ(RI), meaning every measurable set, can be specified by at most countably
many coordinates in I. This is a problem that will need to be addressed
below, since a property such as continuity can not be specified with only
countably many conditions. Thus the collection of continuous functions in
RI is not even measurable, and therefore it makes no sense to wonder about
the measure of this set.

Proposition 1.67 For I = [0, T ] bounded or unbounded, let (RI , σ(RI), µI)
be a probability space constructed by Kolmogorov’s existence theorem, and
A ∈ σ(RI) where σ(RI) ≡ σ

[
π−1
t (B(R)), t ∈ I

]
. Then there exists a count-

able index set I ′ ⊂ I so that A ∈ σ
[
π−1
t (B(R)), t ∈ I ′

]
.



1.3 THE STANDARD CONSTRUCTION OF BM ON [0,∞) 75

Proof. We prove this by demonstrating that

σ(RI) =
⋃

I′⊂I
σ
[
π−1
t (B(R)), t ∈ I ′

]
, (1.72)

where this union is over all (uncountably many!) countable subsets I ′ ⊂ I.
By definition, for all t :

π−1
t (B(R)) ⊂

⋃
I′⊂I

σ
[
π−1
t (B(R)), t ∈ I ′

]
,

and also:⋃
I′⊂I

σ
[
π−1
t (B(R)), t ∈ I ′

]
⊂ σ

[
π−1
t (B(R)), t ∈ I

]
≡ σ(RI).

Thus if it can be shown that
⋃
I′⊂I σ

[
π−1
t (B(R)), t ∈ I ′

]
is a sigma algebra,

then the equality in 1.72 will follow since σ(RI) is the smallest sigma algebra
that contains all π−1

t (B(R)).
First if A ∈

⋃
I′⊂I σ

[
π−1
t (B(R)), t ∈ I ′

]
then A ∈ σ

[
π−1
t (B(R)), t ∈ I ′

]
for some I ′ and thus Ã ∈ σ

[
π−1
t (B(R)), t ∈ I ′

]
. For unions, assume {Aj}∞j=1 ⊂⋃

I′⊂I σ
[
π−1
t (B(R)), t ∈ I ′

]
, where this could be a finite union with Aj = ∅

for j ≥ N. Then each Aj ∈ σ
[
π−1
t (B(R)), t ∈ I ′j

]
, but then

⋃
j Aj ∈

σ
[
π−1
t (B(R)), t ∈ I ′

]
with I ′ ≡ ∪I ′j , and since I ′ is countable, it follows that⋃

j Aj ∈
⋃
I′⊂I σ

[
π−1
t (B(R)), t ∈ I ′

]
. Hence

⋃
I′⊂I σ

[
π−1
t (B(R)), t ∈ I ′

]
is

a sigma algebra, and by the above inclusion, must equal the sigma algebra
σ(RI).

Thus if A is measurable, then

A ∈
⋃

I′⊂I
σ
[
π−1
t (B(R)), t ∈ I ′

]
,

and thus A ∈ σ
[
π−1
t (B(R)), t ∈ I ′

]
for some countable index set I ′.

Corollary 1.68 Let (RI , σ(RI), µI) be a probability space constructed by
Kolmogorov’s existence theorem with I an interval, and A any collection
of continuous functions defined on I. Then A /∈ σ(RI). In other words, no
collection of continuous functions on I is µI-measurable.
Proof. We argue by contradiction. Given a collection A of continuous
functions, if A ∈ σ(RI) then by the above proposition there is a countable
collection I ′ ⊂ I so that A ∈ σ

[
π−1
t (B(R)), t ∈ I ′

]
. For f ∈ A, define f̃

so that f̃(t) = f(t) for t ∈ I ′, and f̃(t) = f(t) + 1 for t /∈ I ′. Then f̃ ∈ A
because for any t ∈ I ′ and H ∈ B(R), f ∈ π−1

t (H) if and only if f̃ ∈ π−1
t (H).

However, since f is continuous, it follows that f̃ is not continuous on I−I ′.
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Exercise 1.69 Show that if A in the above corollary denotes any collection
of increasing or decreasing functions, or integer-valued functions, then again
A /∈ σ(RI).

The implication of this result is that while Kolmogorov’s existence the-
orem provides a probability space (RI , σ(RI), µB) in a single step, with the
necessary finite dimensional distributions to be Brownian motion, this con-
struction does not provide for the required property of continuity, or even
continuity with µB-probability 1. Moreover, any such probability statement
related to sets of continuous paths is meaningless in the constructed space
since collections of continuous functions are not even measurable.

Consequently, for the construction of Brownian motion on the proba-
bility space, while Kolmogorov’s existence theorem provides an important
first step of existence of Brownian-like paths, something more is needed to
assure continuity, or even to make meaningful the notion of continuity with
probability 1. As it turns out, there is another Kolmogorov result which
addresses this matter. But before turning to Kolmogorov’s fix, it is worth a
moment to contemplate why there is not a more obvious solution.

Kolmogorov’s Existence Theorem on C[0,∞)?

There is an all too obvious "solution" to the continuity problem noted in
the prior section that needs to be addressed. Given the consistency
assumptions of 1.58 and 1.59 and I = [0,∞) say, Kolmogorov’s existence
theorem creates a probability space (R[0,∞), σ(R[0,∞)), µ[0,∞)), where R[0,∞)

is the space of real-valued functions on [0,∞) and σ(R[0,∞)) the sigma
algebra generated by the cylinder sets as defined in 1.61. But then it
turned out that no collection of continuous functions AC is measurable,
meaning AC /∈ σ(R[0,∞)). Well there is an obvious potential solution.

Why not just use the Kolmogorov existence theorem to create a prob-
ability space on C[0,∞), the space of continuous real valued functions on
[0,∞), and the associated sigma algebra σ [C[0,∞)] , again generated by the
cylinder sets of continuous functions defined as in 1.61? The short answer
to this question is that the above proof fails in this context.

Exercise 1.70 Before reading further, reread the proof of Kolmogorov’s ex-
istence theorem in the context of continuous functions to identify why this
proof fails.



1.3 THE STANDARD CONSTRUCTION OF BM ON [0,∞) 77

Step 1, that A+ is an algebra, applies equally well in this new context,
as does step 2, that with µ0 defined in 1.65, µ0 is a well-defined and
finitely additive on A+. Perhaps not surprisingly, the proof fails in step
3, and it turns out that µ0 is not a measure on A+. Specifically, the failure
occurs in step 3.c. where we would need to conclude that the pointwise limit
of continuous functions is continuous.

Recall that the goal of step 3 was to prove that if {Aj}∞j=1 ⊂ A+ with
Aj+1 ⊂ Aj and

⋂
j Aj = ∅, then µ0(Aj) → 0. Initially, each Aj is defined

by Hj ∈ B(Rnj ) and τnj =
(
t
(j)
1 , t

(j)
2 , ..., t

(j)
nj

)
, but then redefined by H ′j ∈

B(RNj ) and τ j = (s1, s2, ..., sNj ) with {Nj} strictly increasing. Here H ′j =

π−1
j (Hj) and the projection mapping πj is defined by πj : τ j → τnj . In
the next steps was identified a sequence of what would now be continuous
functions, x(j) ∈ Aj . Moreover, for every j :

(x
(j)
1 , ..., x

(j)
N1
, x

(j)
N1+1, ..., x

(j)
N2
, ..., x

(j)
Ni−1+1, ..., x

(j)
Ni

) ∈ Ki, all j ≥ i,

where for notational simplicity x(j)
1 ≡ x

(j)
s1 , etc. In other words, x

(j)
1 denotes

the the function x(j) evaluated at s1. HereKj ⊂ H ′j ⊂ RNj withKj compact.
So far, so good.

In the next couple of steps we identified subsequences {{nk,m}∞m=1}∞k=1

so that {nk+1,m}∞m=1 ⊂ {nk,m}∞m=1 for all k, and
{
x

(nk,m)
k

}∞
m=1

converges to

yk for each k. Using the "diagonal" index sequence {ni,i}∞i=1 it was then true

by construction that
{
x

(ni,i)
k

}∞
i=1

converges to yk for each k. The question

then becomes, with Bj ⊂ RI given by Kj ⊂ RNj and τ j = (s1, s2, ..., sNj ),
must

y ≡ (y1, y2, y3, ...) ∈ Bj ⊂ Aj for all j?
In other words, must there be a continuous function y so that y(sk) = yk
for all k? Sadly, the answer is no.

If y so defined was always given by a continuous function, then µ0 given
in 1.65 would be countably additive on (C[0,∞), σ [C[0,∞)]) and hence a
measure. The following example indirectly proves that such y need not
have this property by showing that µ0 given in 1.65 need not be countably
additive on (C[0,∞), σ [C[0,∞)]) and hence not a measure. Exercise 1.72
then assigns a direct demonstration.

Example 1.71 Define a collection of probability measures {µt}t>0 on R as
follows. Let m|(0,1) denote Lebesgue measure restricted to (0, 1), meaning

m|(0,1) [A] ≡ m [A ∩ (0, 1)] ,
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and similarly for m|(2,3). Define with all rationals in lowest terms:

µt =


m|(0,1), t = j/2n, 1 ≤ j ≤ 2n − 1,

m|(2,3), t = k/3n, 1 ≤ k ≤ 3n − 1,

µ, otherwise,

where µ is an arbitrary probability measure. Then for {tj}nj=1 ⊂ [0,∞)
define the probability measures µt1t2...tn by:

µt1t2...tn =
∏n
j=1 µtj .

This collection satisfies the consistency conditions of 1.58 and 1.59, almost
by definition.

As subsets of C[0,∞), let An be defined by

τn ≡
{
{j/2m}2m−1

j=1 , {k/3m}3m−1
j=1

}
m≤n

,

and the product set (i.e., rectangle) defined by the Borel sets{
{Hj/2m}2

m−1
j=1 , {Hk/3m}3

m−1
j=1

}
m≤n

,

where all Hj/2m = (0, 1) and all Hk/3m = (2, 3). Thus An ∈ A+ defined
relative to C[0,∞). Then An+1 ⊂ An for all n by definition, and

⋂
nAn =

∅. To see this note for any x ∈ (0,∞) there exists sequences jm/2m → x
and km/3m → x. So if f ∈

⋂
nAn, then f could not be continuous at x since

limy→x f(y) is in (0, 1) or (2, 3) depending on which sequence we choose.
Thus any such f must be nowhere continuous on (0,∞) and consequently⋂
nAn = ∅.
However, with µ0 defined as in 1.65, µ0(An) 9 0. Indeed, µ0[An] = 1

for all n by construction:

µ0[An] =
∏
m≤n

(∏2n−1
j=1 µj/2m

[
Hj/2m

]∏3m−1
k=1 µk/3m

[
Hk/3m

])
= 1.

Thus µ0 given in 1.65 is not countably additive on (C[0,∞), σ [C[0,∞)]) ,
and hence not a measure.

Exercise 1.72 First, why must example 1.71 fail if applied in
(
RI , σ(RI)

)
?

Of course it must fail or this would be a counterexample to the proof of
Kolmogorov’s existence theorem.

Using this example, implement the construction in steps 3.c and 3.d of
the proof of proposition 1.60 to demonstrate directly that y defined there can
not be given by a continuous function with An defined above.
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1.3.4 A Continuous Version of Brownian Motion

Based on the prior sections, there will likely be no simple fix to the
problem of constructing Brownian motion with Kolmogorov’s existence
theorem, since no collection of continuous functions is measurable in any of
Kolmogorov’s constructed probability spaces (RI , σ(RI), µI). The same is
true for any collection of increasing, decreasing, or integer-valued
functions. But for continuity, Kolmogorov devised a work-around solution.
Returning to the existence result, the given finite dimensional distributions
assure the following. Compare with 1.25 of proposition 1.24.

Proposition 1.73 Let Bt be defined by 1.71 on (RI , σ(RI), µB). Then for
any integer m ≥ 1 :

E
[
|Bt′ −Bt|2m

]
= cm

∣∣t′ − t∣∣m , (1.73)

where cm = E
[
|B1|2m

]
= (2m)!

2mm! . More generally for α > 0 :

E
[
|Bt′ −Bt|2α

]
= cα

∣∣t′ − t∣∣α , (1.74)

where cα = E
[
|B1|2α

]
.

Proof. Since Bt′ − Bt ∼ N(0, |t′ − t|), 1.74 is obtained by a change of
variable using this density function. Then 1.73 is a special case and a re-
statement of (3.65) of book 4, noting that B1 ∼ N(0, 1).

With the aid of another of Kolmogorov’s famous theorems,Kolmogorov’s
continuity theorem discussed below, this result is enough to prove the fol-
lowing.

Claim 1.74 There is a version of Brownian motion constructed in
proposition 1.66 that is continuous with µB-probability 1. Moreover, for any
T < ∞, γ < 1/2, then with µB-probability 1 there exists C = C(B, T ) so
that for this version:

|Bt′ −Bt| ≤ C
∣∣t′ − t∣∣γ ,

for t, t′ ∈ [0, T ]. In other words, with µB-probability 1, Bt is Hölder con-
tinuous with exponent γ on [0, T ].

To understand and finally prove this claim, we need some definitions.
The notion of a version of Brownian motion, or a version of a gen-
eral stochastic process is defined first. This definition also applies to
general stochastic processes Xt and Yt, introduced and studied below.
See definition 5.10.



80CHAPTER 1 BROWNIANMOTION (BM) - FIRST CONSTRUCTION

Definition 1.75 Brownian motions Bt and B′t defined on the same prob-
ability space (S, E , λ) are said to be a modification of each other, or a
version of each other, if for each t ≥ 0 :

λ
[
{Bt 6= B′t}

]
= 0. (1.75)

In other words, for each t there exists At ∈ E with λ [At] = 1 and Bt = B′t
on At. In the language of measure theory, for each t ≥ 0, Bt = B′t, λ-a.e.

Remark 1.76 There is a subtle point in the above definition that is worth
highlighting. Specifically, Bt and B′t (or in the general case Xt and Yt) are
here defined to be stochastic processes. By definition this means that for
each t, Bt and B′t (or in the general case Xt and Yt) are random variables
on (S, E , λ) and thus measurable relative to the sigma algebra E . But note
that if Bt is a Brownian motion and B′′t is a function defined on S so that
Bt = B′′t , λ-a.e., then we cannot say that B

′′
t is a modification of Bt since

B′′t may not even be measurable and thus not a random variable on (S, E , λ).
Recall proposition 1.7 of book 5. If Bt is measurable on (S, E , λ) and

Bt = B′′t , λ-a.e., then B′′t is measurable if E is complete (definition 1.6,
book 5). In the chapter below on Stochastic processes, we will always assume
what are known as the "usual conditions" which among other things, requires
completeness.

In the above definition, since we have not made this completeness as-
sumption on E , measurability is part of the definition of modifications, or
versions.

Exercise 1.77 Prove that if Xt and Yt are versions of each other, then they
have the same finite dimensional distribution functions. That is, given
{tj}nj=1 and {Aj}nj=1 ⊂ B(R) :

λ
[⋂n

j=1
X−1
tj

(Aj)
]

= λ
[⋂n

j=1
Y −1
tj

(Aj)
]
. (1.76)

Hint: Let AX =
⋂n
j=1X

−1
tj

(Aj) and AY =
⋂n
j=1 Y

−1
tj

(Aj) . Show that the
symmetric set diff erence AX M AY , defined as:

AX M AY ≡ (AX −AY )
⋃

(AY −AX), (1.77)

has λ-measure 0, where as always C −D ≡ C
⋂
D̃.

We next recall the notion of Hölder continuity, named for Otto
Hölder (1859 —1937).
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Definition 1.78 A function f is said to be Hölder continuous with ex-
ponent γ where 0 < γ ≤ 1, if there exists a constant c so that for all
x, y ∈ Dmn(f), the domain of f :

|f(x)− f(y)| ≤ c |x− y|γ . (1.78)

A function f is said to be locally Hölder continuous with exponent
γ if for every compact interval I = [a, b] there exists a constant cI so that
1.78 is true with c = cI and x, y ∈ Dmn(f) ∩ [a, b].

Remark 1.79 Note that the above definition makes sense for f defined on
R or Rn, and with range in R or C, as long as |f(x)− f(y)| and |x− y| are
defined in terms of the norms in the respective spaces.

In the special case of γ = 1, f is also said to be Lipschitz continuous,
named for Rudolf Lipschitz (1832 —1903).

In the context of a given function f, the constant c in 1.78 is simply a
real number. However when applied to a class of functions as in the above
claim, this constant c will generally also depend on f :

|f(x)− f(y)| ≤ cf |x− y|γ .

Similarly, in the local Hölder case c = c(f, I).

For distributional binomial motion Zt defined in definition 1.11, 1.25 of
proposition 1.24 states that for every α > 0 :

E
[
|Zt′ − Zt|2α

]
= cα

∣∣t′ − t∣∣α ,
where cα = 1√

2π

∫∞
−∞ |x|

2α exp
(
−x2/2

)
dx. By proposition 1.73 above this

same identity is valid for the first construction of Brownian motion. So
taking α = 1, the expected value of the absolute change in Brownian motion
behaves as if Hölder continuous with exponent 1/2. This is not a conclusion
that can be applied to a given Brownian path of course, but we can come
close with the help of Chebyshev’s inequality (proposition 3.32, book 4).
For 0 < ε < 1/2, fixed t, t′, and define c′ ≡ c1/c, then:

Pr[|Bt′ −Bt| < c
∣∣t′ − t∣∣1/2−ε] > 1− c′

∣∣t′ − t∣∣ε . (1.79)

In words, 1.79 states that:

1. For any constant c, any 0 < ε < 1/2, and any interval [t, t′], the set of
Brownian paths that satisfy a Hölder continuity bound with exponent
1/2−ε between the endpoints of this interval has measure greater than
1− c′ |t′ − t|ε , with c′ = c1/c.
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2. Fixing t, the set of Brownian paths that satisfy a Hölder continuity
bound with exponent 1/2 − ε between t and any t′ has measure that
converges to 1 as t′ → t.

This last statement implies that at every point t and for any Hölder ex-
ponent less than 1/2, Brownian motion approaches Hölder continuity with
probability 1. Compare this with remark 1.23. But this again is only a hint of
an insight and not really a useful result yet because there are uncountably
many such t. Hence there are uncountably many collections of Brownian
motions with this property at various t. Consequently, we can make no
statement about the intersection of these sets, or stated differently, the class
of Brownian paths that are Hölder continuous everywhere. Moreover, satis-
fying a Hölder continuity bound between the endpoints of an interval [t, t′]
does not imply that the function is Hölder continuous over this or any fixed
interval.

The next result of Kolmogorov is called Kolmogorov’s continuity
theorem and sometimes Kolmogorov’s moment theorem. It identifies
a Hölder-like condition on E

[
|Xt′ −Xt|β

]
which assures that with proba-

bility 1, the process Xt will have Hölder continuous paths at all points of
a dense subset of any bounded interval [0, T ]. This theorem is also known
as the Kolmogorov-Čentsov continuity theorem, and named for N.
N. Čentsov, (a.k.a. Chentsov, 1930 —1992) who developed a somewhat
more general criterion.

The Hölder continuity of a version of Brownian motion over every bounded
interval [0, T ] will then follow as a corollary, as will the continuity of a ver-
sion of Brownian motion over [0,∞). The genius in Kolmogorov’s proof is to
investigate the implications of the expectations conditions for a countable
dense set of t and t′. This then provides a countable number of sets of paths
on which to evaluate probabilities, and then the Borel-Cantelli theorem
can be applied which relates the probability 1 occurrence of a given event
to the convergence of a given series.

For his countable dense set Kolmogorov used the tractable collection of
non-negative dyadic rational numbers, denoted Q2 and defined by:

Q2 = {m2−n|m,n ≥ 0}. (1.80)

Remark 1.80 Note that Cγ ≡ Cγ(T,X) in 1.82, which means that this
Hölder constant not only depends on γ and T , but also on the specific path
X. Thus, this is not a uniform constant that applies for all X ∈ RI .
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As noted in remark 1.62 above regarding Kolmogorov’s existence theorem,
the following result is also valid when the constructed process Xt is vector
valued: Xt : RI → Rd.

Proposition 1.81 (Kolmogorov’s Continuity theorem) Given index set
I = [0,∞), let (RI , σ(RI), µI) and Xt be the probability space and process
constructed by Kolmogorov’s existence theorem and 1.66. Assume that given
T <∞, that there exists α, β > 0 so that for all t, t′ ∈ [0, T ] :

E
[
|Xt′ −Xt|β

]
≤ Kα,β

∣∣t′ − t∣∣1+α
. (1.81)

Then with probability 1, for any γ with 0 < γ < α/β, there exists Cγ ≡
Cγ(T,X) with 0 < Cγ <∞ so that:

|Xt′ −Xt| ≤ Cγ
∣∣t′ − t∣∣γ , (1.82)

for all t, t′ ∈ [0, T ] ∩Q2.
In other words, 1.81 assures that for any such index γ, the collection

of Xt ∈ RI which are Hölder continuous on [0, T ] ∩ Q2 with index γ is
measurable and has probability 1.
Proof. Fix γ as above and define Dn = {m2−n|0 ≤ m ≤ 2nT}. If t ≡
i2−n < j2−n ≡ t′, the generalized Chebyshev’s inequality (proposition 3.33,
book 4) and 1.81 obtain that:

Pr
[
|Xt′ −Xt| ≥

∣∣t′ − t∣∣γ] ≤ Kα,β

∣∣t′ − t∣∣1+α−βγ
,

or

Pr
[∣∣Xj2−n −Xi2−n

∣∣ ≥ (j − i)γ 2−nγ
]
≤ Kα,β (j − i)1+α−βγ 2−n(1+α−βγ).

((1))
For λ ∈ (0, 1) to be identified below, define An ⊂ RI by:

An = {X|
∣∣Xj2−n −Xi2−n

∣∣ < (j − i)γ 2−nγ , all 0 ≤ i < j ≤ 2nT with j−i ≤ 2nλT}.

Note that An is measurable as an intersection of measurable sets. Then by
(1) and finite subadditivity of measures:

Pr
[
Ãn

]
≤ Kα,β

∑
(j − i)1+α−βγ 2−n(1+α−βγ),

where the summation is over 0 ≤ i < j ≤ 2nT with j − i ≤ 2nλT.
Now the number of terms in the summation is (generously) bounded by

T 22(1+λ)n. For example the number with j − i = 1 is b2nT c , the greatest



84CHAPTER 1 BROWNIANMOTION (BM) - FIRST CONSTRUCTION

integer less than or equal to 2nT. Similarly, the number with j− i = 2 is less
than b2nT c , ..., and the number with j−i =

⌊
2nλT

⌋
is again less than b2nT c .

So the total number of such pairs is bounded by
⌊
2nλT

⌋
b2nT c < T 22(1+λ)n.

Using the bound for j − i yields:

Pr
[
Ãn

]
≤ Kα,β2−n(1+α−βγ)T 22(1+λ)n

[
2nλT

]1+α−βγ

= Kα,βT
3+α−βγ2−nδ,

where δ ≡ −2λ+ (1− λ)(α− βγ). Since α− βγ > 0, choose λ small enough
so that δ > 0.

For this λ,
∑

n Pr
[
Ãn

]
converges and by the Borel-Cantelli theorem

(proposition 2.6, book 2), µI(lim sup Ãn) = 0, or equivalently µI(lim inf An) =
1. Now if Xt ∈ lim inf An, a measurable set by book 2’s proposition 2.4, there
exists N ≡ N(X) so that Xt ∈ An for n ≥ N :

Xt ∈
⋂

n≥N
An. ((2))

Thus given Xt ∈ RI , then with probability 1 there exists N so that for all n
≥ N,∣∣Xj2−n −Xi2−n

∣∣ < ∣∣j2−n − i2−n∣∣γ , all 0 ≤ i < j ≤ 2nT, j − i ≤ 2nλT.

Left to show is that given such Xt, this Hölder inequality extends to all
t, t′ ∈ [0, T ] ∩Q2, but with a constant Cγ .

To this end, let t, t′ ∈ [0, T ] ∩ Q2 with t < t′ be given and assume that
t′ − t < 2−N(1−λ). For such t < t′, choose the unique m ≥ N so that

2−(m+1)(1−λ) ≤ t′ − t < 2−m(1−λ).

Since t, t′ ∈ [0, T ] ∩Q2, we can find i and j so that

0 ≤ t′ − i2−m < 2−m, 0 ≤ j2−m − t < 2−m.

In other words, i2−m is the closest dyadic rational with exponent m that is
less than or equal to t′, and j2−m is the closest such rational greater than
or equal to t. Since t and t′ are dyadic rationals, it follows that:

t′ = i2−m +
∑r

k=1
2−ak , t = j2−m −

∑s

k=1
2−bk

where m ≤ a1 ≤ ... ≤ ar and m ≤ b1 ≤ ... ≤ bs. Hence:

|Xt′ −Xt| ≤ |Xt′ −Xi2−m |+
∣∣Xi2−m −Xj2−m

∣∣+
∣∣Xj2−m −Xt

∣∣ . ((3))
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Now since m ≥ N, we have by (2) that Xt ∈ Am, and thus from
|i2−m − j2−m| ≤ |t′ − t| < 2−m(1−λ), it follows that:∣∣Xi2−m −Xj2−m

∣∣ ≤ ∣∣i2−m − j2−m∣∣γ ≤ 2−m(1−λ)γ .

The triangle inequality can be applied to the first term in (3) by defining

cl =
∑l

k=1
2−ak and c0 = 0,

|Xt′ −Xi2−m | ≤
∑r

l=1

∣∣∣Xi2−m+cl −Xi2−m+cl−1

∣∣∣
≤
∑r

l=1
2−alγ

<
∑∞

l=m+1
2−lγ

= Kγ2−mγ ,

where Kγ = 1/(2γ − 1). The same inequality applies to
∣∣Xj2−m −Xt

∣∣ .
Combining these estimates into (3), then since λ ∈ (0, 1) and 2−(m+1)(1−λ) ≤

t′ − t by the choice of m above:

|Xt′ −Xt| ≤ 2Kγ2−mγ + 2−m(1−λ)γ

< [1 + 2Kγ ] 2−m(1−λ)γ

= [1 + 2Kγ ] 2(1−λ)γ2−(m+1)(1−λ)γ

≤ C ′γ
∣∣t′ − t∣∣γ ,

where C ′γ = [1 + 2Kγ ] 2(1−λ)γ .
Now that 1.82 is derived for t, t′ ∈ [0, T ] ∩ Q2 with t < t′ and t′ − t <

2−N(1−λ), we can extend to the general case using a partition of general [t, t′].
Let {tj}Mj=1 be dyadic rationals with

t = t0 < t1 < ... < tM = t′,

and with tj+1 − tj < 2−N(1−λ). Certainly M ≤ 2N(1−λ)T, and since γ > 0
this obtains:

|Xt′ −Xt| ≤
∑M

j=1
|Xj −Xj−1|

≤ C ′γ
∑M

j=1
|tj+1 − tj |γ

≤ Cγ
∣∣t′ − t∣∣γ

with Cγ = C ′γ2N(1−λ)T .
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Recalling definition 1.75 above which introduced the notion of a version
of a stochastic process, we have the following:

Corollary 1.82 (Kolmogorov’s Continuity theorem) Under the assump-
tions of proposition 1.81, for any 0 < γ < α/β and T <∞ there is a version
of the process Xt that is Hölder continuous on [0, T ] with exponent γ with
probability 1. Further, there is a version of Xt that is continuous on [0,∞)
with probability 1.
Proof. Given such γ and T < ∞, the process Xt is Hölder continuous
with exponent γ on [0, T ] ∩ Q2 with probability 1 by proposition 1.81. Let
A ∈ σ(RI) be the given set of probability 1 on which this property holds.
Since Q2 is dense in [0, T ], define a process Yt so that Yt ≡ 0 on Ã. On A
define Yt = Xt on [0, T ]∩Q2, and for other t define Yt = limXtn with tn → t
and tn ∈ [0, T ]∩Q2. Hölder continuity on [0, T ]∩Q2 assures that given two
such sequences Xtn and Xt′n , that {Xtn −Xt′n} converges to 0 and thus this
limit and the value of Yt is uniquely defined and independent of the sequence
chosen. So defined, Yt is everywhere Hölder continuous with exponent γ on
[0, T ] since if tn, t′n ∈ [0, T ] ∩Q2, tn → t and t′n → t′ :

|Xt′ −Xt| ≤ lim sup
∣∣Xt′n −Xtm

∣∣ ≤ Cγ lim sup
∣∣t′n − tm∣∣γ = Cγ

∣∣t′ − t∣∣γ .
The final detail is to demonstrate that Yt is a version of Xt, and recalling

remark 1.76 this includes demonstrating measurability of Yt. For t ∈ [0, T ]∩
Q2, Yt = Xt on A, a set which has probability 1, and Yt = 0 on Ã. Exercise
1.83 proves measurability of Yt. Now let t ∈ [0, T ]∩ Q̃2 and tn → t as above.
By 1.81:

E
[
|Xtn −Xt|β

]
≤ Kα,β |tn − t|1+α ,

and so by Chebyshev’s inequality (proposition 3.33, book 4), given ε > 0 :

Pr[|Xtn −Xt| ≥ ε] ≤ Kα,β |tn − t|1+α /εβ → 0.

Thus Xtn converges to Xt in probability, Xtn →p Xt (section 5.2, book 2). By
construction, Xtn converges to Yt outside A, which is to say, converges with
probability 1 and thus also converges in probability (proposition 5.21, book
2). This then implies that for t ∈ [0, T ]∩ Q̃2 that Xt = Yt with probability 1,
since otherwise there exists an ε > 0 and a set of positive measure for which
|Yt −Xt| ≥ ε. But this is impossible since both Pr[|Xtn −Xt| ≥ ε/3] → 0
and Pr[|Xtn − Yt| ≥ ε/3] → 0. Thus Yt is Hölder continuous with exponent
γ on [0, T ] and a version of Xt.

Finally, this construction implies that with probability 1, Xt has a version
which is a continuous function on [0,∞). To see this, let AT ∈ σ

(
RI
)
be



1.3 THE STANDARD CONSTRUCTION OF BM ON [0,∞) 87

defined as the collection of paths on I = [0,∞) that can have a version which
is Hölder continuous on [0, T ] as above, and so µI [AT ] = 1. It follows that
An+1 ⊂ An, so define A =

⋂∞
n=1An. Then A ∈ σ

(
RI
)
and by continuity

from above (same proof as proposition 2.44, book 1) it follows that µI [A] = 1.
This set A is by construction the collection of Brownian paths that can be
modified to continuous functions on [0,∞).

Exercise 1.83 Prove that Yt defined above is measurable for all t. Hint:
For t ∈ [0, T ]∩Q2 and G ∈ B (R) , then X−1

t (G) ∈ σ
(
RI
)
and is a union of

σ
(
RI
)
-sets (verify):

X−1
t (G) =

[
X−1
t (G)

⋂
A
]⋃ [

X−1
t (G)

⋂
Ã
]
.

Express Y −1
t (G) similarly in terms of σ

(
RI
)
-sets using the definition of Yt.

If t ∈ [0, T ] ∩ Q̃2, then with tn ∈ [0, T ] ∩Q2 show that Ytn → Yt everywhere
and recall corollary 1.10, book 5.

Remark 1.84 This proposition can not be generalized to a statement of
Hölder continuity on [0,∞). As above let AT ⊂ RI be defined as the col-
lection of paths on I = [0,∞) that are Hölder continuous on [0, T ], and
so µI [AT ] = 1. It then also follows A =

⋂∞
n=1An is by construction the

collection of Brownian paths that can be modified to be Hölder continu-
ous on every compact set. But this does not imply Hölder continuity on
[0,∞) since in general the constant Cγ ≡ Cγ(T,X) depends on T and need
not be bounded in T. Indeed, the approach of the above proof of proposition
leads to Cγ = [1 + 2Kγ ] 2(1−λ)(N+γ)T. Additionally, N = N(T ) need not be
bounded.

Proposition 1.85 (Brownian motion) For 0 < γ < 1/2 and T < ∞
there is a version of Brownian motion Bt of Kolmogorov’s construction that
is Hölder continuous on [0, T ] with exponent γ with probability 1. Further,
there is a version of Bt that is continuous on [0,∞) with probability 1.
Proof. For T finite, 1.74 states that for every positive real λ and t, t′ ∈
[0, T ] :

E
[
|Bt′ −Bt|2λ

]
= cλ

∣∣t′ − t∣∣λ .
For λ > 1 define β = 2λ and α = λ − 1. Then by the above corollary the
Hölder continuity result is valid for all γ < (λ− 1) /2λ which implies all
γ < 1/2. The existence of a continuous version on [0,∞) then follows from
corollary 1.82.
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Remark 1.86 (Distributional binomial motion) Let Zt denote distri-
butional binomial motion as in definition 1.11. Then for γ < 1/2 and
T < ∞, can we conclude based on 1.25 that there is a version of Zt that
is Hölder continuous on [0, T ] with exponent γ with probability 1? Or that
there is a version of Zt that is continuous on [0,∞) with probability 1 and
thus is a Brownian motion on [0,∞)?

Unfortunately not. See remark 2.19 for a general discussion of this in
the context of Donsker’s theorem. But one quick insight is that we do not
have a probability space and measure on which the assertion "with probability
1" has be defined.

Remark 1.87 (Kolmogorov’s Continuity theorem) The above propo-
sition and corollary were stated in the context of (RI , σ(RI), µI) and Xt, the
probability space and process constructed by Kolmogorov’s existence theorem,
primarily for "continuity" with the development of the current section. But
for later applications it is important to note that these results are true more
generally, and with the same proofs. Specifically:

Proposition 1.88 (Kolmogorov’s Continuity theorem) Given index set
I = [0,∞), let Xt be a stochastic process (remark 1.26) defined on a proba-
bility space (S, σ(S), µ) and assume that given T <∞, there exists α, β > 0
so that for all t, t′ ∈ [0, T ] :

E
[
|Xt′ −Xt|β

]
≤ Kα,β

∣∣t′ − t∣∣1+α
.

Then for any γ with 0 < γ < α/β, there exists Cγ ≡ Cγ(T,X) where
0 < Cγ <∞, so that with probability 1,

|Xt′ −Xt| ≤ Cγ
∣∣t′ − t∣∣γ ,

for all t, t′ ∈ [0, T ] ∩Q2.
Further, for any 0 < γ < α/β and T <∞ there is a version of the process

Xt that is Hölder continuous on [0, T ] with exponent γ with probability 1,
and there is a version of Xt that is continuous on [0,∞) with probability 1.
Proof. The proofs are identical except now An of proposition 1.81, and A
and An of corollary 1.82 are now measurable sets in σ(S), and all probability
statements are defined relative to µ.



Chapter 2

BM - Other Constructions
and Properties

In this chapter we develop several additional constructions of Brownian
motion on variously defined probability spaces (S, σ(S), µ). Unlike the
Kolmogorov approach, which is a pure existence result, the four
approaches in this chapter are constructive. All use interesting and useful
mathematics, and are worth at least a short review by the reader. The first
approach provides a significant generalization of the above attempts with
binomial motion, while the next three provide series-based convergence
results reminiscent of the path-based binomial model but all working with
normal variates and various interpolating functions.

We then turn to the derivation of various results on the path-based
properties of Brownian motion. For this investigation, properties will be
generally categorized into symmetry, growth, regularity (i.e., smoothness),
and variation.

2.1 Other Constructions of Brownian Motion

In this section we develop some alternative constructions of 1-dimensional
Brownian motion on [0,∞) or [0, 1]. By corollary 1.51 the latter is suffi cient
to provide a construction of 1-dimensional Brownian motion on [0,∞).
Then by corollary 1.44 any such construction is suffi cient to provide a
construction of d-dimensional Brownian motion on this same time interval.

Kolmogorov’s approach to this "construction" is existential, proving that
a measure space of paths (RI , σ(RI), µI) exists with the correct finite di-

89
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mensional distributions, and that with probability 1 these paths could be
modified to be continuous. While intellectually fulfilling, this approach did
not actually tell us how to actually construct Brownian paths. The ap-
proaches discussed in this section are genuinely constructive, in that they
can be implemented with a computer routine, and with enough effort will
produce Brownian-like paths to any degree of refinement desired.

For additional details on these constructions and related materials the
reader is referred to Karatzas and Shreve (1988) and Schilling and
Partzsch (2014).

2.1.1 Donsker’s Theorem on [0,∞) and Binomial Motion

In section 1.1.2 was developed the distributional limits of binomial motion
on finite or infinite [0, T ], which we now fix as [0,∞). With ∆t ≡ 1/n, we
investigated the distributional limits of the binomial paths Bt(∆t), where
for t ≡ (j + s) ∆t, 0 ≤ s ≤ 1, and integer j :

Bt(∆t) = Bj(∆t) + sbj+1(∆t),

where B0(∆t) ≡ 0,

Bj(∆t) ≡
∑j

k=1
bk(∆t),

and {bj(∆t)}∞j=1 are independent binomial random variables:

bj(∆t) = bj
√

∆t, bj = ±1, p = 1/2.

Equivalently,

Bt(∆t) = Bbt/∆tc(∆t) + (t/∆t− bt/∆tc) bbt/∆tc+1(∆t),

where bt/∆tc = max{j ∈ N|j ≤ t/∆t} denotes the greatest integer
function evaluated at t/∆t.

It was then shown that Bt(∆t)→d Zt ∼ N(0, t) (proposition 1.10), and
as summarized in proposition 1.21, for 0 ≤ s1 < t1 ≤ s2 < t2 ≤ ... ≤ sn <
tn :

1. (Zt1 , Zt2 , ..., Ztn) is multivariate normally distributed with mean n-
vector µ = 0 and covariance matrix C with Cij = min(ti, tj). Thus:

E
[
ZtiZtj

]
= min(ti, tj).
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2. (Zt1−Zs1 , Zt2−Zs2 , ..., Ztn−Zsn) is independent multivariate normally
distributed with mean n-vector µ = 0 and diagonal covariance matrix
C with Cii = ti − si, and Cij = 0 otherwise. Hence for j 6= k :

E
[(
Ztj − Zsj

)
(Ztk − Zsk)

]
= 0.

Thus Zt has the distributional properties 1− 3 of Brownian motion by
definition 1.27, and pointwise continuity (proposition 1.21), but Zt lacked
apparent pathwise continuity. As was noted in remark 1.23 and will be
discussed below in remark 2.19, we cannot apply Kolmogorov’s continuity
theorem and 1.25 of proposition 1.24 to prove that there is a version of Zt
that is pathwise continuous with probability 1 and thus is a Brownian
motion.

Turning to the topic of this section, if {Xj}∞j=1 are independent, identi-
cally distributed random variables with mean 0 and variance σ2 > 0, then
ξj ≡ Xj/σ

√
n has mean 0 and variance∆t and thus to two moments matches

the binomial variates bj(∆t). Since the earlier proofs relied heavily on ver-
sions of the central limit theorem (book 6), it is natural to wonder if the
earlier results could be generalized and proved in this more general context.

Donsker’s Theorem, named forMonroe D. Donsker (1924 —1991)
addresses this in the affi rmative. This result is also known as Donsker’s
Invariance Principle and the functional central limit theorem. We
provide a proof of much of this result by replicating the approach for bi-
nomial motion, again obtaining properties 1 − 3 of definition 1.27 but not
the continuity requirement. In the more general development, for example
in Karatzas and Shreve (1988), the conclusion of continuity is obtained
directly using a measure-theoretical approach on the space of continuous
functions, (C[0,∞),B [C[0,∞)]).

Definition 2.1 As in 1.52, with τn = (t1, t2, ..., tn) ∈ [0,∞)n and H ∈
B(Rn) a Borel set, a cylinder set A ⊂ C[0,∞) is defined by H and τn if:

A = π−1
τn (H) ≡ {ω ∈ C[0,∞)|(ω(t1), ω(t2), ..., ω(tn)) ∈ H}. (2.1)

The collection of all such cylinder sets is denoted A+, and the small-
est sigma algebra generated by A+ in the space of continuous functions
C[0,∞) is denoted B [C[0,∞)] , and thus B [C[0,∞)] ≡ σ (A+) .

In this more general approach, the general random walks (see below) in-
duce a probability measure on (C[0,∞),B [C[0,∞)]) for each n, which con-
verge in distribution to a probability measure µ∗ on (C[0,∞),B [C[0,∞)]).
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The measure µ∗ has the finite dimensional distributions of Brownian mo-
tion, much like Kolmogorov’s µB above defined on (RI , σ(RI)), and is called
the Wiener measure on (C[0,∞),B [C[0,∞)]) and named for Norbert
Wiener (1894 —1964).

Remark 2.2 (On B [C[0,∞)]) The reader may be curious about the nota-
tion B [C[0,∞)] for this sigma algebra on C[0,∞) that is defined in terms of
cylinder sets, and the fact that this unambiguously looks like the notation for
a Borel sigma algebra. By definition 2.13 of book 1, a Borel sigma algebra
is defined on a topological space as the smallest sigma algebra that contains
the open sets. The notation above anticipates results below. First, the space
C[0,∞) can be endowed with a metric d; see 2.17 in definition 2.11. This
metric then induces a topology on C[0,∞) in the usual way: A ⊂ C[0,∞) is
open if for any ω0 ∈ A there exists ε > 0 so that {ω|d(ω, ω0) < ε} ⊂ A. Then
by corollary 2.16, B [C[0,∞)] as defined above in terms of cylinder sets is
the Borel sigma algebra on C[0,∞) defined in terms of these open sets.

For the general set-up let {Xj}∞j=1 be independent, identically distributed
random variables on some probability space (S, σ(S), µ) with mean 0 and
variance σ2 > 0. With ∆tn ≡ 1/n define:

ξj(∆tn) ≡ Xj/σ
√
n, (2.2)

and for t ≡ (j + s) ∆t, with 0 ≤ s ≤ 1 and integer j, define the random
walk:

Wt(∆tn) = Wj(∆tn) + sξj+1(∆tn). (2.3)

Here W0(∆tn) ≡ 0, and

Wj(∆tn) ≡
∑j

k=1
ξk(∆tn). (2.4)

Note that for each n, Wt(∆tn) is a stochastic process defined on (S, σ(S), µ)
in the sense of remark 1.26.

As a first step we replicate the key convergence results of proposition
1.10. For this proof we require a small technical result.

Lemma 2.3 If a random variable X has mean µ and variance σ2, then with
CX(t) the characteristic function of X (chapter 6, book 6):∣∣∣∣CX(t)− 1− iµt+

1

2
σ2t2

∣∣∣∣ ≤ (σ2 + µ2
)
t2. (2.5)
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Proof. By (6.17) of book 5:∣∣∣∣eix −∑2

j=0

(ix)j

j!

∣∣∣∣ ≤ min

(
|x|3

6
, x2

)
,

and thus if F denotes the distribution function of X :∣∣∣∣CX(t)− 1− iµt+
1

2
σ2t2

∣∣∣∣ =

∣∣∣∣∫ (eixt −∑2

j=0

(ixt)j

j!

)
dF

∣∣∣∣
≤
∫ ∣∣∣∣eixt −∑2

j=0

(ixt)j

j!

∣∣∣∣ dF
≤ E

[
min

(
|Xt|3

6
, (Xt)2

)]
≤
(
σ2 + µ2

)
t2.

The last statement follows since min
(
|xt|3

6 , (xt)2
)
≤ (xt)2 by definition.

Proposition 2.4 With the notation above, and N(0, t) denoting a normally
distributed random variable with mean 0 and variance t, then as n→∞ :

1. For every t ∈ (0,∞) :

Wt(∆tn)→d Zt ∼ N(0, t).

2. For 0 ≤ s < t :

Wt(∆tn)−Ws(∆tn)→d Z
′
t−s ∼ N(0, t− s).

Proof. To prove 1, fix t and for each n let t = [j(n) + e(n)] ∆tn with integer
j(n) and 0 ≤ e(n) < 1. Then:

Wt(∆tn) = Wj(n)(∆tn) + e(n)ξj(n)+1(∆tn).

Independence of {ξj(∆tn)}∞j=1 obtains independence ofWj(n)(∆tn) and ξj(n)+1(∆tn)
by proposition 3.56 of book 2, and proposition 6.2 of book 6 produces the
identity in characteristic functions:

CWt(∆tn)(y) = CWj(n)
(y)Ce(n)ξj(n)+1

(y).
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Now since e(n)ξj(∆tn) has mean and variance of 0 and e(n)2∆tn, respec-
tively, it follows from 2.5 that:∣∣∣∣Ce(n)ξj(n)+1

(y)− 1 +
1

2
e(n)2∆tny

2

∣∣∣∣ ≤ y2e(n)2∆tn,

and thus for all y, Ce(n)ξ(n)j+1
(y)→ 1 as ∆tn → 0.

Also, {ξj(∆tn)}j(n)
j=1 are i.i.d. and satisfy Lindeberg’s condition of defi-

nition 7.4 of book 6, by that book’s exercise 7.8. In detail but with a small
change in that book’s notation, |Zn| ≡ |ξ(∆tn)| /

√
∆tn = |X/σ| . So for

s > 0, since X2 is integrable and j(n)→∞ :∫
|Zn|>s

√
j(n)

Z2
ndλ ≡

1

σ2

∫
|X|>sσ

√
j(n)

X2dλ→ 0.

Thus since E
[
Wj(n)(∆tn)

]
= 0 and V ar

[
Wj(n)(∆tn)

]
= j(n)∆tn → t,

corollary 7.9 of Lindeberg’s central limit theorem obtains thatWj(n)(∆tn)→d

Zt. Lévy’s continuity theorem of proposition 6.30 of book 6 states that this is
equivalent to CWj(n)

(y)→ CZt(y). Combining results obtains that CWt(∆tn)(y)→
CZt(y) and another application of Lévy’s continuity theorem producesWt(∆tn)→d

Zt.
To prove 2 we use the same set-up, expressing s and t in terms of ∆tn.

Let s = [j(n) + e(n)] ∆tn and t = [k(n) + f(n)] ∆tn where j(n) ≤ k(n) and
0 ≤ e(n), f(n) < 1. Since s < t, it follows that for n ≥M(s, t) large, defined
so that ∆tn < (t − s)/2 say, that j(n) < k(n) and this can be assumed to
avoid ambiguity. It then follows that

Wt(∆tn)−Ws(∆tn) = (1− e(n)) ξj(n)+1 +
∑k(n)

i=j(n)+2
ξi(∆tn)+f(n)ξk(n)+1,

and thus with Y ≡
∑k(n)

i=j(n)+2 ξi(∆tn) :

C[Wt(∆tn)−Ws(∆tn)](y) = C(1−e(n))ξj(n)+1
(y)CY (y)Cf(n)ξk(n)+1

.

As above C(1−e(n))ξj(n)+1
(y) → 1 and Cf(n)ξk(n)+1

→ 1 as ∆tn → 0 by
2.5, and it remains to prove that CY (y) → CZ′t−s(y). This follows as be-
fore with Lindeberg’s central limit theorem since E[Y ] = 0 and V ar[Y ] =
(k(n)− j(n)− 1) ∆tn → t− s.

For the next result, we combine the statements of propositions 1.16 and
1.17.
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Proposition 2.5 For 0 ≤ s1 < t1 ≤ s2 < t2 ≤ ... ≤ sn < tn, and Ztj and
Z ′tj−sj defined in proposition 2.4:

1. (Zt1 , Zt2 , ..., Ztn) is multivariate normally distributed with mean n-
vector µ = 0, and covariance matrix C with Cij = min(ti, tj).

2. (Z ′t1−s1 , ..., Z
′
tn−sn) is multivariate normally distributed with mean n-

vector µ = 0, and diagonal covariance matrix C with Cii = ti− si and
Cij = 0 otherwise.

Proof. We provide the proof of 1 as an adaptation of the proof of proposition
1.17, and leave the derivation of 2 as an exercise in adapting the proof of
proposition 1.16.

Let Z = (Z1, Z2, ..., Zn) have a multivariate normal density function de-
fined on Rn as in 1.14 but with C defined in 1 above (detC was derived
in 1.17). Next, define Wm = (W1(∆tm),W2(∆tm), ...,Wn(∆tm)) where
Wi(∆tm) ≡ Wti(∆tm) to simplify notation. We show that Wm ⇒ Z by
the Cramér-Wold device of proposition 6.32 of book 6 by proving that
a · Wm ⇒ a · Z for all constant vectors a ∈ Rn. By proposition 3.9 of
book 6, a · Z is normally distributed with mean 0 and variance:

V ar(a · Z) =
∑n

i=1
a2
i ti + 2

∑
1≤i<j≤n

aiajti,

and thus the goal is to show that a · Wm converges in distribution to this
variate.

Express ti = [ki(m) + fi(m)] ∆tm, where ki(m) is an integer and 0 ≤
fi(m) < 1. As above ti < ti+1 assures that ki(m) < ki+1(m) for m large,
so we assume this. Defining Ai =

∑n
j=i aj and k0(m) = 0 for notational

simplicity:

a ·Wm =
∑n

i=1
ai

[∑ki(m)

l=1
ξl(∆tm) + fi(m)ξki(m)+1(∆tm)

]
=
∑n

i=1
Ai
∑ki(m)

l=ki−1(m)+1 ξl(∆tm) +
∑n

i=1
ai

[
fi(m)ξki(m)+1(∆tm)

]
= Xm + Ym.

Now:
|Ym| ≤

n

σ
max |ai|

√
∆tm |X| ,

where X denotes the variate underlying the definition of ξ(∆tm). To see
that Ym →P 0, we employ Chebyshev’s inequality of (3.70) of book 4. Given
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ε > 0 :

Pr [|Ym| ≥ ε] ≤ Pr

[
|X| ≥ εσ

nmax |ai|
√

∆tm

]
≤ (nmax |ai|)2 ∆tm/ε

2.

Thus Ym →P 0 as m→∞ (definition 5.11, book 2).
Noting that Xm is an independent sum, we again seek to apply Linde-

berg’s central limit theorem of corollary 7.9 of book 6. First, since V ar (ξl(∆tm)) =
∆tm:

V arXm =
∑n

i=1
A2
i (ki(m)− ki−1(m))∆tm →

∑n

i=1
A2
i (ti − ti−1),

where t0 ≡ 0. It is left as an algebraic exercise to verify that V arXm =
V ar(a · Z) derived above. To verify that the Xm-summation satisfies Lin-
deberg’s condition of (7.7) of book 6, let s2

m ≡ V ar[Xm] in the notation of
that definition, noting that s2

m is bounded as m→∞ as noted above. Thus
(7.7) of book 6 is satisfied if and only if for every t > 0 :∑n

i=1

∑ki(m)

l=ki−1(m)+1
E
[
(Aiξl(∆tm))2 χ[|Aiξl(∆tm)|≥tsm]

]
→ 0 ((*))

asm→∞. As before, the indicator function χ is defined on S by χ[|Aiξl(∆tm)|≥tsm] =
1 on the set where |Aiξl(∆tm)| ≥ tsm, and is 0 otherwise. Notation:
For notational simplicity we will equivalently write χ [|Aiξl(∆tm)| ≥ tsm] for
χ[|Aiξl(∆tm)|≥tsm].

The terms of this sum are of the form E [f(∆tm)] and can be shown to
be o(∆tm) as ∆tm → 0, meaning E [f(∆tm)] /∆tm → 0 as ∆tm → 0. Recall
that ξl(∆tm) ≡ Xl

√
∆tm/σ by 2.2, and thus:

1

∆tm
E
[
(Aiξl(∆tm))2 χ [|Aiξl(∆tm)| ≥ tsm]

]
= A2

iE

[
X2
l

σ2
χ

[
|Xl| ≥

tsmσ

Ai
√

∆tm

]]
→ 0.

This follows since X2
l is integrable by assumption, and s

2
m = V arXm is

bounded as m→∞ as noted above. Hence:∑n

i=1

∑ki(m)

l=ki−1(m)+1
E
[
(Aiξl(∆tm))2 χ [|Aiξl(∆tm)| ≥ tsm]

]
=
∑n

i=1

∑ki(m)

l=ki−1(m)+1
A2
i∆tmE

[
X2
l

σ2
χ

[
|Xl| ≥

tsmσ

Ai
√

∆tm

]]
≤ maxiE

[
X2
l

σ2
χ

[
|Xl| ≥

tsmσ

Ai
√

∆tm

]]∑n

i=1

∑ki(m)

l=ki−1(m)+1
A2
i∆tm

= maxiE

[
X2
l

σ2
χ

[
|Xl| ≥

tsmσ

Ai
√

∆tm

]]∑n

i=1
A2
i (ki(m)− ki−1(m)) ∆tm.
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Thus (∗) is verified because the first factor converges to 0, and the second to∑n
i=1A

2
i (ti − ti−1) as noted above.

By Lindeberg’s central limit theorem of corollary 7.9 of book 6, as m→
∞ :

Xm√∑n
i=1A

2
i (ti − ti−1)

→d N(0, 1),

where N(0, 1) denotes a standard normal variate. Thus

Xm →d N
(

0,
∑n

i=1
A2
i (ti − ti−1)

)
,

which is the distribution of a ·Z above. Applying Slutsky’s theorem of propo-
sition 5.29 of book 2 to Xm →d a · Z and Ym →P 0 obtains that:

a ·Wm = Xm + Ym →d a · Z.

This then proves that Wm ⇒ Z by the Cramér-Wold device noted above.
As a final detail, given i let a be defined with ai = 1 and aj = 0 for

j 6= i. Then this last result obtains that a ·Wm →d Zi, the ith variate of the
multivariate normal Z defined above. On the other hand, proposition 2.4
assures that:

a ·Wm ≡Wti(∆tm)→d Zti ,

and so (Z1, Z2, ..., Zn) =d (Zt1 , ..., Ztn). Thus (Zt1 , ..., Ztn) is multivariate
normal with the given covariance matrix C.

With the harder work now done, we are ready for the main result, for
which we omit an important detail discussed in the section below.

Proposition 2.6 (Donsker’s theorem - Partial Result) Let {Xj}∞j=1 be
independent, identically distributed random variables on some probability
space (S, σ(S), µ) with mean 0 and variance σ2 > 0. With ∆tn ≡ 1/n, de-
fine as in 2.2:

ξj(∆tn) ≡ Xj/σ
√
n,

and for t ≡ (j + s) ∆t with 0 ≤ s ≤ 1 and integer j, define the random
walk:

Wt(∆tn) = Wj(∆tn) + sξj+1(∆tn), Wj(∆tn) ≡
∑j

k=1
ξk(∆tn). (2.6)

Then as n→∞,
Wt(∆tn)→FDD Bt, (2.7)
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where Bt is a 1-dimensional Brownian motion on [0,∞), and →FDD means
convergence (in distribution) of all finite dimensional distributions.
Proof. First, proposition 2.4 obtains that Wt(∆tn) →d Zt ∼ N(0, t) for
each t. In addition, the distributional results of proposition 2.5 for (Zt1 , Zt2 , ..., Ztn)
and (Z ′t1−s1 , ..., Z

′
tn−sn) obtain with the identical proof to corollary 1.19, that

for 0 ≡ t0 < t1 < t2 < ... < tn, that (Zt1 , Zt2 − Zt1 , ..., Ztn − Ztn−1) is mul-
tivariate normal with mean n-vector µ = 0, and diagonal covariance matrix
C with Cii = ti − si and Cij = 0 otherwise. Thus by corollary 3.22 of book
6,
{
Ztj − Ztj−1

}n
j=1

are independent normal variates with mean n-vector 0

and variances {tj − tj−1}nj=1 .
This implies that for 0 ≤ s1 < t1 ≤ s2 < t2 ≤ ... ≤ sn < tn that{

Ztj − Zsj
}n
j=1

are independent random variables because{
Ztj − Zsj

}n
j=1

⋃{
Zsj+1 − Ztj

}n−1

j=1

are independent by the prior result. Thus Wt(∆tn) →FDD Zt and since
W0(∆tn) ≡ 0 it follows that Z0 = 0 and Zt satisfies properties 1 − 3 of
definition 1.27 for Brownian motion.

Since Zt and Bt have the same finite dimensional distributions, it follows
that Wt(∆tn)→FDD Bt.

On Wt(∆tn)→d Bt

As noted in the introduction to this section, the above version of Donsker’s
theorem is only a partial result in the sense that is does not address the
more general (and important) conclusion of Donsker’s theorem of
convergence in distribution:

Wt(∆tn)→d Bt. (2.8)

Indeed, such convergence in distribution of stochastic processes has not yet
even been defined. In this section we develop this notion and outline the
components of the proof of this conclusion. For details, see Karatzas and
Shreve (1988).

For fixed t the notion of convergence in distribution of random variables,
and weak convergence of distribution functions and probability measures
was introduced in definitions 5.19 and 8.2 of book 2, and generalized to
random vectors in definition 4.6 of book 6. In short, for variables or vectors,
convergence in distribution, denoted:

Xn →d X, (2.9)
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is defined to mean that the associated distribution functions converge
weakly, denoted Fn ⇒ F, and means:

Fn(x)→ F (x), at all continuity points of F. (2.10)

Weak convergence of probability measures (see remark 8.5 of book 2,
and chapter 8 of book 1):

µn ⇒ µ, (2.11)

is then defined in terms of weak convergence of the associated distribution
functions. In this formulation there is no apparent way to define 2.8 for a
stochastic process which (generally) encompasses an uncountable collection
of random variables.

However, the portmanteau theorems of propositions 4.4 and 4.11 of book
6 then significantly expanded the implications of µn ⇒ µ, deriving equivalent
formulations in a variety of contexts. For example, for probability measures
{µn, µ} defined on Rj , it was proved that µn ⇒ µ if and only if:∫

fdµn →
∫
fdµ, (2.12)

for every bounded, continuous function defined on Rj . These integrals are
developed in chapters 2 and 3 of book 5, and provide a promising basis for
defining 2.8 once some groundwork is completed related to measurability.

By remark 1.26, a 1-dimensional Brownian motion or other stochas-
tic process X is a collection of random variables (Xt)t∈I defined on a
probability space (S, σ(S), µ), indexed by t ∈ I where typically I ≡ [0, T ]
for T ≤ ∞. Thus for each t, Xt : S → R is Borel measurable and so
X−1
t (A) ∈ σ(S) for all A ∈ B(R). Alternatively, for each s ∈ S we can

identify Xt(s) ≡ X(s) with a function of t and thus identify the range
space of a stochastic process with a space of functions. For example when
I = [0,∞), Kolmogorov’s existence theorem identifies:

X : S → R[0,∞),

where R[0,∞) is the space of all real-valued functions on [0,∞). In the
Donsker construction, for each n :

W (∆tn) : S → C[0,∞),

where C [[0,∞)] is the space of all continuous real-valued functions on [0,∞).
By the definitions of σ

(
R[0,∞)

)
and B [C [[0,∞)]] in definitions 1.52 and

2.1, stochastic processes are measurable in these general settings.
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Proposition 2.7 For each n, the Donsker random walk process W (∆tn) is
measurable:

W (∆tn) : (S, σ(S))→ (C[0,∞),B [C[0,∞)]), (2.13)

and a general stochastic process is measurable:

X : (S, σ(S))→ (R[0,∞), σ
(
R[0,∞)

)
), (2.14)

where B [C[0,∞)] , respectively σ
(
R[0,∞)

)
, denotes the smallest sigma alge-

bra generated by the cylinder sets in 2.1, respectively 1.52.
Proof. We prove 2.13 and leave 2.14 as an exercise.

First note thatW−1(∆tn) [A] ∈ σ(S) for every cylinder set A ∈ B [C[0,∞)]
defined as in 2.1 but using Borel measurable rectangles. To see this, recall
that with τn = (t1, t2, ..., tn) ∈ [0,∞)n and H ≡

∏n
j=1Hj ∈ B(Rn) a Borel

set where Hj ∈ B(R), a cylinder set A ∈ B [C[0,∞)] is defined by H and
τn if:

A = π−1
τn (H) ≡ {ω ∈ C[0,∞)|(ω(t1), ω(t2), ..., ω(tn)) ∈ H}.

Denoting Wt1(∆tn) = Wt1 :

W−1(∆tn) [A] =
{
s| (Wt1(s), ...,Wtn(s)) ∈

∏n
j=1Hj

}
=
⋂n
j=1

{
s|Wtj (s) ∈ Hj

}
=
⋂n
j=1W

−1
tj

[Hj ] .

Now W−1
tj

[Hj ] ∈ σ(S) since each Wt(∆tn) is a random variable, and thus
W−1(∆tn) [A] ∈ σ(S).

Because such H-sets generate B(Rn), and the general cylinder sets gen-
erate the sigma algebra B [C [[0,∞)]] by definition, this proves measurability
of W (∆tn) in the general context of 2.13 (see proposition 3.26, book 1, for
the approach to this proof.)

Now that W (∆tn) is measurable in the context of 2.13, it follows from
definition 3.9 of book 5 that for each n, W (∆tn) induces a measure µWn
on (C[0,∞),B [C[0,∞)]). In more general notation:

Definition 2.8 (Law of a stochastic process) If:

X : (S, σ(S), µ)→ (C[0,∞),B [C[0,∞)])
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is measurable, then X induces a measure µX or µX that is defined on A ∈
B [C[0,∞)] :

µX(A) ≡ µ
[
X−1 [A]

]
. (2.15)

The measure µX is called the law of the stochastic process X.

Remark 2.9 Note that µX is equally well defined in the more general con-
text of X : (S, σ(S), µ)→ (R[0,∞), σ

(
R[0,∞)

)
).

Note also that if we apply this definition to a random variable or vector
X : (S, σ(S), µ)→

(
Rj ,B

[
Rj
])
, then µX is simply the probability measure

associated with X, which when evaluated on rectangles A ≡
∏j
k=1(−∞, xk] ∈

B
[
Rj
]
obtains the distribution function F (x1, ..., xj).

Now assume that A ∈ B [C [[0,∞)]], respectively A ∈ σ
(
R[0,∞)

)
, is

a cylinder set of 2.1, respectively 1.52, defined by H ∈ B(Rn) and τn =
(t1, t2, ..., tn) ∈ [0,∞)n :

A = {ω|(ω(t1), ω(t2), ..., ω(tn)) ∈ H}.

Thus:
X−1(A) = {s|(Xt1(s), Xt2(s), ..., Xtn(s)) ∈ H},

and by 1.37 of definition 1.37:

µX(A) = µXt1...tn(A). (2.16)

In other words, µX reduces to the finite dimensional distributions of X on
cylinder sets.

The result in 2.16 is true for all stochastic process. However, continuous
processes have the special property that µX is uniquely determined by its
finite dimensional distributions.

Proposition 2.10 The law µX of a continuous process:

X : (S, σ(S), µ)→ (C[0,∞),B [C[0,∞)])

is uniquely determined by {µXt1...tn}, the collection of finite dimensional dis-
tributions of X. In other words, if X, Y are two such processes with µXt1...tn =
µYt1...tn for all {tj}

n
j=1, then µ

X = µY .
Proof. As in the proof of proposition 2.7, we can recharacterize B [C[0,∞)]
in definition 2.1 by:

B [C[0,∞)] = σ
[
π−1
t ((a, b))

]
.
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That is, B [C[0,∞)] is the smallest sigma algebra that contains for all t, all
open intervals (a, b) ∈ B [R] :

π−1
t ((a, b)) = {ω|ω(t) ∈ (a, b)}.

This follows because the open intervals generate B [R] . This recharacter-
ization is also true for the sigma algebra σ

(
R[0,∞)

)
, but the presence of

continuity allows a key reduction:

B [C[0,∞)] = σ
[
π−1
t ((a, b))|t is rational

]
. ((*))

To see this, let r be irrational and define rational tn → r. For a con-
tinuous function f and open interval (a, b), f(r) ∈ (a, b) if and only if
f(tn) ∈ (a, b) for n ≥ N. Recalling definition 2.1 of book 2, f ∈ π−1

r ((a, b))
if and only if

f ∈ lim inf
[
π−1
tn ((a, b))

]
≡
⋃∞
n=1

⋂∞
k=n π

−1
tn ((a, b)).

Thus:
π−1
r ((a, b)) = lim inf

[
π−1
tn ((a, b))

]
.

Since by definition:

lim inf
[
π−1
tn ((a, b))

]
∈ σ

[
π−1
t ((a, b))|t is rational

]
,

it follows that for all irrational r that π−1
r ((a, b)) ∈ σ

[
π−1
t ((a, b))|t is rational

]
,

and (∗) is proved.
By the same argument and notation, f ∈ π−1

r ((a, b)) if and only if f ∈
lim sup

[
π−1
tn ((a, b))

]
, and thus by definition 2.1 of book 2:

π−1
r ((a, b)) = limn→∞

[
π−1
tn ((a, b))

]
.

Given X, Y as above, book 2’s proposition 2.5, 2.16 and µXtn = µYtn obtain:

µX
[
π−1
r ((a, b))

]
= limn→∞ µ

X
[
π−1
tn ((a, b))

]
= limn→∞ µ

X
tn

[
π−1
tn ((a, b))

]
= limn→∞ µ

Y
tn

[
π−1
tn ((a, b))

]
= µY

[
π−1
r ((a, b))

]
.

This then generalizes to cylinder sets A ∈ B [C [[0,∞)]] defined by (r1, r2, ..., rm) ∈
[0,∞)m, with rj reals, and H ≡

∏m
j=1(aj , bj) :

A ≡ {ω ∈ C[0,∞)|(ω(rj) ∈ (aj , bj) all j}.
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Specifically, defining tnj ≡ rj for rational rj :

µX [A] = µX
[⋂m

j=1 π
−1
rj ((aj , bj))

]
= limnj→∞ µ

X
[⋂m

j=1 π
−1
tnj

((aj , bj))
]

= limnj→∞ µ
X
tn1 ...tnm

[⋂m
j=1 π

−1
tnj

((aj , bj))
]

= µY [A] .

Since such cylinder sets generate B [C[0,∞)] , this proves µX = µY .

Before defining convergence in distribution for stochastic processes us-
ing 2.12 and the measures of definition 2.8, we will need the range space
C [[0,∞)] of such processes to be a metric space in order to be able to define
the notion of a continuous function on this space.

Definition 2.11 On C[0,∞) define a metric or distance function d :
C[0,∞)× C[0,∞)→ [0,∞) by:

d(ω1, ω2) ≡
∑∞

n=1

1

2n
max

0≤t≤n
(|ω1(t)− ω2(t)| ∧ 1) , (2.17)

meaning that max0≤t≤n |ω1(t)− ω2(t)| is limited to a maximum of 1.

Exercise 2.12 1. Check that d is indeed a metric on C[0,∞) by showing
that this definition satisfies the four requisite properties of remark 4.37
of book 3. Most are transparent:

(a) Finite and nonnegative: 0 ≤ d(ω1, ω2) <∞,
(b) d(ω1, ω2) = 0 if and only if ω1 = ω2,

(c) Symmetric: d(ω1, ω2) = d(ω2, ω1),

(d) Triangle inequality: d(ω1, ω3) ≤ d(ω1, ω2) + d(ω2, ω3).

2. Prove that if ωm(t) → ω(t) converges uniformly on [0,∞) [recall:
for any ε > 0 there exists M so that max |ωm(t)− ω(t)| < ε for m ≥
M ], then d (ωm(t), ω(t))→ 0.

3. Show that 2 implies that if ωm(t) → ω(t) converges uniformly on
[0,∞), then for any ε > 0 there is some ωm(t) ∈ Bε(ω(t)), where
Bε is as in definition 2.13 using d.
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4. Finally show that d (ωm(t), ω(t)) → 0 does not assure uniform con-
vergence. Hint: Check that d (ωm(t), 0) → 0 for ωm(t) equal to a
continuous version of χ[m,m+1], defined to equal 1 on [m,m+ 1] and 0
elsewhere.

Next we formalize some notions with which the reader is likely familiar,
but do so for completeness.

Definition 2.13 Given a metric space (S, d) :

1. A set A ⊂ S is open if for any s ∈ A there is ε > 0 so that Bε(s) ⊂ A,
where Bε(s) denotes the open ball about s of radius ε and is defined:

Bε(s) = {s′|d(s, s′) < ε}.

A set A ⊂ R or A ⊂ Rj is open by this same criterion but using the
metric d(s, s′) ≡ |s− s′| , which in Rj is defined by∣∣s− s′∣∣2 ≡∑j

k=1

(
sk − s′k

)2
.

2. The space S is said to be separable if there exists a countable dense
set {sj}∞j=1 ⊂ S where by dense is meant that for any s ∈ S and ε > 0,
sj ∈ Bε(s) for some j.

3. A sequence {sj}∞j=1 ⊂ S is called a Cauchy sequence if for any ε > 0
there is N so that d(sn, sm) < ε if n,m ≥ N.

4. The space S is said to be complete if given a Cauchy sequence {sj}∞j=1 ⊂
S there exists s ∈ S so that d(sj , s)→ 0.

5. A function f : S → R is said to be continuous at s0 ∈ S if for any
ε > 0 there is a δ so that f (Bδ(s0)) ⊂ Bε(f(s0)), and is continuous
on S if continuous at s0 for all s0 ∈ S. The same definition applies
to f : S → Rj . Note that for a function defined on R that this is a
restatement of the traditional ε-δ definition.

Remark 2.14 The notion of a Cauchy sequence is named for Augustin-
Louis Cauchy (1789 —1857). Every convergent sequence in a metric space
is Cauchy, while every Cauchy sequence in a complete metric space is con-
vergent to a point in that space. While the rationals under d(s, s′) ≡ |s− s′|
is a metric space, it is not complete since there exists rational {sj}∞j=1 with
sj →

√
2, which are thus Cauchy, but not convergent to a rational.

Other characterizations of continuity in a metric space are left as exer-
cises. Both apply to functions f : S → R or transformations f : S → Rj .
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1. f : S → R is continuous at s0 ∈ S if an only if f is sequentially
continuous at s0, meaning that f(sj)→ f(s0) whenever sj → s0.

2. f : S → R is continuous on S if and only if for all open A ⊂ R,
f−1(A) is open in S.

The following result while interesting, may perhaps seem to be in the "so
what" category. But the fact that C [[0,∞)] has these qualities is essential
for the application of a result that is needed for the proof of Donsker’s
theorem. It also provides a corollary that completes the discussion of remark
2.2 on the definition of, and notation for, B [C[0,∞)] .

Proposition 2.15 Relative to d defined in 2.17, C[0,∞) is complete and
separable.
Proof. First note that for any T < ∞, that C[0, T ] is complete under the
same metric. If {ωj}∞j=1 ⊂ C[0, T ] is a Cauchy sequence, then given ε > 0
there is an N so that for n,m ≥ N :

d(ωn, ωm) ≡
∑T

n=1

1

2n
max

0≤t≤n
(|ωn(t)− ωm(t)| ∧ 1) < ε/2T .

Thus max0≤t≤T |ωn(t)− ωm(t)| < ε and {ωj}∞j=1 is Cauchy under the stan-
dard norm. Since R is complete under this norm, define a function ω(t)
pointwise by ω(t) ≡ limωj(t) on [0, T ]. Since max0≤t≤T |ωn(t)− ωm(t)| < ε
for n,m ≥ N, we can take a limit in m to obtain that for n ≥ N :

max
0≤t≤T

|ωn(t)− ω(t)| < ε.

In other words ω(t) is the uniform limit of continuous functions on [0, T ]
and is thus continuous (an exercise, or proposition 9.51, Reitano (2010)).
Completeness of C[0, T ] under d follows from 2 of exercise 2.12.

If {ωj}∞j=1 ⊂ C[0,∞) is a Cauchy sequence, then restricted to any in-
terval [0, T ] we have that ωn(t) → ωT (t) for continuous ωT (t) defined on
[0, T ]. By construction these limiting functions satisfy ωT+1(t) = ωT (t) on
[0, T ], and thus by iteration we have constructed a continuous function ω(t)
on [0,∞) so that ωn(t) → ω(t) uniformly on each interval [0, T ]. To verify
convergence under d, choose integer T so that

∑∞
n=T+1 1/2n < ε/2, and in-

teger N > T so that if n ≥ N then max0≤t≤T |ωn(t)− ω(t)| < ε/T. Then
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for such n :

d(ω, ωn)

=
∑T

n=1

1

2n
max

0≤t≤n
(|ωn(t)− ωm(t)| ∧ 1)

+
∑∞

n=T+1

1

2n
max

0≤t≤n
(|ωn(t)− ωm(t)| ∧ 1)

≤ T max
0≤t≤T

|ωn(t)− ωm(t)|+ ε/2 ((*))

< ε.

Thus d(ω, ωn)→ 0 and C [[0,∞)] is complete.
For separability, C[0, T ] is separable for any T <∞ by theWeierstrass

approximation theorem (for example theorem 7.24, Rudin (1976); or
theorem 6.2, Billingsley (1995)), and named for Karl Weierstrass (1815
—1897). This is also known as the Stone—Weierstrass theorem in recog-
nition of the significant generalization by Marshall H. Stone (1903 —
1989). The Weierstrass version states that every continuous function on a
compact interval can be uniformly approximated by polynomials, and thus
uniformly approximated by polynomials with rational coeffi cients, of which
there are countably many. Hence C[0, T ] is separable for any T <∞.

For ω(t) ∈ C[0,∞) and ε > 0, choose T as above so that
∑∞

n=T+1 1/2n <
ε/2, and then choose a polynomial p(t) with rational coeffi cients so that
max0≤t≤T |ω(t)− p(t)| < ε/T. Then as in (∗) it follows that d(ω, p) < ε, so
p ∈ Bε(ω), and thus C[0,∞) is separable.

There is an important corollary to the above result that fills in the miss-
ing detail on the notation B [C[0,∞)] identified in remark 2.2.

Corollary 2.16 Define the Borel sigma algebra Bd [C[0,∞)] on C[0,∞) as
the smallest sigma algebra that contains the open sets of C[0,∞) induced by
d. Then:

Bd [C[0,∞)] = B [C[0,∞)] , (2.18)

where B [C[0,∞)] is the sigma algebra of definition 2.1 and generated by the
cylinder sets of C[0,∞).

Proof. If H ≡
∏n
j=1Hj ∈ B(Rn) a Borel cylinder set with Hj open, τn =

(t1, t2, ..., tn) ∈ [0,∞)n, the cylinder set A ⊂ C[0,∞) defined by H and τn in
2.1 is an intersection:

A =
⋂n
j=1Aj ≡

⋂n
j=1{ω ∈ C[0,∞)|(ω(tj) ∈ Hj}.
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If ω0 ∈ Aj , then by definition of Hj open, (ω0(tj)− δ, ω0(tj) + δ) ⊂ Hj for
some 0 < δ < 1. We show that Aj is open under d by proving that there
exists ε > 0 so that:

{ω|d (ω0, ω) < ε} ⊂ Aj .

For this, if tj ∈ [m− 1,m] and d (ω0, ω) < ε then certainly:

∑∞
n=m

1

2n
max

0≤t≤n
(|ω0(t)− ω(t)| ∧ 1) < ε. ((*))

Now if |ω0(tj)− ω(tj)| > 1, then:

∑∞
n=m

1

2n
max

0≤t≤n
(|ω0(t)− ω(t)| ∧ 1) >

∑∞
n=m

1

2n
.

So if ε <
∑∞

n=m
1

2n , then d (ω0, ω) < ε assures that |ω0(tj)− ω(tj)| ≤ 1, and
then for n ≥ m :

|ω0(tj)− ω(tj)| ≤ max
0≤t≤n

(|ω0(t)− ω(t)| ∧ 1) .

Thus (∗) obtains:
|ω0(tj)− ω(tj)|

∑∞
n=m

1

2n
< ε,

and so |ω0(tj)− ω(tj)| < δ if ε = δ
∑∞

n=m
1

2n .
Summarizing, if d (ω0, ω) < δ

∑∞
n=m

1
2n for any δ < 1, then ω(tj) ∈

(ω0(tj)− δ, ω0(tj) + δ) ⊂ Hj . Thus:

{ω|d (ω0, ω) < δ
∑∞

n=m

1

2n
} ⊂ Aj ,

and so Aj ∈ Bd [C[0,∞)] since Aj is open under d. As a finite intersection,
so too is A open, and since such A-sets generate B [C[0,∞)] it follows that
B [C[0,∞)] ⊂ Bd [C[0,∞)] .

For the reverse implication let G ⊂ C[0,∞) be an open set under d.
Since C[0,∞) is separable there exists a countable dense set {ωj}∞j=1 ⊂
C[0,∞). By definition of open, for every ωj ∈ G there exists εj so that
Bj ≡ {ω|d (ωj , ω) < εj} ⊂ G, and hence by density of this ωj-set, G is
a countable union of such open balls. If {tk}∞k=1 is an enumeration of the
positive rationals with tk ∈ [mk − 1,mk] as above, it was just derived that
d (ωj , ω) < εj implies that

|ωj(tk)− ω(tk)| < εj/
∑∞

n=mk

1

2n
≡ δj,k.
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Thus Bj ∈ B [C[0,∞)] as an intersection of cylinder sets:

{ω|d (ωj , ω) < εj} =
⋂∞
k=1 {ω| |ωj(tk)− ω(tk)| < δj,k} .

As a countable union of such open balls, it follows that G ∈ B [C[0,∞)] and
since Bd [C[0,∞)] is generated by such G-sets, it follows that Bd [C[0,∞)] ⊂
B [C[0,∞)] .

At last we are ready for a definition of convergence in distribution
of stochastic processes. The domain probability spaces of these processes
need not be the same, since this definition makes a requirement only on the
common range space. As noted above, this characterization of convergence
in distribution is consistent with the result of the portmanteau theorems of
book 6’s proposition 4.11. We state a general version this definition.

Definition 2.17 Given stochastic processes Xn : (Sn, σ(Sn), µn)→ (S ′, σ(S ′))
and X : (S, σ(S), µ)→ (S ′, σ(S ′)) with associated laws µXn , µX defined on
(S ′, σ(S ′)) by 2.15, we say that Xn converges in distribution to X, de-
noted Xn →d X, if: ∫

S′
fdµXn →

∫
S′
fdµX (2.19)

for every continuous, bounded function f : S ′ → R. Equivalently, since such
functions are measurable (proposition 1.4, book 5):

En [f ]→ E [f ] , (2.20)

where En and E are defined (definition 5.1, book 6) relative to the measures
µXn and µX .

Convergence in distribution is a very strong property for continuous sto-
chastic processes, and in particular assures convergence of all finite dimen-
sional distributions.

Proposition 2.18 Given continuous stochastic processes Xn, X as above
with (S ′, σ(S ′)) = (C [[0,∞)] ,B [C [[0,∞)]]), if Xn →d X, then Xn →FDD

X. That is, convergence in distribution assures that all finite dimensional
distributions of Xn converge (in distribution) to the finite dimensional dis-
tributions of X.
Proof. Given m and τm = (t1, t2, ..., tm) ∈ [0,∞)m, recall the projection
mapping of 1.51 now defined on ω ∈C [[0,∞)] by:

πτm : ω(t)→ (ω(t1), ω(t2), ..., ω(tm)).
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It is an exercise to check that πτm : C [[0,∞)] → Rm is continuous in the
sense of definition 2.13, and so if f : Rm → R is bounded and continuous,
then f ◦ πτm : C [[0,∞)]→ R is bounded and continuous. Thus by 2.20:

En [f (Xn(t1), Xn(t2), ..., Xn(tm))] ≡ En [f ◦ πτm (Xn)]

→ E [f ◦ πτm (X)]

≡ E [f (X(t1), X(t2), ..., X(tm))] .

By the portmanteau theorem of proposition 4.11 of book 6, this is equivalent
to weak convergence of probability measures on Rm, µn,m ⇒ µm, where µn,m
is the measure associated with (Xn(t1), Xn(t2), ..., Xn(tm)) , and µm is the
measure associated with (X(t1), X(t2), ..., X(tm)) . Thus by definition,

(Xn(t1), Xn(t2), ..., Xn(tm))→d (X(t1), X(t2), ..., X(tm)) .

As this is true for all m and (t1, t2, ..., tm) ∈ [0,∞)m obtains that Xn →FDD

X.

Remark 2.19 If the converse of this proposition were true, the result of
Donsker’s theorem of proposition 2.6 and 2.7 would imply the general result
desired, that Wt(∆tn) →d Bt. However, convergence of finite dimensional
distributions does not imply convergence in distribution, even for continuous
processes.

Example 2.20 Let ((0, 1),B [(0, 1)] ,m) denote the Lebesgue measure space
on (0, 1), and thus a probability space. Define continuous stochastic processes
X(n), X on this space with range in (C [[0,∞)] ,B [C [[0,∞)]]) by Xt (ξ) ≡ 0
and:

X
(n)
t (ξ) =

[
4n2tχ[0,1/2n](t) + (4n− 4n2t)χ[1/2n,1/n](t)

]
ξ,

where χI(t) = 1 for t ∈ I and is 0 otherwise. It is an exercise to visu-
alize the behavior of these processes. If (t1, t2, ..., tm) ∈ (0,∞)m, then for
n > 1/min tj we have X

(n)
tk

= Xtk ≡ 0, and thus the finite dimensional dis-

tributions of X(n) and X agree. If t1 = min tj = 0, then since X(n)
0 = X0 ≡ 0

it follows that: (
X

(n)
t1
, X

(n)
t2
, ..., X

(n)
tm

)
=d

(
X

(n)
t2
, ..., X

(n)
tm

)
,

and thus for n > 1/minj>1 tj the finite dimensional dimensional distribu-
tions of X(n) and X agree.
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Now define f : (C [[0,∞)] ,B [C [[0,∞)]])→ R by the Riemann integral:

f(ω) = max

(∫ 1

0
ω(t)dt,M

)
,

for arbitrary M > 1. Then f is bounded by M, and continuous since if
ωm(t) → ω(t) under d, then max

0≤t≤1
|ωm(t)− ω(t)| → 0 by 2.17, and thus

f(ωm) → f(ω). Now f(X
(n)
t (ξ)) = ξ by construction, and by the change of

variable of proposition 3.14 of book 5:∫
C[[0,∞)]

f (ω) dµXn =

∫
[0,1]

f(X
(n)
t (ξ))dm =

1

2
.

Similarly, since f(X (ξ)) = 0 it follows that
∫
C[[0,∞)] f (ω) dµX = 0.

Thus X(n) →FDD X but X(n) 9d X.

With the development above, it is now possible to state the complete
version of Donsker’s theorem, and outline the proof. As noted above, details
can be found in Karatzas and Shreve (1988).

Proposition 2.21 (Donsker’s theorem - Complete Version) Let {Xj}∞j=1

be independent, identically distributed random variables on some probability
space (S, σ(S), µ) with mean 0 and variance σ2 > 0. With ∆tn ≡ 1/n, define
as in 2.2:

ξj(∆tn) ≡ Xj/σ
√
n,

and for t ≡ (j + s) ∆t with 0 ≤ s ≤ 1 and integer j, define the random
walk as in 2.6:

Wt(∆tn) = Wj(∆tn) + sξj+1(∆tn), Wj(∆tn) ≡
∑j

k=1
ξk(∆tn).

Then as n→∞,
Wt(∆tn)→d Bt (2.21)

on (C [[0,∞)] ,B [C[0,∞)]), where Bt is a 1-dimensional Brownian motion
on (S, σ(S), µ). Thus by proposition 2.18:

Wt(∆tn)→FDD Bt,

where →FDD means convergence of all finite dimensional distributions.
Proof Outline. There are several components to the proof of 2.21:
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1. Since convergence of FDDs does not assure convergence in distribu-
tion, one needs to identify an added criterion which will assure the
desired result. Prokhorov’s theorem of proposition 8.24 of book 2
(on R) and proposition 4.41 of book 6 (on Rj) provides the needed
insight. If {µn} is a tight collection of probability measures on the
respective spaces, then there is a subsequence {µnk} and a probabil-
ity measure µ so that µnk ⇒ µ, meaning that µnk converges weakly
to µ (definition 4.6, book 6). While tightness is defined in respective
definitions 8.16 (book 2) and 4.29 (book 6), the general definition of
tightness of a not-necessarily countably infinite collection {µα} defined
on any metric space S is: Given ε > 0, there exists compact K ⊂ S
so that µα (K) > 1− ε for all α. The general statement of Prokhorov’s
theorem, named for Yuri Vasilyevich Prokhorov (1929 — 2013),
now applies to any tight collection of measures on any complete, sep-
arable, metric space. Thus by proposition 2.15, this result applies to
C [[0,∞)] under d defined in 2.17. The conclusion is then that any se-
quence {µn} of measures from {µα} (including the entire collection if
countable) has a further subsequence {µnk} so that µnk ⇒ µ for some
probability measure µ.

2. The next step is to show that Prokhorov’s theorem implies that if all
finite dimensional distributions of X(n) converge in distribution, and if
{µX(n)} is tight, then there is a probability measure µ so that µX(n) ⇒
µ. Recalling 2.16, it is then also proved that for any (t1, t2, ..., tn) ∈
[0,∞)n that:

µX
(n)

t1t2...tn →d µt1t2...tn .

In other words, the finite dimensional distributions of µX(n) actually
converge in distribution to the finite dimensional distributions of µ.

3. The remainder of the proof is to apply part 2 in the context of {µW (∆tn)},
the induced measures defined on (C [[0,∞)] ,B [C [[0,∞)]]) by 2.15.
Since we have already proved that all finite dimensional distributions
of W (∆tn) converge in distribution, the big step is is to prove tightness
of {µW (∆tn)}. This involves two significant technical challenges:

(a) First we need a more user-friendly characterization of tightness of
a sequence of probability measures {µn} on (C [[0,∞)] ,B [C [[0,∞)]])
than that provided by the general definition. The alternative char-
acterizing property for tightness developed requires the notion of
the modulus of continuity of ω ∈ C [[0,∞)] on [0, T ] for T <
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∞, parametrized by δ > 0 and denoted mT (ω, δ) :

mT (ω, δ) ≡ max
|t−s|≤δ
0≤s,t≤T

|ω(t)− ω(s)| . (2.22)

Then {µn} is tight on C [[0,∞)] if and only if:

lim
λ→∞

sup
n
µn [ω|ω(0) > λ] = 0, (2.23)

and for all T > 0, ε > 0 :

lim
δ→0

sup
n
µn
[
ω|mT (ω, δ) > ε

]
= 0. (2.24)

(b) It then is proved that {µW (∆tn)} is tight using the characterization
in 3.a. By 2.15:

µn(A) ≡ µ
[
W (∆tn)−1 [A]

]
for all A ∈ B [C [[0,∞)]] , and since W0(∆tn) = 0 for all n, condi-
tion 2.23 is automatic because µn [ω|ω(0) > λ] = 0 for any λ > 0.
For 2.24 we have:

µn
[
ω|mT (ω, δ) > ε

]
= µ

 max
|t−s|≤δ
0≤s,t≤T

|Wt(∆tn)−Ws(∆tn)| > ε

 ,
and thus tightness will follow from careful estimates of such mea-
sures. Since Wt(∆tn) is piecewise linear, these estimates follow
from estimates for the defining summations

∑j
k=1 ξk(∆tn) in 2.4.

2.1.2 Lévy’s Construction on [0, 1]

The Lévy construction of Brownian motion on [0, 1] is the first of three
series-based constructions that we develop. It is also called the
Lévy-Ciesielski construction for reasons that will become apparent in
the next section. It is named for Paul Lévy (1886 —1971) who introduced
the approach in 1940, and also Zbigniew Ciesielski (b. 1934) who used a
different mathematical framework in 1959 that simplified Lévy’s approach.
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Lévy’s original idea was to investigate the conditional distribution of Bs
given Bt and Bt′ , where t < s < t′.With this distribution, and starting with
B0 = 0 and B1 ∼ N(0, 1), one could for example generate B1/2. Then from
these variates generate B1/4 and B3/4, and so forth. By definition this con-
struction will have the correct distributional properties for t = m/2n for all
m,n, a dense subset of [0, 1], while linear interpolation at each step provides
continuity. The big question is then one of convergence. For example, if this
convergence is uniform, this would assure continuity of the limiting paths
(for example, proposition 9.51 of Reitano (2010)).

Lévy’s original construction for Bs was greatly simplified by the insight
of modeling this variate relative to the linearly interpolated value at s, and
as an independent summation:

Bs = Bt +
s− t
t′ − t [Bt′ −Bt] + aZ,

where Z ∼ N(0, 1) is independent of Bt and Bt′ − Bt. For any a the con-
structed variate is a sum of independent normals and is thus normal, but

choosing a =
√

(t′−s)(s−t)
t′−t obtains the correct variance in that Bs ∼ N(0, s).

And for this choice of a, Bs−Bt and Bt′ −Bs are independent normal with
the desired respective variances of s− t and t′ − s.

To see this, the defining equation obtains:

Bs −Bt =
s− t
t′ − t [Bt′ −Bt] +

√
(t′ − s) (s− t)

t′ − t Z,

Bt′ −Bs =
t′ − s
t′ − t [Bt′ −Bt]−

√
(t′ − s) (s− t)

t′ − t Z,

and thus normality is apparent. Verification of the variances require a little
algebra, while another calculation confirms that E [(Bs −Bt) (Bt′ −Bs)] =
0. Then by corollary 3.22 of book 6, these variates are independent normal
variates if jointly normally distributed.

Exercise 2.22 Show that Bs − Bt and Bt′ − Bs are jointly normally dis-
tributed. Hint: Since independent, Y ≡ Bt′ − Bt and Z have a joint nor-

mal density function. Let A ≡

 b a

1− b −1

 and note that A

 Y

X

 = Bs −Bt
Bt′ −Bs

 . Apply proposition 3.9 of book 6 for the joint distributional
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conclusion. Confirm that as required by corollary 3.22, that the covariance

matrix of

 Bs −Bt
Bt′ −Bs

 given by proposition 3.9 is positive definite.

Choosing s = (t+ t′)/2 we obtain the iterative midpoint formula:

B(t+t′)/2 = Bt +
1

2
[Bt′ −Bt] +

√
t′ − t

4
Z. (2.25)

In other words, to construct the midpoint value B(t+t′)/2, we simply add an

independent normal with variance t
′−t
4 to the interpolated variate 1

2 [Bt′ +Bt] .
We then interpolate [Bt, B(t+t′)/2, Bt′ ] and repeat, constructing B(3t+t′)/4

from Bt and B(t+t′)/2, and B(t+3t′)/4 from B(t+t′)/2 and Bt′ , in each case

adding an independent normal with variance t′−t
8 to the respective inter-

polated values. Continuing in this way we ultimately construct Bm/2n for
each m,n, and once constructed, these values are final for the sample path
that evolves. Thus at each step we only need to construct Bm/2n for odd m,
since if m = 2ij with j odd, then Bm/2n = Bj/2n−i which would have been
constructed in an earlier step.

To make the notation of this construction on [0, 1] more tractable, start
with n = 0 with B(0)

0 ≡ 0 and B(0)
1 ≡ Z1 ∼ N(0, 1), which are now fixed so

for all n below, B(n)
0 ≡ 0 and B(n)

1 = B
(0)
1 . For n = 1 we obtain from 2.25:

B
(1)
1/2 = B

(0)
0 +

1

2

(
B

(0)
1 −B(0)

0

)
+

√
1

22
Z1/2,

and again, B(n)
1/2 = B

(1)
1/2 for all n ≥ 1 below. Although B(0)

0 ≡ 0, we keep
this variate in the formula for notational consistency, and here and below all
Zm/2n ∼ N(0, 1) and are by assumption independent. For n = 2, we only

need to construct B(2)
m/22

for odd m with 0 ≤ m ≤ 22 as noted above, and
thus:

B
(2)
1/22

= B
(1)
0 +

1

2

(
B

(1)
1/2 −B

(1)
0

)
+

√
1

23
Z1/22 ,

B3/22 = B
(1)
1/2 +

1

2

(
B

(1)
1 −B(1)

1/2

)
+

√
1

23
Z3/22 .

In general for given n and odd m = 2k − 1 with 1 ≤ k ≤ 2n−1 :

B
(n)
(2k−1)/2n = B

(n−1)
(k−1)/2n−1 +

1

2

(
B

(n−1)
k/2n−1 −B

(n−1)
(k−1)/2n−1

)
+

√
1

2n+1
Z(2k−1)/2n .

(2.26)
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This can also be expressed:

B
(n)
(2k−1)/2n = Int1/2

[
B

(n−1)
k/2n−1 , B

(n−1)
(k−1)/2n−1

]
+

√
1

2n+1
Z(2k−1)/2n , (2.27)

where Intt [a, b] denotes the interpolated value between the given variates:

Intt [a, b] = a+ t(b− a). (2.28)

Summary 2.23 (Lévy construction) For any n ≥ 0, we have generated

variates
{
B

(n)
j/2n

}2n

j=0
, where for odd j = 2k− 1,

{
B

(n)
(2k−1)/2n

}2n−1

k=1
are newly

generated by 2.26, while for even j = 2k,
{
B

(n)
2k/2n

}2n−1

k=0
have been generated

by 2.26 in a previous step. The continuous, piecewise linear path B(n)
t is

then defined on [0, 1] using these variates. For 0 ≤ j/2n ≤ t ≤ (j + 1) /2n ≤
1, define:

B
(n)
t = Intt′

[
B

(n)
j/2n , B

(n)
(j+1)/2n

]
, t′ =

t− j/2n
1/2n

. (2.29)

Exercise 2.24 Generalize exercise 2.22. Prove by induction that for each
n, and integers:

0 ≤ m′0 < m0 ≤ m′1 < m1... ≤ m′k < mk ≤ 2n,

that {B(n)
mj/2n

−B(n)
m′j/2

n}kj=0 are independent, multivariate normal with mean

k-vector 0, and diagonal covariance matrix C with Cjj = mj/2
n −m′j/2n.

Hint: The above exercise proves this for n = 1. Use induction to show
that the complete collection of increments {B(n)

j/2n − B
(n)
(j−1)/2n}

2n
j=1 has this

property, then recall proposition 3.56 and example 3.58 (2) of book 2 for
independence of the stated increments, and proposition 3.9 of book 6 for the
distributional result.

Corollary 2.25 For any n and integers 0 = m0 < m1 < ... < mk ≤ 2n,

{B(n)
mj/2n

}kj=1 are multivariate normal with mean k-vector 0, and covariance
matrix C with Cij = min[mi/2

n,mj/2
n].

Proof. By exercise 2.24, {B(n)
mj/2n

− B(n)
mj−1/2n

}kj=1 are multivariate normal
with mean k-vector 0, and diagonal covariance matrix C with Cjj = mj/2

n−
mj−1/2

n. Define a k × k lower triangular matrix A with Aij = 1 for i ≥ j
and Aij = 0 otherwise. Then since B0 = 0, and with apparent notation:

A{B(n)
mj/2n

−B(n)
mj−1/2n

}kj=1 = {B(n)
mj/2n

}kj=1.
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Thus by proposition 3.9 of book 6, {B(n)
mj/2n

}kj=1 is multivariate normal with

mean k-vector A0 = 0, and covariance matrix ACAT . Now AC is a lower
triangular matrix with (AC)ij = mj/2

n−mj−1/2
n for i ≥ j and (AC)ij = 0

otherwise. Finally, ACAT obtains the final result that(
ACAT

)
ij

= min[mi/2
n,mj/2

n].

We are now almost in a position to prove a result on the limiting distri-
bution of {Btj}kj=1. But first an intermediate step.

Proposition 2.26 Let 0 = t0 < t1 < ... < tl ≤ 1 be given. If {mj,k/2
nj,k}lj=1

are given with mj,k/2
nj,k → tj for 1 ≤ j ≤ l as k →∞, then:

1. {B(nj,k)
mj,k/2

nj,k}lj=1 converges in distribution to a multivariate normal

with mean l-vector 0, and covariance matrix C with Cij = min[ti, tj ].

2. {B(nj,k)
mj,k/2

nj,k − B
(nj,k)
mj−1,k/2

nj,k}lj=1 converges in distribution to a multi-

variate normal with mean l-vector 0, and diagonal covariance matrix
C with Cjj = tj − tj−1.

Proof. For the limits mj,k/2
nj,k → tj as k → ∞, we can without loss

of generality rewrite the rationals {mj,k/2
nj,k}lj=1 for each k over a com-

mon denominator, and thus assume 2nj,k = 2n(k). Now by corollary 2.25,
{B(n(k))

mj,k/2n(k)
}lj=1 is multivariate normal for each k with mean l-vector 0

and covariance matrix Ck with (Ck)ij = min[mi,k/2
n(k),mj,k/2

n(k)]. With
s ≡ (s1, ..., sl) the characteristic function Kk(s) of this random vector is
then:

Kk(s) = exp

[
−1

2
sTCks

]
,

where in the expression on the right s is interpreted as a column vector. This
follows from exercise 3.4 of book 6 by 6.42 of that book’s proposition 6.19,
since {B(n(k))

mj,k/2n(k)
}lj=1 has a multivariate normal density by corollary 2.25.

Now by construction, for each s :

Kk(s)→ K(s) ≡ exp

[
−1

2
sTCs

]
,
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where Cij = min[ti, tj ]. Thus K(s) is the characteristic function of a mul-
tivariate normal with mean l-vector 0, and covariance matrix C with Cij =

min[ti, tj ]. By Lévy’s continuity theorem of proposition 6.30 of book 6, {B(n(k))

mj,k/2n(k)
}lj=1

converges in distribution to this random vector, and part 1 is complete.
The proof to part 2 is identical.

Proposition 2.27 Let 0 = t0 < t1 < ... < tl ≤ 1 be given, and B(n)
t be

defined in 2.29. Then as n→∞ :

1. {B(n)
tj
}lj=1 converges in distribution to a multivariate normal with mean

l-vector 0, and covariance matrix C with Cij = min[ti, tj ].

2. {B(n)
tj
− B(n)

tj−1}
l
j=1 converges in distribution to a multivariate normal

with mean l-vector 0, and diagonal covariance matrix C with Cjj =
tj − tj−1.

Proof. The proofs are the same. For 1 choose N large enough so that each
of the intervals {[k/2N , (k + 1) /2N ]}2N−1

k=0 contains at most one tj . Then for
n ≥ N define mn,j so that tj ∈ [mj,n/2

n, (mj,n + 1) /2n]. If tj = k/2m choose
either interval, as long as it contains no other t. Now by 2.29,

B
(n)
tj

= Intt′j

[
B

(n)
mj,n/2n

, B
(n)
(mj,n+1)/2n

]
.

Define

B
(n)+
tj

= max
[
B

(n)
mj,n/2n

, B
(n)
(mj,n+1)/2n

]
, B

(n)−
tj

= min
[
B

(n)
mj,n/2n

, B
(n)
(mj,n+1)/2n

]
,

so B(n)−
tj

≤ B
(n)
tj
≤ B

(n)+
tj

. This obtains for the associated joint distribution
functions by definition that:

F
(
B

(n)−
t1

, ..., B
(n)−
tl

)
≤ F

(
B

(n)
t1
, ..., B

(n)
tl

)
≤ F

(
B

(n)+
t1

, ..., B
(n)+
tl

)
.

By proposition 2.26, as n→∞ both F
(
B

(n)−
t1

, ..., B
(n)−
tl

)
and F

(
B

(n)+
t1

, ..., B
(n)+
tl

)
converge to a multivariate normal with mean l-vector 0, and covariance ma-
trix C with Cij = min[ti, tj ], and thus part 1 is complete.

For part 2 we have that:

B
(n)−
tj
−B(n)+

tj−1 ≤ B
(n)
tj
−B(n)

tj−1 ≤ B
(n)+
tj
−B(n)−

tj−1 ,

and the same proof applies.
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With proposition 2.27 in hand, we have concluded that Lévy’s construc-
tion obtains in the limit a stochastic process Bt with all the distributional
properties of Brownian motion. To now assert that Bt is in fact a Brownian
motion, all that remains is a proof of continuity, at least with probability 1.

Since B(n)
t is continuous for all n, Lévy proved that B(n)

t → Bt uniformly
on [0, 1] with probability 1, and this assures the required continuity of Bt
(proposition 9.51 of Reitano (2010)). For uniform convergence, Lévy ex-
pressed the sequential limit as a sum of a series.

Proposition 2.28 (Lévy’s Construction of Bt) Let{
Z1, Z(2k−1)/2n |n ≥ 0; 1 ≤ k ≤ 2n−1

}
be independent N(0, 1) defined on a probability space (S, σ(S), µ). With B(n)

t

defined on [0, 1] by 2.29, then with µ-probability 1 the series:

Bt ≡ B(0)
t +

∑∞
n=1

[
B

(n)
t −B(n−1)

t

]
, (2.30)

converges uniformly on [0, 1] to a continuous function. Equivalently, with
µ-probability 1, B

(n)
t → Bt uniformly on [0, 1] with Bt continuous.

Consequently, Bt is a Brownian motion on (S, σ(S), µ).

Proof. By 2.29, B(n−1)
t is interpolated from

{
B

(n−1)
j/2n−1

}2n−1

j=0
, so for j/2n−1 ≤

t ≤ (j + 1) /2n−1 and 0 ≤ j ≤ 2n−1 − 1 :

B
(n−1)
t = Intt′

[
B

(n−1)
j/2n−1 , B

(n−1)
(j+1)/2n−1

]
, t′ =

t− j/2n−1

1/2n−1
.

Now for even j = 2k, B
(n)
j/2n = B

(n−1)
k/2n−1 , thus 2.27 obtains for (k−1)/2n−1 ≤

t ≤ k/2n−1 and 1 ≤ k ≤ 2n−1 :

B
(n)
t −B(n−1)

t

=


(
t−(k−1)/2n−1

1/2n

)√
1

2n+1
Z(2k−1)/2n , (k − 1)/2n−1 ≤ t ≤ (2k − 1) /2n,(

k/2n−1−t
1/2n

)√
1

2n+1
Z(2k−1)/2n (2k − 1) /2n ≤ t ≤ k/2n−1.

And thus as would be apparent from a quick sketch:

max
(k−1)/2n−1≤t≤k/2n−1

∣∣∣B(n)
t −B(n−1)

t

∣∣∣ =
∣∣∣B(n)

(2k−1)/2n −B
(n−1)
(2k−1)/2n

∣∣∣
=

√
1

2n+1

∣∣Z(2k−1)/2n
∣∣ .
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Noting that there are 2n−1 odd numbers less than 2n :

max
0≤t≤1

∣∣∣B(n)
t −B(n−1)

t

∣∣∣ = max
1≤k≤2n−1

∣∣∣B(n)
(2k−1)/2n −B

(n−1)
(2k−1)/2n

∣∣∣ ((*))

= max
1≤k≤2n−1

{√
1

2n+1
|Zk|

}
,

where the normal variates are independent by assumption, and were re-
indexed for notational convenience.

For any n and εn > 0 to be specified below, define:

An (εn) =

{
max

1≤k≤2n−1

∣∣∣B(n)
(2k−1)/2n −B

(n−1)
(2k−1)/2n

∣∣∣ ≥ εn/√2n+1

}
.

In exercise 2.30 below we construct a probability space (S, σ(S), µ) where
An (εn) is measurable for all n and εn, and with µ-measures implied by the
following calculations, so for now we boldly proceed. With Zj independent
unit normals and Pr [An (εn)] ≡ µ [An (εn)] :

Pr [An (εn)] = Pr

[
max

1≤k≤2n−1
|Zk| ≥ εn

]
≤ 2n−1 [Pr |Z| ≥ εn]

≤ 2n

εn
√

2π
exp

[
−ε2n/2

]
,

where the last bound is from (9.43) of book 2.
Hence: ∑∞

n=1 Pr [An (εn)] ≤ 1√
2π

∑∞
n=1

2n

εn
exp

[
−ε2n/2

]
,

so if εn = c
√

2 ln 2n, with c > 1 :

∑∞
n=1 Pr [An (εn)] ≤ 1√

2π

∑∞
n=1

2n

c
√

2 ln 2n
exp

[
−c2 ln 2n

]
=

1√
2π

∑∞
n=1

1

c
√

2 ln 2n
2−(c2−1)n

< ∞.

The Borel-Cantelli lemma of proposition 2.6 of book 2 then obtains that
for the given εn :

Pr [lim sup [An (εn)]] = 0.
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By definition 2.1 of book 2 and De Morgan’s law (book1) this implies that:

Pr
[⋃∞

n=1

⋂
k≥n Ãn (εn)

]
= 1.

Thus there is S ′ ⊂ S with Pr [S ′] = 1, so that for any collection{
Z1, Z(2k−1)/2n |n ≥ 0; 1 ≤ k ≤ 2n−1

}
of independent N(0, 1) defined on S ′, there exists N = N({Zj}) such that
for n ≥ N :

max
1≤k≤2n−1

∣∣∣B(n)
(2k−1)/2n −B

(n−1)
(2k−1)/2n

∣∣∣ < εn/
√

2n+1 = c

√
ln 2n

2n
.

By (∗) it then follows that for n ≥ N :

max
0≤t≤1

∣∣∣B(n)
t −B(n−1)

t

∣∣∣ < c
√

ln 2

√
n

2n
.

Thus on S ′ :

max
0≤t≤1

∣∣∣∑∞n=1

[
B

(n)
t −B(n−1)

t

]∣∣∣ < c
√

ln 2
∑∞

n=1

√
n

2n
.

This series converges by the ratio test, so the summation in 2.30 is uniformly
convergent. As the uniform limit of continuous functions, Bt is therefore a
continuous function. By proposition 2.27, Bt has the distributional require-
ments of Brownian motion, and since continuous with µ-probability 1, Bt is
a Brownian motion.

Remark 2.29 If we define Bt ≡ 0 on S − S ′, then Bt can be made contin-
uous everywhere. This redefinition on S − S ′, a set of measure 0, does not
affect the distributional properties of Bt vis-a-vis proposition 2.27, and thus
this redefined Bt is also a Brownian motion.

Exercise 2.30 This exercise constructs the probability space (S, σ(S), µ)
needed in the above proof. For each j ≥ 0 define:

(Sj , σ(Sj), µj) ≡
(
R,B (R) , µNj

)
,

where are usual, B (R) denotes the Borel sigma algebra (definition 2.13,
book 1), and µNj denotes the probability measure on R induced by a normal
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distribution with mean 0 and variance σ2
j defined as follows. First, σ

2
0 = 1,

and for each j ≥ 1 :

σ2
j = 2−(n+1), for j ∈ In,

where:
In ≡

{
j|2n−1 ≤ j ≤ 2n − 1

}
.

Note that these j-bounds in In are N
(n)
1 ≡

∑n−2
i=0 2i+1 and N (n)

2 ≡
∑n−1

i=1 2i,
respectively, and that In counts the number of normal variates needed in the
nth step of Lévy’s construction to define B(n)

(2k−1)/2n for k = 1, ..., 2n−1. Thus
by proposition 3.3 of book 5, for A ∈ B (R) :

µNj [A] =

∫
A
fj(x)dx,

where fj(x) is the associated density function of this distribution.
Define

(S, σ(S), µ) =
∏∞
j=0

(
R,B (R) , µNj

)
using the construction of proposition 9.20 of book 1.

1. For each n as above, define a random vector Z(n) : (S, σ(S), µ) →
(Rn,B (Rn) ,m) with m Lebesgue measure by:

Z(n) : (s1, s2, ...)→
(
s
N
(n)
1

, s
N
(n)
1

, ..., s
N
(n)
2

)
.

In other words, Z(n) is the identity mapping on the subscripts de-
fined by In. Show that the distribution functions of these random vec-
tors are the same as that needed in step n of the construction of√

1
2n+1

Z(2k−1)/2n for 1 ≤ k ≤ 2n−1, meaning these are independent

normal variates with common variance 2−(n+1).

2. Define An (ε) in this probability space using part 1 and (∗) from the
proof and confirm that it is measurable for all n and ε. Hint: An (ε) is
a union of In measurable rectangles.

3. Prove that µ [An (ε)] in this space equals the value derived in the above
proof.

4. Restate lim sup [An (ε)] in this probability space.
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2.1.3 Ciesielski’s Construction on [0, 1]

In this section we develop Ciesielski’s approach to Lévy’s construction of
Brownian motion noted in the prior section. Zbigniew Ciesielski (b.
1934) used a different mathematical framework that simplified Lévy’s
approach in 1959, and for this development we require some background
work. The Lp(X) spaces were introduced in chapter 4 of book 5, where
(X,σ(X), µ) is a measure space and 1 ≤ p <∞. The reader is encouraged
to review that chapter.

Summarizing key notions, Lp(X) is the real (respectively, complex) Ba-
nach space of equivalence classes of real-valued (respectively, complex-
valued) µ-measurable functions defined on X such that if f ∈ Lp(X) then:∫

X
|f |p dµ <∞.

For complex-valued functions |f | ≡
(
f̄ f
)1/2 where f̄ denotes the complex

conjugate of f. The Lp-norm of a function is defined:

‖f‖Lp ≡
[∫

X
|f |p dµ

]1/p

.

Two functions f, g are in the same equivalence class is f = g, µ-a.e. The
technicality that Lp(X) is a space of equivalence classes is required to allow
the assertion that if ‖f‖p = 0 then f = 0, which is to say that if ‖f‖p = 0
then f is in the same equivalence class as g ≡ 0. This then makes ‖·‖p a true
norm (definition 4.3, book 5).

Of special interest here for Ciesielski’s construction is section 4.4.2 of
that book with p = 2 and X = [0, 1]. When p = 2 the associated Banach
space is in fact a real (or complex) Hilbert space, and thereby endowed
with an inner product (definition 4.23, book 5):

(f, g) ≡
∫
X
fgdµ.

For real Hilbert spaces g = g of course. This inner product is compatible
with the L2-norm in that:

‖f‖2L2 = (f, g) . (2.31)
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Definition 2.31 A collection of functions {fj}∞j=1 ⊂ L2(X) is said to be
orthogonal if:

(fi, fj) = 0 for i 6= j, (2.32)

where by convention no fj is the 0 function. This collection is orthonormal
if in addition to 2.32:

‖f‖2L2 = 1 for all i. (2.33)

An orthonormal collection is a complete orthonormal system (CONS)
if for any f ∈ L2(X) there exists {aj}∞j=1 ⊂ R (respectively {aj}∞j=1 ⊂ C) so
that f =

∑∞
j=1 ajfj in the sense that as m→∞ :∥∥∥f −∑m

j=1 ajfj

∥∥∥
L2
→ 0. (2.34)

Notation 2.32 It sometime convenient denote the L2-convergence implied
by 2.34 as: ∑m

j=1 ajfj →L2 f. (2.35)

Remark 2.33 1. Note that any orthogonal collection can be made into
an orthonormal collection by dividing each function fj by ‖f‖L2 , which
is non-zero by convention.

2. If {fj}∞j=1 is orthogonal, orthonormal, or a CONS, then so too is any
collection {gj}∞j=1 with gj = fj , µ-a.e., for all j.

3. There is no a priori reason why the collections of functions in definition
2.31 need be countable. The justification for this restriction is that in
the spaces used in this book, they will be. The reason for this is that if
{fα}α∈I is an orthonormal, not necessarily countable collection, then
for i 6= j, due to bilinearity of inner products (definition 4.23, book
5):

‖fi − fj‖2L2 = (fi − fj , fi − fj) = 2,

and thus such functions have an L2-distance of
√

2 from each other.
However in the case below, when X = [a, b] and µ = m Lebesgue
measure, then L2(X) is separable as in definition 2.13. This follows
because C[a, b] is separable by proposition 2.15, and C[a, b] is dense
in L2([a, b]) by proposition 3.49 of book 1. Hence, an orthonormal
collection in L2([a, b]) can at most be countable. The same is true for
an orthogonal collection by 1.
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Exercise 2.34 Prove the last statements in 3. Hint: Consider the collection
of balls {B√2/3 (fα)}α∈I for the orthonormal collection {fα}α∈I , recalling 1
of definition 2.13 with d(f, g) ≡ ‖fi − fj‖L2 . These balls must be disjoint.

Because we are focused on real Hilbert spaces, we will discontinue the
dual statements needed to accommodate complex spaces. The reader can
make the apparent modifications if needed.

Proposition 2.35 If {fj}∞j=1 is a CONS in a real Hilbert space L2(X), then
{aj}∞j=1 in 2.34 is given by:

aj = (f, fj) . (2.36)

In other words, in the sense of 2.34:

f =
∑∞

j=1 (f, fj) fj . (2.37)

In addition, for f, g ∈ L2(X) we have Parseval’s theorem, named for
Marc-Antoine Parseval (1755 —1836):

‖f‖2L2 =
∑∞

j=1 (f, fj)
2 , (2.38)

and:
(f, g) =

∑∞
j=1 (f, fj) (g, fj) . (2.39)

Proof. Define gm = f −
∑m

j=1 ajfj . By the triangle inequality (propo-
sition 2.40, book 5) and Hölder’s inequality (proposition 3.46, book 2,
and also called the Cauchy-Schwarz inequality when p = 2), for every
h ∈ L2(X) : ∣∣∣∣∫ hgmdµ

∣∣∣∣ ≤ ‖h‖L2 ‖gm‖L2 → 0 ((1))

by 2.34. Now let h = fj , then by 2.32 and 2.33, if m ≥ j :∫
fjgmdµ = (f, fj)− aj .

Thus (∗) can be true if and only if 2.36, and 2.37 follows by definition.
By 2.31 and bilinearity of inner products, as well as 2.32 and 2.33:∥∥∥f −∑m

j=1 ajfj

∥∥∥2

L2
=
(
f −

∑m
j=1 ajfj , f −

∑m
j=1 ajfj

)
((2))

= (f, f)−
∑m

j=1 a
2
j ,



2.1 OTHER CONSTRUCTIONS OF BROWNIAN MOTION 125

and 2.38 is obtained by 2.34 and 2.36. By Hölder’s inequality:(
f −

∑m
j=1 ajfj , g −

∑m
j=1 bjfj

)
≤
∥∥∥f −∑m

j=1 ajfj

∥∥∥
L2

∥∥∥g −∑m
j=1 bjfj

∥∥∥
L2
,

and thus as m → ∞,
(
f −

∑m
j=1 ajfj , g −

∑m
j=1 bjfj

)
→ 0 by 2.34. But as

above: (
f −

∑m
j=1 ajfj , g −

∑m
j=1 bjfj

)
= (f, g)−

∑m
j=1 ajbj ,

and this obtains 2.39.

Definition 2.36 If {fj}∞j=1 is an orthonormal collection in a real Hilbert
space, then aj ≡ (f, fj) is called the jth Fourier coeffi cient of f (relative
to {fj}∞j=1), and

∑∞
j=1 (f, fj) fj the Fourier series of f.

Remark 2.37 These coeffi cients and series are named for Jean-Baptiste
Joseph Fourier (1768 —1830) who studied such series with orthonormal
collections of trigonometric functions. See also section 6.3 of book 5 on
Fourier transforms.

Given an orthonormal collection, when is this collection a CONS, and
thus, when does the Fourier series of f converge to f in the sense of 2.34? Of
course not all orthonormal collections can be CONS. For example, if {fj}∞j=1

is a CONS then {fj}∞j=2 is orthonormal but cannot be a CONS. If complete,
proposition 2.35 would require that:

f1 =
∑∞

j=2 (f1, fj) fj ,

but by orthogonality all (f1, fj) = 0 and thus f1 = 0.

Thus f1 cannot be so represented because if Sp
(
{fj}∞j=2

)
denotes the

vector subspace of L2(X) generated by {fj}∞j=2, it is a proper subspace and

f1 ∈ L2(X) − Sp
(
{fj}∞j=2

)
. In order for an orthonormal collection to be

complete requires that L2(X) = Sp
(
{fj}∞j=1

)
, and in that sense a CONS

is maximal, a notion seen in many references.

Proposition 2.38 If {fj}∞j=1 is an orthonormal collection in a real Hilbert
space, then it is a CONS if and only if it has the property that:

(h, fj) = 0 for all j only if h = 0, µ-a.e. (2.40)

Proof. If {fj}∞j=1 is a CONS and (h, fj) = 0 for all j then
∑m

j=1 (h, fj) fj =
0 for all m. By proposition 2.35 and then 2.34 this obtains that ‖h‖L2 = 0.
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Thus h = 0, µ-a.e. since if |h| > ε on A with µ(A) > 0, then ‖h‖L2 > εµ(A),
a contradiction.

On the other hand given an orthonormal collection {fj}∞j=1, for f ∈
L2(X) let h = f −

∑m
j=1 (f, fj) fj . Then since ‖h‖L2 ≥ 0 we have from (2)

of the prior proof that (f, f)−
∑m

j=1 (f, fj)
2 ≥ 0 for all m and thus:∑∞

j=1 (f, fj)
2 ≤ ‖f‖2L2 .

This assures that g ≡
∑∞

j=1 (f, fj) fj ∈ L2(X) since by 2.32 and 2.33:

‖g‖2L2 = (g, g) =
∑∞

j=1 (f, fj)
2 .

The proof is completed by showing that 2.40 obtains that g = f, µ-a.e., and
thus that {fj}∞j=1 is a CONS. To this end let h = g−f. Then for all k, again
by bilinearity:

(h, fk) =
∑∞

j=1 (f, fj) (fj , fk)− (f, fk) = 0.

Hence 2.40 obtains h = 0, µ-a.e., and so f =
∑∞

j=1 (f, fj) fj and {fj}∞j=1 is
a CONS.

Alas we are ready to establish the basis for Ciesielski’s approach to Lévy’s
construction, which is a general result on L2([0, 1]), so now µ = m, Lebesgue
measure. This general L2-framework for Brownian motion was developed
by Norbert Wiener (1894 —1964) in a 1924 paper.

Let {fj}∞j=1 be a CONS on L2([0, 1]), {Zj}∞j=1 independent N(0, 1) de-
fined on a probability space (S, σ(S), µ), and define:

B
(n)
t ≡

∑n
j=1(fj , χ[0,t))Zj . (2.41)

Recall that χ[0,t)(x) is the indicator function of [0, t), defined to be 1 on
this interval and 0 otherwise. Thus:

(fj , χ[0,t)) ≡
∫ t

0
fj(x)dx,

defined as a Lebesgue integral.
For every t and n, note that B(n)

t ∈ L2(S) since E [ZjZk] = 1 if j = k
and is 0 otherwise. Thus:∥∥∥B(n)

t

∥∥∥2

L2(S)
=
(∑n

j=1(fj , χ[0,t))Zj ,
∑n

k=1(fk, χ[0,t))Zk

)
=
∑n

j=1

∑n
k=1(fj , χ[0,t))(fk, χ[0,t))

∫
S
ZjZkdµ ((*))

=
∑n

j=1(fj , χ[0,t))
2.



2.1 OTHER CONSTRUCTIONS OF BROWNIAN MOTION 127

By 2.38 this last summation is bounded by
∥∥∥χ[0,t)

∥∥∥2

L2([0,1])
= t2, and thus for

all t, all n : ∥∥∥B(n)
t

∥∥∥2

L2(S)
≤ t. (2.42)

The following result is quite remarkable for its generality in constructing
a Brownian-like process. BUT, it does not provide continuity. See the
section below for the rest of Wiener’s construction.

Proposition 2.39 (N. Weiner) Let {fj}∞j=1 be a CONS on L2([0, 1]), and
{Zj}∞j=1 independent N(0, 1) defined on a probability space (S, σ(S), µ). Then:

1. There exists {Bt}t∈[0,1] ⊂ L2(S) so that for every t ∈ [0, 1], B
(n)
t →L2(S)

Bt, meaning that
∥∥∥B(n)

t −Bt
∥∥∥
L2(S)

→ 0.

2. {Bt}t∈[0,1] so defined satisfies properties 1 − 3 of definition 1.27 for
Brownian motion.

Proof. For notational simplicity, define B(0)
t = 0 for all t. Now

B
(n)
t =

∑n
j=1

(
B

(j)
t −B

(j−1)
t

)
,

and since
∥∥∥B(j)

t −B
(j−1)
t

∥∥∥2

L2(S)
= (fj , χ[0,t))

2, (∗) above and 2.42 obtain:

∑n
j=1

∥∥∥B(j)
t −B

(j−1)
t

∥∥∥2

L2(S)
=
∥∥∥B(n)

t

∥∥∥2

L2(S)
≤ t.

In the terminology of definition 4.6 of book 5, the sequence {B(j)
t −B

(j−1)
t }∞j=1

is absolutely summable in L2(S) for each t. Since L2(S) is complete, that
book’s proposition 4.7 obtains that this sequence is summable, meaning that
for each t there exists Bt ∈ L2(S) with:∑n

j=1

(
B

(j)
t −B

(j−1)
t

)
= B

(n)
t →L2(S) Bt.

For part 2, B0 = 0 is apparent by definition, so let 0 ≤ s < t ≤ 1. By
the triangle inequality:∥∥∥(B(n)

t −B(n)
s

)
− (Bt −Bs)

∥∥∥
L2(S)

≤
∥∥∥B(n)

t −Bt
∥∥∥
L2(S)

+
∥∥∥B(n)

s −Bs
∥∥∥
L2(S)

,
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and thus B(n)
t − B(n)

s →L2(S) Bt − Bs. By exercise 2.40 below this implies
that this convergence is also true in probability, and then by proposition 5.21
of book 2 this convergence is true in distribution. Thus by Lévy’s continuity
theorem of proposition 6.30 of book 6, the associated characteristic functions
converge for all r. With expectations defined on (S, σ(S), µ), using the nor-
mal characteristic function from 6.22 of book 6, and independence of normal
variates and that book’s proposition 6.13:

E [exp (i [Bt −Bs] r)] = limn→∞E
[
exp

(
i
[
B

(n)
t −B(n)

s

]
r
)]

= limn→∞E
[
exp

(
i
[∑n

j=1(fj , χ[s,t))Zj

]
r
)]

= limn→∞
∏n
j=1E

[
exp

(
i(fj , χ[s,t))rZj

)]
= limn→∞ exp

[
−1

2

∑n
j=1(fj , χ[s,t))

2r2

]
.

Applying Parseval’s theorem in 2.38 obtains:

E [exp (i [Bt −Bs] r)] = exp

[
−1

2
(t− s)2r2

]
,

which is the characteristic function of a normal with mean 0 and variance
(t− s)2. The uniqueness theorem of proposition 6.14 of book 6 now assures
that Bt −Bs has this distribution.

To prove independent increments, let 0 ≤ s1 < t1 ≤ s2 < t2 ≤ 1. The
more general case is identical other than the more cumbersome notation.
As above B(n)

tj
− B

(n)
sj ⇒ Btj − Bsj for j = 1, 2, but this weak conver-

gence does not assures weak convergence of the associated random vector(
B

(n)
t1
−B(n)

s1 , B
(n)
t2
−B(n)

s2

)
, and thus we argue indirectly. Taking the limit

of the characteristic function of this random vector, with manipulations sim-
ilar to those above:

limn→∞E
[
exp

(
i
[
B

(n)
t1
−B(n)

s1

]
r1 + i

[
B

(n)
t2
−B(n)

s2

]
r2

)]
= limn→∞

∏n
j=1E

[
exp

(
i
[
(fj , χ[s1,t1))r1 + (fj , χ[s2,t2))r2

]
Zj

)]
= limn→∞ exp

[
−1

2

∑n
j=1

(
(fj , χ[s1,t1))r1 + (fj , χ[s2,t2))r2

)2
]

= limn→∞ exp

[
−1

2

∑n
j=1(fj , χ[s1,t1))

2r2
1

]
exp

[
−1

2

∑n
j=1(fj , χ[s2,t2))

2r2
2

]
+ limn→∞ exp

[
−
∑n

j=1(fj , χ[s1,t1))(fj , χ[s2,t2))r1r2

]
.
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As above the first limit is exp
[
−1

2(t1 − s1)2r2
1

]
exp

[
−1

2(t2 − s2)2r2
2

]
, while

by Parseval’s theorem in 2.39, the second limit is

exp
[
−
(
χ[s1,t1), χ[s2,t2)

)
r1r2

]
= 1.

Thus the characteristic function of
(
B

(n)
t1
−B(n)

s1 , B
(n)
t2
−B(n)

s2

)
converges for

all (r1, r2) to the characteristic function of a multivariate normal with mean
vector 0 and diagonal covariance matrix with (t1 − s1)2 and (t2 − s2)2 on
the diagonal. By Lévy’s continuity theorem of corollary 6.31 of book 6,(
B

(n)
t1
−B(n)

s1 , B
(n)
t2
−B(n)

s2

)
converges in distribution to a distribution with

this characteristic function. Then by uniqueness of proposition 6.25 of book
6, this limiting distribution must be the required multivariate normal.

Exercise 2.40 Prove that if {fn}, f are random variables on a probability
space (S, σ(S), µ) with fn →L2(S) f, then fn →P f, meaning converges in
probability (definition 5.11, book 2). Hint: Contradiction.

Exercise 2.41 Work through the details of the last paragraph of the above
proof in the general setting of 0 ≤ s1 < t1 ≤ s2... ≤ sn < tn ≤ 1.

To achieve continuity in proposition 2.39, and thus obtain true Brownian
motion, we will specify the given CONS on L2([0, 1]). To reformulate Lévy’s
approximation sequence in this L2-framework, Ciesielski’s used a particular
CONS that was developed many years prior to his 1959 paper. The collection
of functions he used is called a Haar sequence after Alfréd Haar (1885 —
1933), who introduced them in 1909. There is also a Haar sequence defined
on R, for which proposition 2.45 remains true, but we focus on [0, 1] for the
application at hand. The interval partitioning used will be reminiscent of
that underlying Lévy’s approximation sequence.

Definition 2.42 The Haar sequence {ψ0, ψn,k} is defined on [0, 1] for
n = 0, 1, 2, .. and 0 ≤ k < 2n as follows:

ψ0(t) ≡ 1,

ψn,k(t) = 2n/2ψ(2nt− k), (2.43)

ψ(t) =

 1, 0 ≤ t < 1/2,

−1, 1/2 ≤ t < 1.
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Remark 2.43 It is worth a moment to become familiar with the structure
of this function sequence. For n = 0, ψ0,0(t) = ψ(t). Then for n ≥ 1,
ψn,k(t) = 0 unless 0 ≤ 2nt − k < 1, meaning that ψn,k(t) is supported
on the interval

[
k

2n ,
k+1
2n

)
. On this interval, ψn,k(t) = 1 on

[
k

2n ,
2k+1
2n+1

)
, and

ψn,k(t) = −1 on
[

2k+1
2n+1

, k+1
2n

)
.

Exercise 2.44 Prove that {ψ0, ψn,k} is an orthonormal collection in L2([0, 1]).

Proposition 2.45 The Haar sequence {ψ0, ψn,k} is a complete orthonor-
mal collection in L2([0, 1]).
Proof. By exercise 2.44, only completeness is needed, and for this we use
proposition 2.38. Let f ∈ L2([0, 1]) and assume that for all n, k :

(f, ψ0) =
(
f, ψn,k

)
= 0,

meaning as Lebesgue integrals:∫ 1

0
f(t)ψ0(t)dt =

∫ 1

0
f(t)ψn,k(t)dt = 0.

By induction we will show that this implies that for all n and j :∫ (j+1)/2n

j/2n
f(t)dt = 0. ((*))

Using (f, ψ0) = 0, this is true for k = n = 0. Now assume true for fixed n
and all 0 ≤ j < 2n, and we now prove (∗) true for n+ 1. Since

(
f, ψn,j

)
= 0

for all j, this implies by definition of ψn,j:∫ (2j+1)/2n+1

j/2n
f(t)dt =

∫ (j+1)/2n

(2j+1)/2n+1
f(t)dt.

But[
j/2n, (2j + 1)/2n+1

)⋃ [
(2j + 1)/2n+1, (j + 1)/2n

)
= [j/2n, (j + 1)/2n) ,

and the induction step in (∗) obtains that these integrals have opposite sign.
Thus both integrals are 0, completing the induction step.

Now:

F (t) ≡
∫ t

0
f(s)ds

is a continuous function by proposition 3.33 of book 3, yet (∗) implies that
F (t) = 0 for all t = k/2n, a dense set of points. Thus F (t) = 0 for all t,
and by proposition 3.34 of book 3, f = 0, a.e. This completes the proof that
{ψ0, ψn,k} is a CONS by proposition 2.38.



2.1 OTHER CONSTRUCTIONS OF BROWNIAN MOTION 131

Remark 2.46 As a complete orthonormal system in the Banach space L2([0, 1]),
the Haar sequence {ψ0, ψn,k} is an example of a Schauder basis, named
for Juliusz Schauder (1899 —1943), who introduced them in a 1928 paper.

Definition 2.47 A Schauder basis for a real (complex) Banach space
(V, ‖‖) is a collection {vn}∞n=1 ⊂ V so that for all v ∈ V there exists real
(complex) {an}∞n=1 with v =

∑∞
n=1 anvn, where as above this means as m→

∞ :

‖v −
∑m

n=1 anvn‖ → 0. (2.44)

Proposition 2.48 (Ciesielski’s Construction of Bt) Let {ψ0, ψn,k} be
the CONS on L2([0, 1]) in 2.43, and {Zj}∞j=0 independent N(0, 1) defined
on a probability space (S, σ(S), µ). Rewriting 2.41 for this CONS, define:

B
(n)
t ≡ Z0

∫ t

0
ψ0(s)ds+

∑n
j=0

∑2j−1
k=0 Z2j+k

∫ t

0
ψj,k(s)ds. (2.45)

Then with µ-probability 1 :

Bt ≡ B(0)
t +

∑∞
n=1

[
B

(n)
t −B(n−1)

t

]
(2.46)

converges uniformly for t ∈ [0, 1] to a continuous function Bt. Equivalently,
with µ-probability 1, B

(n)
t → Bt uniformly on [0, 1] with Bt continuous.

Further, Bt is a Brownian motion on (S, σ(S), µ).

Proof. By proposition 2.39, B(n)
t converges in L2([0, 1]) to a function

B̃t which has the distributional properties of Brownian motion. Here we
we show that with the Haar sequence, B(n)

t converges uniformly with µ-

probability 1. Since each B
(n)
t is continuous by proposition 3.33 of book

3, uniform convergence on [0, 1] assures that the limiting Bt is continuous
(proposition 9.51, Reitano (2010)). Once proved, this uniform convergence
will also assure convergence in L2([0, 1]) :∥∥∥Bt −B(n)

t

∥∥∥2

L2([0,1])
≤ max[0,1]

∣∣∣Bt −B(n)
t

∣∣∣ ∥∥∥Bt −B(n)
t

∥∥∥
L1([0,1])

.

Uniform convergence assures convergence of the maximum to 0 by definition,
and convergence in L1([0, 1]) is assured by proposition 1.8 of book 3. Thus
Bt = B̃t a.e., meaning Bt is in the equivalence class of the B̃t of proposition
2.39. Thus Bt has the same distributional properties and will be a Brownian
motion by definition 1.27.
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For uniform convergence with µ-probability 1 :

max[0,1]

∣∣∣B(n)
t −B(n−1)

t

∣∣∣ = max[0,1]

∣∣∣∣∑2n−1
k=0 Z2j+k

∫ t

0
ψn,k(s)ds

∣∣∣∣
≤ max[0,1]

∫ t

0
ψn,k(s)ds max

0≤k≤2n−1
|Z2j+k|

= max
1≤j≤2n

{√
1

2n+2
|Zj |

}
,

where in the last step we re-indexed the independent normal variates for
convenience. This is identical to the bound in (∗) in the Lévy proof with an
index shift of n → n + 1, and thus the remainder of the proof is identical
and will not be repeated.

Note that the index shift of n in Lévy’s proof to n + 1 in Ciesielski’s
proof is caused by the indexing of the Haar sequence. For example when
n = 1 in the earlier proof, B(1)

t is piecewise linear on the [0, 1] with the

partition {0, 1/2, 1}, whereas above, B(1)
t reflects {ψ0, ψ0,0, ψ1,0, ψ1,1} and

the partition {0, 1/4, 1/2, 3/4, 1} because the function ψ splits intervals.

Exercise 2.49 Adapt exercise 2.30 to produce the probability space (S, σ(S), µ)
and independent {Zj}∞j=0 identified in the above proposition.

Remark 2.50 Banach spaces were discussed in chapter 4 of book 5 but also
in chapter 4 of book 3. In particular, book 3’s proposition 4.41 proved that
C ([a, b]) , the vector space of continuous real-valued functions defined on
[a, b], is a Banach space under the supremum norm:

‖f‖∞ ≡ sup[a,b] |f | . (2.47)

Convergence in this space is equivalent to uniform convergence.
Thus C ([0, 1]) is a Banach space which contains Brownian paths, among

other continuous functions. The paths B(n)
t in 2.45 are also in C ([0, 1]) , and

the above result proves that in the norm of this space, a given Brownian path
can be represented:

Bt ≡ a0

∫ t

0
ψ0(s)ds+

∑∞
j=0

∑2j−1
k=0 a2j+k

∫ t

0
ψj,k(s)ds,

for {aj}∞j=0 ⊂ R, where {aj}∞j=0 comes from a sample (chapter 4, book 2) of
independent standard normal variates. It is natural to wonder if such rep-
resentations are possible for all continuous functions in C ([0, 1]) . Naturally
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we will need another term since B0 = 0 by definition, while this is not true
for general continuous functions.

Define for n = 0, 1, 2, .. and 0 ≤ k < 2n :

Ψ−1(t) ≡ 1, Ψ0(t) =

∫ t

0
ψ0(s)ds = t, Ψn,k(t) =

√
2n+2

∫ t

0
ψn,k(s)ds,

(2.48)
where the scaling factor is introduced to fix all functions to have norm 1.
If these functions were used in 2.45, then for each n the normal variates
{Z2n+k}2

n−1
k=0 would have needed to be scaled to have variance 1

2n+2
, and then

this representation would have been analogous to Lévy’s representation in
2.26, again after the index shift.

It turns out that {Ψ−1,Ψ0,Ψn,k} is a Schauder basis for C ([0, 1]) in
the sense of definition 2.47. In other words, given f ∈ C ([0, 1]) , then with
uniform convergence:

f(t) = a−1Ψ−1(t) + a0Ψ0(t) +
∑∞

j=0

∑2j−1
k=0 a2j+kΨj,k(t).

To see this, for n ≥ 0 let:

fn(t) = a−1Ψ−1(t) + a0Ψ0(t) +
∑n

j=0

∑2j−1
k=0 a2j+kΨj,k(t),

and so:

f0(t) = a−1 + a0t+ a1Ψ0,0(t),

fn(t)− fn−1(t) =
∑2n−1

k=0 a2n+kΨn,k(t).

Given continuous f on [0, 1], and thus uniformly continuous, define:

a−1 = f(0), a0 = f(1)

a1 = f

(
1

2

)
− 1

2
f(1)

a2n+k = f

(
2k + 1

2n+1

)
− fn−1

(
2k + 1

2n+1

)
, n ≥ 1.

With these assignments:

fn

(
k

2j

)
= f

(
k

2j

)
, 0 ≤ j ≤ n+ 1, 0 ≤ k ≤ 2j .

Since
{
k
2j

}
k,j
are dense in [0, 1], and f is uniformly continuous, fn(t)→ f(t)

uniformly.
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2.1.4 Wiener’s Construction on [0, 1]

As noted above for proposition 2.39, Norbert Wiener (1894 —1964)
developed the L2-framework for the construction of Brownian motion, and
then provided a construction using a complete orthonormal sequence
(CONS) consistent with Fourier series of real-valued functions. Named
for Jean-Baptiste Joseph Fourier (1768 —1830), Fourier series of
(complex-valued) functions in the complex Hilbert space L2 ([−π, π]) were
introduced in section 4.4.2 of book 5. The inner product on this space is
defined as a Lebesgue integral:

(f, g) ≡ 1

2π

∫ π

−π
f(x)ḡ(x)dx, (2.49)

where ḡ(x) denotes the complex conjugate of g(x). Thus if
g(x) = a(x) + ib(x), then ḡ(x) = a(x)− ib(x). The norm on this space is
then defined consistently with 2.31.

In this space one can prove as an exercise that {einx}∞n=−∞ is an ortho-
normal system. The deep result, that this collection is in fact a complete
orthonormal system, was noted in book 5. For a proof of this and related
results, see Rudin (1974, 1976). For complex-valued functions we thus have
the Fourier series expansion of 2.37:

f(x) =
∑∞

n=−∞
(
f, einx

)
einx.

With:

f̂(n) ≡
(
f, einx

)
=

1

2π

∫ π

−π
f(x)e−inxdx, (2.50)

this representation becomes:

f(x) =
∑∞

n=−∞ f̂(n)einx, (2.51)

where as always such equalities are to be interpreted in the sense of L2-
convergence.

Remark 2.51 It should be noted that the presence of the 1
2π factor in 2.49

is conventional, but not required. One can define the inner product and norm
without this factor, but then in this scaling one must redefine the CONS to
be {einx/

√
2π}∞n=−∞.
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For (real-valued) functions in the real Hilbert space L2 ([−π, π]) , which
is a subspace of the complex Hilbert space, one can derive a CONS from the
complex case. For real-valued f, the Fourier coeffi cients f̂(n) and f̂(−n) are
related:

f̂(−n) = f̂(n),

because einx = e−inx by Euler’s formula of (6.12) of book 5:

einx = cosnx+ i sinnx. (2.52)

Using this, the double-sided summation in 2.51 can be paired since

z + z̄ = 2 Re(z)

for any complex number z, where Re(z) is the real part of z. This obtains:

f(x) = f̂(0) +
∑∞

n=1

[
f̂(n)einx + f̂(n)einx

]
= f̂(0) + 2

∑∞
n=1 Re

[
f̂(n)einx

]
=

1

2π

∫ π

−π
f(x)dx

+
1

π

∑∞
n=1

[(∫ π

−π
f(x) cosnxdx

)
cosnx+

(∫ π

−π
f(x) sinnxdx

)
sinnx

]
.

The last expression follows from Euler’s formula.
In real L2 ([−π, π]) , it is common to define the inner product without

the scaling of 2.49:

(f, g) ≡
∫ π

−π
f(x)g(x)dx.

Hence for real-valued functions, one conventional notational representation
is:

f(x) =
a0√
2π

+
1√
π

∑∞
n=1 [an cosnx+ bn sinnx] , (2.53)

where:

a0 ≡
1√
2π

∫ π

−π
f(x)dx, (2.54)

an ≡
1√
π

∫ π

−π
f(x) cosnxdx, bn ≡

1√
π

∫ π

−π
f(x) sinnxdx.

Thus a CONS for real L2 ([−π, π]) is:{
1√
2π
,

1√
π

cosnx,
1√
π

sinnx

}∞
n=1

. (2.55)
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Orthonormality can be directly checked as an exercise, while completeness
follows from the complex function result and the above derivation.

Remark 2.52 Note that for the given CONS in 2.55, that if relabelled
{fj}∞j=1, the expansion in 2.53 has the standard structure as seen 2.37:

f(x) =
∑∞

j=1 (f, fj) fj .

When the CONS is adapted to other intervals, it is important to note that
the expansion changes accordingly.

Exercise 2.53 Prove that if f is an even function, meaning f(−x) =
f(x), then bn = 0 for all n, while if an odd function, meaning f(−x) =
−f(x), then an = 0 for all n.

For the real Hilbert space L2 ([0, π]) , which provides a more appropriate
interval for construction of Brownian motion, one can by exercise 2.54 use
as a CONS: {

1√
π
,

√
2

π
cosnx

}∞
n=1

. (2.56)

This follows because a function f ∈ L2 ([0, π]) can be extended to an even
function in L2 ([−π, π]) , and expanded as in 2.53 with coeffi cients a′0 and
a′n as in 2.54, and b′n = 0 by exercise 2.53. Thus the sinnx terms are
not needed. Then restricting this expansion to [0, π], one must check that
this equals what would be produced with the CONS in 2.56. For example,
recalling that f is an even function on [−π, π] :

a′0√
2π

=
1

2π

∫ π

−π
f(x)dx =

1

π

∫ π

0
f(x)dx =

a0√
π
,

with a0 defined relative to 1√
π
. Similarly, for the coeffi cient of cosnx :

a′n√
π

=
1

π

∫ π

−π
f(x) cosnxdx =

2

π

∫ π

0
f(x) cosnxdx =

√
2

π
an.

Optionally, f ∈ L2 ([0, π]) can be extended as an odd function in L2 ([−π, π]) ,
and expanded as in 2.53 with coeffi cients a′0 and b

′
n as in 2.54, and a

′
n = 0

by exercise 2.53. Thus the cosnx terms are then not needed, and:{
1√
π
,

√
2

π
sinnx

}∞
n=1

,
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is shown to be a CONS for L2 ([0, π]). Details are left as an exercise noting
that in this case, f(x) sinnx is an even function, so the above derivation
works again.

The approach taken by Wiener was to use the first collection, for a
presumed reason noted below, and then to rescale it to L2 ([0, 1]) .

Exercise 2.54 Check that if
{

1√
π
,
√

2
π cosnx

}∞
n=1

is a CONS in L2 ([0, π]) ,

then,

{ϕ0, ϕn}∞n=1 ≡
{

1,
√

2 cosnπx
}∞
n=1

(2.57)

is a CONS in L2 ([0, 1]) .

As a final step in Wiener’s approach to constructing Brownian motion,
recall Ciesielski’s construction. There we began with the Haar sequence
{ψ0, ψn,k} of 2.43, which was a CONS for L2 ([0, 1]) , but then used the

integrals
∫ t

0 ψ0(s)ds and
∫ t

0 ψj,k(s)ds in the definition of B
(n)
t in 2.45. As

noted in remark 2.50, these indefinite integrals, denoted {Ψ−1,Ψ0,Ψn,k} and
defined in 2.48, form a Schauder basis for C ([0, 1]) , a more appropriate
Banach space for Brownian motion.

We follow the same recipe here. For the CONS

{ϕ0, ϕn}∞n=1 ≡
{

1,
√

2 cosnπx
}∞
n=1

of 2.57: ∫ t

0
ϕ0(s)ds = t,

∫ t

0
ϕn(s)ds =

√
2

π

sinnπt

n
. (2.58)

As in 2.45, let {Zj}∞j=0 be independent N(0, 1) defined on a probability space
(S, σ(S), µ), and define:

B
(n)
t ≡ Z0

∫ t

0
ϕ0(s)ds+

∑n
j=1 Zj

∫ t

0
ϕj(s)ds.

Then by 2.58:

B
(n)
t ≡ tZ0 +

√
2

π

∑n
j=1 Zj

sin jπt

j
. (2.59)

By proposition 2.39, B(n)
t converges in L2 ([0, 1]) to a function Bt with the

distributional qualities of Brownian motion.



138CHAPTER 2 BM - OTHER CONSTRUCTIONS AND PROPERTIES

Remark 2.55 As noted above,
{

1√
π
,
√

2
π sinnx

}∞
n=1

is also a CONS in

L2 ([0, π]) , and this would have obtained
{

1,
√

2 sinnπx
}∞
n=1

as the CONS in
L2 ([0, 1]) in exercise 2.54. In 2.59, the summation would then have reflected
a more cumbersome factor of 1−cos jπt

j rather than sin jπt
j , with no apparent

advantage.

Remark 2.56 (On series convergence) The next result proves that B(mn)
t

in 2.59 converges uniformly on [0, 1] if the sequence {mn}∞n=1 is chosen as
noted. This result is less general than Wiener’s, but the proof is relatively
straightforward, reflecting the approach of earlier proofs. For this proof we
recall two facts about a numerical series

∑∞
n=1 an :

1. If

lim sup
n→∞

|an+1|
|an|

= L < 1, (2.60)

then the series
∑∞

n=1 an is absolutely convergent. This series will then
be said to converge by the ratio test. Although we do not need
this, if lim inf

n→∞
|an+1|
|an| = L > 1 then this series diverges, while if L = 1

in either limit, no definitive conclusion is possible. That is, there are
both convergent and divergent series with L = 1. See Reitano (2010)
or Rudin (1976), among many others.

Thus, below we say that a series "converges by the ratio test" as short-
hand for stating that it converges and the associated limit in 2.60 is
satisfied. This condition captures all convergent geometric series for
example,

∑∞
n=0 a

n with 0 < a < 1, but not convergence power series,∑∞
n=1 n

−λ with λ > 1, for which L = 1 for all real λ and not just
λ > 1. Power series provide the classical example of the ambiguity of
this test when L = 1.

2. It is an interesting and perhaps a surprising result that if all an > 0
and

∑∞
n=1 an < ∞, then there exists positive bn → ∞ so that also∑∞

n=1 bnan < ∞. Since all but finitely many bn exceed 1, if min bn =
1 − λ < 1 we can define b′n = bn + λ and then it is also the case that∑∞

n=1 b
′
nan < ∞. Thus for any convergent positive series there is a

dominant series that also converges, where by dominant is meant
that b′nan ≥ an and b′n → ∞. An exercise in Rudin (1976) identifies
one candidate for bn :

bn ≡
1
√
rn
, rn ≡

∑∞
m=n am.
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To see that this works, note that

an√
rn

(
√
rn +

√
rn+1) = an

(
1 +

√
rn+1√
rn

)
≤ 2an = 2 (rn − rn+1) .

Thus dividing:
an√
rn
≤ 2 (

√
rn −

√
rn+1) ,

and so ∑∞
n=1

an√
rn
≤ 2
√
r1.

Exercise 2.57 Implement the above construction for a geometric series∑∞
n=1 a

n with a < 1, and show that the series
∑∞

n=1 bna
n is a multiple

of a geometric series with a′ =
√
a. What is λ in this case?

Proposition 2.58 (Wiener’s Construction of Bt) Let {ϕ0, ϕn}∞n=1 be the
CONS for L2([0, 1]) in 2.57, and {Zj}∞j=0 independent N(0, 1) defined on a
probability space (S, σ(S), µ). Let {mn}∞n=1 ⊂ N be an increasing sequence
such that

∑∞
n=1

1
mn

converges by the ratio test in 2.60, meaning:

limn→∞
mn

mn+1
= L < 1. (2.61)

Define B(0)
t ≡ tZ0, and let B

(mn)
t be defined in 2.59. Then with µ-probability

1 :
Bt ≡ B(0)

t +B
(m1)
t +

∑∞
n=1

[
B

(mn+1)
t −B(mn)

t

]
(2.62)

converges uniformly for t ∈ [0, 1] to a continuous function Bt. Equivalently,
B

(mn)
t → Bt uniformly on [0, 1] with µ-probability 1. Further, Bt is a Brown-

ian motion on (S, σ(S), µ).
Proof. Since Bt satisfies the distributional requirements of Brownian mo-
tion by proposition 2.39, and B0 = 0 by construction, only the uniform con-
vergence statement need be addressed. Then as above, uniform convergence
of continuous functions B(mn)

t on [0, 1] assures that the limiting function Bt
is continuous.

For uniform convergence, first note that since {Zj}∞j=0 are independent
N(0, 1) :

B
(mn+1)
t −B(mn)

t =

√
2

π

∑mn+1
j=mn+1 Zj

sin jπt

j

∼ N

(
0,

2

π2

∑mn+1
j=mn+1

sin2 jπt

j2

)
.
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Now ∑mn+1
j=mn+1

sin2 jπt

j2
≤
∑mn+1

j=mn+1

1

j2
.

Thus if we define Z(n) ∼ N
(

0, 2
π2
∑mn+1

j=mn+1
1
j2

)
, then given positive {λn}∞n=1

to be determined below and Z ∼ N (0, 1) :

Pr

[
max[0,1]

∣∣∣B(mn+1)
t −B(mn)

t

∣∣∣ ≥ π√
2
λn

√∑mn+1
j=mn+1

1

j2

]
≤ Pr

[∣∣∣Z(n)
∣∣∣ > π√

2
λn

√∑mn+1
j=mn+1

1

j2

]
(2.63)

= Pr [|Z| > λn]

≤ 2√
2π

1

λn
e−λ

2
n/2, ((1))

where the last inequality is (9.43) from book 2.
To apply the Borel-Cantelli lemma requires that {λn}∞n=1 be chosen so

that
∑∞

n=1
1
λn
e−λ

2
n/2 <∞. To be useful, we will also require that

∑∞
n=1 λn

√∑mn+1
j=mn+1

1

j2
<∞.

This λn-sequence is derived in a few steps:

1. Since: ∑mn+1
j=mn+1

1

j2
≤
∫ mn+1

mn

x−2dx =
1

mn
− 1

mn+1
,

this will assure that
∑∞

n=1

√∑mn+1
j=mn+1

1
j2
converges. To see this,

√∑mn+1
j=mn+1

1

j2
≤
√

1

mn
− 1

mn+1
≡ dn,

and by 2.61:

dn+1

dn
=

√√√√ 1
mn+1

− 1
mn+2

1
mn
− 1

mn+1

=

√√√√ mn
mn+1

(
1− mn+1

mn+2

)
1− mn

mn+1

→
√
L < 1.

Thus
∑∞

n=1 dn converges by the ratio test, and
∑∞

n=1

√∑mn+1
j=mn+1

1
j2

converges by the comparison test.
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2. As noted in 2 of remark 2.56, since
∑∞

n=1

√∑mn+1
j=mn+1

1
j2
< ∞ there

exists increasing and unbounded {λn}∞n=1 so that

∑∞
n=1 λn

√∑mn+1
j=mn+1

1

j2
<∞. ((2))

One specific choice is given:

λn ≡
1
√
rn
, rn ≡

∑∞
k=n

√∑mk+1
j=mk+1

1

j2
.

3. The last step is to show that
∑∞

n=1
1
λn
e−λ

2
n/2 < ∞, and this we prove

by demonstrating convergence by the ratio test. To simplify notation

define an ≡
√∑mn+1

j=mn+1
1
j2
and thus λn ≡ 1√∑∞

k=n
ak
. Hence with bn ≡

an∑∞
k=n

ak
:

1
λn+1

e−λ
2
n+1/2

1
λn
e−λ

2
n/2

=
λn
λn+1

e−(λ2n+1−λ2n)/2

=
√

1− bn exp

[
− bn

2
∑∞

k=n+1 ak

]
.

The exponential has lim sup no greater than 1, and thus if lim sup
√

1− bn <
1 the ratio test claim will be proved. Using the integral bounds above
and from exercise 2.60:√√√√ 1

mn+1 −
1

mn+1+1

1
mn

≤ bn ≤

√√√√ 1
mn
− 1

mn+1
1

mn+1

.

This obtains that bn →
√

1− L with L as in 2.61, and:

lim sup
√

1− bn =

√
1−
√

1− L < 1,

completing the proof of the claim.

Now let An ⊂ S be defined by:

An =

{
max[0,1]

∣∣∣B(mn+1)
t −B(mn)

t

∣∣∣ ≥ π√
2
λn

√∑mn+1
j=mn+1

1

j2

}
.
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By (1) and step 3, ∑∞
n=1 Pr [An] <∞,

and the Borel-Cantelli lemma of proposition 2.6 of book 2 obtains that:

Pr
[⋃∞

n=1

⋂
k≥n Ãk

]
= 1.

Thus there exists S ′ ⊂ S with Pr [S ′] = 1, so that for any collection {Zj}∞j=0

of independent N(0, 1) defined on S ′, there exists N = N({Zj}) such that
for n ≥ N :

max[0,1]

∣∣∣B(mn+1)
t −B(mn)

t

∣∣∣ < π√
2
λn

√∑mn+1
j=mn+1

1

j2
.

Thus by (2) above:

max
0≤t≤1

∣∣∣∑∞n=1

[
B

(mn+1)
t −B(mn)

t

]∣∣∣ <∞,
so the summation in 2.62 is uniformly convergent. As the uniform limit of
continuous functions, Bt is therefore a continuous function. By proposition
2.39, Bt has the distributional requirements of Brownian motion, and since
continuous, Bt is a Brownian motion.

Exercise 2.59 Adapt exercises 2.30 and 2.49 to produce the probability
space (S, σ(S), µ) and independent {Zj}∞j=0 identified in the above propo-
sition.

Exercise 2.60 Prove that
∑∞

n=1

√∑mn+1
j=mn+1

1
j2
converges by the ratio test

with the same limit as the series
∑∞

n=1 dn in 1 of the proof. Hint: Justify
the lower bound for

∑mn+1
j=mn+1

1
j2
using an integral over [mn + 1,mn+1 + 1] :

∑mn+1
j=mn+1

1

j2
≥
∫ mn+1+1

mn+1
x−2dx =

1

mn + 1
− 1

mn+1 + 1
.

2.2 Path Properties of Brownian Motion

In this section we develop a variety of properties of Brownian motion paths
in the general categories of symmetry, growth, regularity (i.e.,
smoothness), and variation. With one exception addressed first, all results
will be stated in the context of a 1-dimensional Brownian motion.
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2.2.1 Symmetry

We begin with a result on d-dimensional Brownian motion, and prove that
it is rotationally invariant. For this statement, a d× d matrix R is a
rotation matrix if

R−1 = RT , (2.64)

or in words, the inverse of R equals its transpose. Recall that the
transpose is defined by RTij = Rji. If (·, ·) is the standard inner product on
Rd, and |·| the associated norm:

(x, y) ≡
∑d

j=1 xjyj , |x|2 ≡
∑d

j=1 x
2
j = (x, x),

then it is an exercise to check that for any d× d matrix A that
(Ax, y) = (x,AT y).

Thus if R is a rotation matrix:

(Rx,Ry) = (x, y), |Rx|2 = |x|2 . (2.65)

The angle between x and y is then defined to be the unique θ ∈ [0, π] with:

θ = arccos
(x, y)

|x| |y| .

Note that θ is well defined, since by the Cauchy-Schwarz inequality of
corollary 3.48 of book 4:

−1 ≤ (x, y)

|x| |y| ≤ 1.

Thus 2.65 states that a rotation matrix preserves the lengths of vectors, and
the angles between them.

Proposition 2.61 Let Bt be a d-dimensional Brownian motion on a prob-
ability space (S, σ(S), µ) :

(Bt)t∈[0,T ] ≡
(
B

(1)
t , B

(2)
t , ..., B

(d)
t

)
t∈[0,T ]

for T ≤ ∞, and let R be a rotation matrix on Rd. Define
(
B̃t

)
t∈[0,T ]

by:

B̃t ≡ RBt.

Then
(
B̃t

)
t∈[0,T ]

is a d-dimensional Brownian motion on (S, σ(S), µ).
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Proof. Certainly B̃0 = 0 with µ-probability 1 since the same is true of
B0 = 0, and B̃t is continuous with µ-probability 1 since R : Rd → Rd is
continuous, so consider property 2 of definition 1.27. For 0 ≤ s < t, Bt−Bs
has a multivariate normal distribution with mean d-vector 0, and covariance
matrix C ≡ (t − s)Id, where Id denotes the d × d identity matrix. Thus by
proposition 3.9 of book 6, B̃t − B̃s = R (Bt −Bs) has a multivariate normal
distribution with mean d-vector R0 = 0, and covariance matrix RCRT ≡ (t−
s)RIdR

T = C by 2.64. For property 3, if n ≥ 2 and 0 ≤ s1 < t1 ≤ s2 < t2 ≤
... ≤ sn < tn ≤ T, then

{
Btj −Bsj

}n
j=1

are independent random vectors.

Thus by proposition 3.56 of book 2,
{
B̃tj − B̃sj

}n
j=1

=
{
R
(
Btj −Bsj

)}n
j=1

are independent random vectors since R : Rd → Rd is continuous and thus
Borel measurable (proposition 3.11 and remark 3.10 of book 1).

Example 2.62 When d = 1 there is only one rotation and that is Rx = −x.
Thus proposition 2.61 states that if Bt be a 1-dimensional Brownian motion
then so too is −Bt. This result certainly seems "obvious" by definition, and
will be generalized in 2 of the next result.

Proposition 2.63 Let Bt be a 1-dimensional Brownian motion on a prob-
ability space (S, σ(S), µ). Define B̃t for t ≥ 0 in any of the following ways:

1. Time translation: For any t0 ≥ 0,

B̃t ≡ Bt+t0 −Bt0 .

Further, B̃t defined on Ĩ ≡ [0,∞) and Bt defined on I ≡ [0, t0] are
independent Brownian motions in the sense of definition 1.36. That

is, σ (Bt∈I) and σ
(
B̃t∈Ĩ

)
are independent sigma algebras.

2. Time scaling: For a 6= 0 :

B̃t ≡
1

a
Ba2t.

3. Time reversal: For 0 < T, and 0 ≤ t ≤ T :

B̃t ≡ BT −BT−t.

4. Time inversion:

B̃0 ≡ 0, B̃t ≡ tB1/t for t > 0.
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Then in all cases, B̃t is a 1-dimensional Brownian motion.
Proof. For case 1, the stated independence of B̃t and Bt follows from the
independent increments property of Bt. Since t0 = 0 requires no discus-
sion, let 0 < t1 ≤ t0 and 0 ≤ t2 be given and let A1, A2 ∈ B (R) . Then
B−1
t1

(A1) , B̃−1
t2

(A2) ∈ σ(S) are independent sets because

Bt1 , B
′ ≡ Bt0 −Bt1 , B̃t2 ≡ Bt+t0 −Bt0 ,

are independent random variables by independent increments. Thus σ (Bt1)

and σ
(
B̃t2

)
are independent sigma algebras, and an application of book 2’s

corollary 1.27 obtains independence of σ (Bt∈I) and σ
(
B̃t∈Ĩ

)
. By definition

1.36 this proves independence of B̃t defined on Ĩ ≡ [0,∞) and Bt defined on
I ≡ [0, t0].

For cases 1− 3, B̃0 = 0 with µ-probability 1 since Bt is continuous with
µ-probability 1 at t = t0, 0 and T, respectively, and by definition B̃0 ≡ 0
in case 4. Also, B̃t is continuous with µ-probability 1 in all cases but with
one glaring and non-trivial exception, and that is in case 4 we must prove
continuity at t = 0. To prove that limt→0 tB1/t = 0 with µ-probability 1 is by
continuity of Bt equivalent to proving with the same probability:

limt→∞
Bt
t

= 0.

This is called the strong law of large numbers as will be discussed below,
and will be proved in proposition 2.65.

For 0 ≤ s < t, consider B̃t − B̃s :

B̃t − B̃s =



Bt+t0 −Bs+t0 , case 1,

1
a (Ba2t −Ba2s) , case 2,

BT−s −BT−t, case 3,

tB1/t − sB1/s, case 4.

All have mean 0, while for variances cases 1 and 3 are seen to have a variance
of t− s by definition 1.27. Similarly Ba2t−Ba2s has a variance of a2(t− s),
and the a2-factor is cancelled by the 1

a coeffi cient. Finally,

tB1/t − sB1/s = (t− s)B1/t − s
(
B1/s −B1/t

)
,

an independent sum since 1/t < 1/s. Thus the variance is (t − s)2(1/t) +
s2(1/s− 1/t) = t− s.



146CHAPTER 2 BM - OTHER CONSTRUCTIONS AND PROPERTIES

If n ≥ 2 and 0 ≤ s1 < t1 ≤ s2 < t2 ≤ ... ≤ sn < tn ≤ T, then{
B̃tj − B̃sj

}n
j=1

are independent for cases 1− 3 by definition 1.27. For case

4, first note that including only the distinct subscripts,
{
B1/tj , B1/sk

}
j,k
are

multivariate normal by corollary 1.35. By including distinct subscripts is
meant that if tj = sj+1 we include only one such variate, and thus there
are 2n − m distinct subscripts with 0 ≤ m ≤ n. This multivariate normal
has mean (2n−m)-vector 0, and (2n−m)× (2n−m) covariance matrix C
with Cov(B1/a, B1/b) = min(1/a, 1/b). Thus with the same collection of sub-

scripts,
{
tjB1/tj , skB1/sk

}
j,k
are multivariate normal with the same mean

vector, and Cov(aB1/a, bB1/b) = abmin(1/a, 1/b). Representing this collec-

tion
{
tjB1/tj , skB1/sk

}
j,k
as an (2n−m)-vector B, let A be an n×(2n−m)

matrix so that

AB =
{
tjB1/tj − sjB1/sj

}n
j=1

.

For example, if all subscripts are distinct so m = 0, and

B ≡
(
t1B1/t1 , s1B1/s1 , ..., tnB1/tn , snB1/sn

)
,

then the jth row of A is defined:

Bj,2j−1 = 1, Bj,2j = −1, Bj,k = 0 otherwise.

Thus
{
tjB1/tj − sjB1/sj

}n
j=1

=
{
B̃tj − B̃sj

}n
j=1

is proven to be multi-

variate normal by book 6’s proposition 3.9, with mean n-vector A0 = 0.
Rather than trace through that proposition’s covariance matrix result, we
calculate this matrix directly. By definition (3.19, book 2):

Cov
(
tjB1/tj − sjB1/sj , tkB1/tk − skB1/sk

)
= E

[(
tjB1/tj − sjB1/sj

) (
tkB1/tk − skB1/sk

)]
−E

(
tjB1/tj − sjB1/sj

)
E
[(
tkB1/tk − skB1/sk

)]
.

Now for all j :

E
(
tjB1/tj − sjB1/sj

)
= 0,
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and by 1.34, assuming j < k :

E
[(
tjB1/tj − sjB1/sj

) (
tkB1/tk − skB1/sk

)]
= tjtkE

[
B1/tjB1/tk

]
+ sjskE

[
B1/sjB1/sk

]
−tjskE

[
B1/tjB1/sk

]
− tksjE

[
B1/tkB1/sj

]
= tj + sj − tj − sj = 0.

The same is true for j > k. Finally:

E

[(
tjB1/tj − sjB1/sj

)2
]

= tj + sj − 2sj = tj − sj .

Thus the covariance matrix is diagonal and positive definite since sj < tj

for all j, and by corollary 3.22 of book 6,
{
tjB1/tj − sjB1/sj

}n
j=1

are inde-

pendent.

2.2.2 Growth

We begin this section with an estimate for the supremum of |Bt| over a
compact interval [a, b], which is the key result needed for the strong law of
large numbers. This estimate is a special case of Doob’s maximal
inequality in 5.19 of proposition 5.46 below, and named for Joseph
Doob (1910 —2004). For this connection, recall that for the upper bound
in 2.66, that T = E

[
B2
T

]
. For a result on supt∈[0,T ]Bt see section 4.2.5.

Proposition 2.64 Let Bt be a 1-dimensional Brownian motion on a prob-
ability space (S, σ(S), µ) and T <∞ be given. Then with µ-probability 1 :

Pr

[
sup
t∈[0,T ]

|Bt| ≥ λ
]
≤ T

λ2 . (2.66)

Proof. Let Π ≡ {tj}nj=0 be a uniform partition of [0, T ], so tj ≡ jT/n. Then
with µ-probability 1 :

Btj =
∑j

k=1

[
Btk −Btk−1

]
,

for all 1 ≤ j ≤ n, since B0 = 0 with this probability. As this is an indepen-
dent sum, Kolmogorov’s inequality of proposition 3.40 of book 4 obtains
that with σ2

k ≡ var
[
Btk −Btj−1

]
= tk − tk−1 :

Pr

[
max

1≤j≤n

∣∣∣∑j
k=1

[
Btk −Btk−1

]∣∣∣ ≥ λ] ≤∑n
k=1

σ2
k

λ2 =
T

λ2 .
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Thus with µ-probability 1 :

Pr

[
max

1≤j≤n

∣∣Btj ∣∣ ≥ λ] ≤ T

λ2 , ((*))

and this is true for any n.
Let S0 ⊂ S be the set of measure 1 for which (∗) is true, and S ′0 ⊂

S the set of measure 1 on which Bt(ω) is continuous. Then S1 ≡ S0 ∩
S ′0 has measure 1, and Bt is uniformly continuous on [0, T ] for all ω ∈
S1 (proposition 9.35, Reitano (2010)). Thus given such ω, for any ε > 0
there is δ so that |Bt −Bs| < ε if |t− s| < δ. Now for any uniform partition
with T/n < δ, and appropriate tj :

|Bt| ≤
∣∣Btj ∣∣+

∣∣Btj −Bt∣∣ =
∣∣Btj ∣∣+ ε.

Hence {
sup
t∈[0,T ]

|Bt| ≥ λ
}
⊂
{

max
1≤j≤n

∣∣Btj ∣∣ ≥ λ− ε} ,
and thus:

Pr

[
sup
t∈[0,T ]

|Bt| ≥ λ
]
≤ T

(λ− ε)2 .

As this is true for all ε > 0, 2.66 is proved for all ω ∈ S1.

With the above maximal estimate, we can now state and prove the
strong law of large numbers. Such laws have been encountered in propo-
sition 5.9 of book 2, there in the context of independent binomial variates
and also called Borel’s theorem and named for Émile Borel (1871 —
1956), and more generally in propositions 5.43 and 5.44 of book 4, relating
to independent variates with at least two moments.

To apply proposition 5.44 to Brownian motion, let {tj}∞j=0 be an un-
bounded increasing sequence with t0 = 0. Then as in the above proof Btn =∑n

j=1

[
Btj −Btj−1

]
with µ-probability 1. Since σ2

j = var
[
Btj −Btj−1

]
=

tj − tj−1, (5.29) of that theorem obtains that:

Pr

[
lim
n→∞

Btn
n

= 0

]
= 1

if ∑∞
j=1

tj − tj−1

j2
<∞.
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This conclusion is certainly true if tj − tj−1 ≤ k for some k. One common
version of this law for Brownian motion uses tn = n and states:

Pr

[
lim
n→∞

Bn
n

= 0

]
= 1.

The following result generalizes this conclusion beyond time sequences.

Proposition 2.65 (Strong law of large numbers) Let Bt be a 1-dimensional
Brownian motion on a probability space (S, σ(S), µ). Then with µ-probability
1 :

lim
t→∞

Bt
t

= 0. (2.67)

Proof. For an unbounded increasing sequence {tn}∞n=1 with t1 > 0 :

sup
t∈[tn,tn+1]

∣∣∣∣Btt
∣∣∣∣ ≤ 1

tn
sup

t∈[0,tn+1]
|Bt| .

Thus by 2.66:

Pr

[
sup

t∈[tn,tn+1]

∣∣∣∣Btt
∣∣∣∣ > ε

]
≤ Pr

[
sup

t∈[0,tn+1]
|Bt| > εtn

]
≤ tn+1

(εtn)2 .

Choosing tn = 2n let An ⊂ S be defined by:

An ≡
{

sup
t∈[2n,2n+1]

∣∣∣∣Btt
∣∣∣∣ > ε

}
.

Then: ∑∞

n=1
Pr

[
sup

t∈[tn,tn+1]

∣∣∣∣Btt
∣∣∣∣ > ε

]
≤ 1

ε2

∑∞

n=0

1

2n−1
<∞.

Thus the Borel-Cantelli lemma of proposition 2.6 of book 2 obtains that:

Pr
[⋃∞

n=1

⋂
k≥n Ãk

]
= 1.

That is:

Pr

[⋃∞
n=1

⋂
k≥n

{
sup

t∈[2k,2k+1]

∣∣∣∣Btt
∣∣∣∣ ≤ ε

}]
= 1,

and equivalently:

Pr

[⋃∞
n=1

{
sup

t∈[2n,∞)

∣∣∣∣Btt
∣∣∣∣ ≤ ε

}]
= 1.

Since ε > 0 is arbitrary, this yields 2.67.
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Thus with µ-probability 1, Brownian motion Bt grows slower than t at in-
finity. The following result proves that with µ-probability 1, Bt grows faster
that

√
t. This makes sense since by the central limit theorem of proposition

7.2 of book 6, Bn/
√
n converges in distribution to the standard normal as

n→∞ :
Bn√
n
⇒ N(0, 1).

For the next result, we recall the definitions of limits inferior and supe-
rior from definition 3.42 of book 1, adapted to the current continuous time
context.

Definition 2.66 Let Bt be a 1-dimensional Brownian motion or other sto-
chastic process defined on a probability space (S, σ(S), µ). Then the of Bt as
t→∞ are defined pointwise on S by:

lim inf
t→∞

Bt ≡ supt infs≥tBs, (2.68)

lim sup
t→∞

Bt ≡ inft sups≥tBs. (2.69)

Analogously, given an unbounded increasing sequence {tn}∞n=1, one de-
fines lim inf

n→∞
Btn and lim sup

n→∞
Btn as above but restricted to {tn}∞n=1, which is

equivalent to the earlier noted definition 3.42 of book 1.

Remark 2.67 As noted in book 1,

infs≥tBs ≤ infs≥t′ Bs if t ≤ t′.

So the supremum over all t in the limit inferior definition is realized as
t→∞. The analogous comment applies to the limit superior.

For the following result we require a seldom used but important corollary
to Fatou’s lemma of proposition 2.18, book 5, named for Pierre Fatou
(1878 —1929). It provides a lower bound on the integral of the limit superior
of a function sequence, while the original and most common version obtains
an upper bound for the integral of the limit inferior.

On first reading, the integrability constraint fn ≤ g for all n would seem
to allow a much stronger conclusion using Lebesgue’s dominated convergence
theorem of proposition 2.43 of book 5. But note that this next result does
not assume pointwise convergence of fn to lim supn→∞ fn. This is analogous
to the book 5 statement which does not require pointwise convergence of fn
to lim infn→∞ fn.
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Corollary 2.68 (Fatou’s lemma, alternate) Let {fn} be a sequence of
nonnegative ν-measurable functions on a measure space (X,σ(X), ν), and
assume that there exists a nonnegative, ν-integrable function g so that fn ≤ g
for all n. Then: ∫

X

[
lim sup
n→∞

fn

]
dν ≥ lim sup

n→∞

∫
X
fndν. (2.70)

Proof. Let hn ≡ g−fn, then {hn} is a sequence of nonnegative ν-measurable
functions, and thus by Fatou’s lemma of proposition 2.18, book 2:∫

X
lim inf
n→∞

(g − fn) dν ≤ lim inf
n→∞

∫
X

(g − fn) dν.

As limits superior and inferior are defined pointwise and g(x) is a constant
for each x :

lim inf
n→∞

(g + fn) = g + lim inf
n→∞

fn.

Also, fn ≤ g assures that all fn are integrable by proposition 2.26 of book
5. Using linearity of the integral from this same proposition and the above
observation:∫
X

lim inf
n→∞

(g − fn) dν =

∫
X

[
g + lim inf

n→∞
(−fn)

]
dν =

∫
X
gdν+

∫
X

[
lim inf
n→∞

(−fn)
]
dν.

Similarly,

lim inf
n→∞

∫
X

(g − fn) dν = lim inf
n→∞

[∫
X
gdν −

∫
X
fndν

]
=

∫
X
gdν+lim inf

n→∞

[
−
∫
X
fndν

]
.

Subtracting finite
∫
X gdν :∫

X

[
lim inf
n→∞

(−fn)
]
dν ≤ lim inf

n→∞

[
−
∫
X
fndν

]
.

Finally by (3.13) of book 1 and linearity of the integral:

−
∫
X

[
lim sup
n→∞

fn

]
dν ≤ − lim sup

n→∞

∫
X
fndν.

Proposition 2.69 Let Bt be a 1-dimensional Brownian motion on a prob-
ability space (S, σ(S), µ). Then with µ-probability 1 :

lim inf
t→∞

Bt√
t

= −∞, lim sup
t→∞

Bt√
t

=∞. (2.71)
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Proof. If {tn}∞n=1 is an unbounded increasing sequence, then:

lim inf
t→∞

Bt√
t
≤ lim inf

n→∞
Btn√
tn
, lim sup

t→∞

Bt√
t
≥ lim sup

n→∞

Btn√
tn
.

This follows from definition 2.66. For example, recalling remark 2.67:

lim inf
n→∞

Btn√
tn
≡ sup

tn→∞
inf
sn≥tn

Bsn√
sn
≥ sup

tn→∞
inf
s≥tn

Bs√
s

= sup
t→∞

inf
s≥t

Bs√
s

= lim inf
t→∞

Bt√
t
.

Thus it is enough to prove 2.71 in the case of any such sequence, and we let
tn = n for notational convenience.

Also, only one of these statements need be proved. For example, if the
limit superior result is proved as stated let B̃t ≡ −Bt, recalling that B̃t is
again a Brownian motion on (S, σ(S), µ) by 2 of proposition 2.63. Thus:

lim sup
t→∞

B̃t√
t

=∞.

But then by (3.13) of book 1:

∞ = lim sup
t→∞

−Bt√
t

= − lim inf
t→∞

Bt√
t
,

which is the limit inferior result.
To prove the limit superior result, consider for M > 0 :

Pr

[
lim sup
n→∞

Bn√
n
≥M

]
≡ Pr

[
infn supm≥n

Bm√
m
≥M

]
.

To express this probability as a µ-integral, let An ≡
{
Bn√
n
≥M

}
, and recall-

ing definition 2.1 of book 2 define:

A = lim sup
n→∞

An ≡
⋂∞
n=1

⋃
k≥nAk.

We claim that:

A =

{
lim sup
n→∞

Bn√
n
≥M

}
. ((1))

To see this note that if x ∈ A then x ∈ Akn for kn → ∞, and so
Bnk (x)√

nk
≥

M for nk → ∞. Thus if x ∈ A then supm≥n
Bm(x)√

m
≥ M for all n, and

infn supm≥n
Bm(x)√

m
≥ M. Conversely, if x if an element of the set on the
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right, so infn supm≥n
Bm(x)√

m
≥ M, then supm≥n

Bm(x)√
m
≥ M for all n since

{supm≥n
Bm(x)√

m
≥M} decreases with n. Thus Bmk (x)√

mk
≥M for mk →∞ and

x ∈ A.
By (1), 2.72 of exercise 2.70 below, and the above corollary to Fatou’s

lemma:

Pr

[
lim sup
n→∞

Bn√
n
≥M

]
=

∫
S
χAdµ

=

∫
S

lim sup
n→∞

χAndµ

≥ lim sup
n→∞

∫
S
χAndµ

= lim sup
n→∞

Pr

[
Bn√
n
≥M

]
.

Now Bn√
n
∼ N(0, 1) and so for any M > 0, Pr

[
Bn√
n
≥M

]
= CM > 0 for all

n. Thus:

Pr

[
lim sup
n→∞

Bn√
n
≥M

]
> 0 for all M. ((2))

Finally, note that A is a tail event by example 2.14 of book 2, and so
by Kolmogorov’s zero-one law of that book’s proposition 2.15,

Pr

[
lim sup
n→∞

Bn√
n
≥M

]
∈ {0, 1}.

With (2) this obtains Pr

[
lim sup
n→∞

Bn√
n
≥M

]
= 1 for all M, and since:

{
lim sup
n→∞

Bn√
n

=∞
}

=
⋂

M∈N

{
lim sup
n→∞

Bn√
n
≥M

}
,

this completes the proof.

Exercise 2.70 Prove that if {An} are measurable sets in a measure space
(X,σ(X), ν), and A = lim sup

n→∞
An defined as above, then

χA(x) = lim sup
n→∞

χAn(x), (2.72)

where χB(x) the characteristic function of the set B, defined to be 1
when x ∈ B and 0 otherwise. In other words, χA(x) = 1 if and only if
lim sup
n→∞

χAn(x) = 1.
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Corollary 2.71 Let Bt be a 1-dimensional Brownian motion on a probabil-
ity space (S, σ(S), µ). Then with µ-probability 1 :

lim inf
t→∞

Bt = −∞, lim sup
t→∞

Bt =∞. (2.73)

Proof. This follows by definition of limit inferior and superior, that these
limits are determined by the behavior of Bt on t ≥ T for T → ∞. But for
T > 1, |BT | > |BT | /

√
T , so this follows from proposition 2.69.

The following is a corollary of corollary 2.71.

Corollary 2.72 Let Bt be a 1-dimensional Brownian motion on a probabil-
ity space (S, σ(S), µ). Then for any a ∈ R :

inf{t|Bt = a} <∞, (2.74)

with µ-probability 1. Thus for any a ∈ R :

Pr [|Bt| ≤ a all t] = 0. (2.75)

Proof. Since B0 = 0, we only need to consider a > 0 or a < 0, and we
prove the former since −Bt is also a Brownian motion by 2 of proposition
2.63. By 2.69 and 2.73:

inft sups≥tBs =∞,

with µ-probability 1. Since sups≥0Bs ≥ inft sups≥tBs it follows that Pr{sups≥0Bs =
∞} = 1. If C ⊂ S is the set with probability 1 on which Bt is continuous,
then C ∩ {sups≥0Bs = ∞} has probability 1, and by continuity, Bt = a for
t <∞ on this set. This proves 2.74.

Now 2.75 follows from 2.74 with a′ = 2a.

Looking at propositions 2.65 and 2.69, one obtains in the case of the
limit superior that:

0 = lim sup
t→∞

Bt
t
< lim sup

t→∞

Bt√
t

=∞.

This follows by definition since if limt→∞ exists, then

lim supt→∞ = limt→∞ = lim inft→∞ .
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Thus if there exists a function ψ(t) so that

lim sup
t→∞

Bt
ψ(t)

= 1, (2.76)

then certainly for t large: √
t < ψ(t) < t.

Such a function was derived in 1933 byAleksandr Yakovlevich Khinchin
(1894 —1959), whose name on published books and papers such as the 1933
reference is sometimes spelled Khintchine. It is known as Khintchine’s
law, or Khintchine’s law of the iterated logarithm (LIL) because of
the formula for ψ(t):

ψ(t) ≡
√

2t ln ln t. (2.77)

Note that ψ(t) is well defined if ln ln t ≥ 0, meaning t ≥ ee.
To derive this result we require one of the remarkable properties of

Brownian motion discovered in 1939 by Paul Lévy (1886 — 1971) that
will be discussed in section 4.2.5 below. This result is, for each t :

Pr

[
sup
s≤t

Bs ≥ λ
]

= 2 Pr [Bt ≥ λ] , all λ > 0. (2.78)

In other words, we can make probability statements about sups≤tBs using
probability statements about Bt. And even more remarkably, this is not a
bound on the former probability statement, but an identity for its value.
This result will be made understandable with tools to be developed below,
and it is not unreasonable for the reader to think at this point that such a
result can not be true.

Proposition 2.73 (Khintchine’s law of the iterated logarithm (LIL))
Let Bt be a 1-dimensional Brownian motion on a probability space (S, σ(S), µ).
Then with µ-probability 1 :

lim inf
t→∞

Bt√
2t ln ln t

= −1, lim sup
t→∞

Bt√
2t ln ln t

= 1. (2.79)

Proof. As for the proof of proposition 2.69 we only need to prove one of
the results in 2.79 and then apply it to the Brownian motion B̃t ≡ −Bt to
obtain the other. For the limit superior result, since Bt/

√
t ∼ N(0, 1) we

have by 2.78 for a(t) ≥ 0 to be identified below:

Pr

[
sup
s≤t

Bs ≥
√

2ta(t)

]
= 2 Pr

[
Bt√
t
≥
√

2a(t)

]
=

√
2

π

∫ ∞
√

2a(t)
e−x

2/2dx.
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From (9.43) of book 2:∫ ∞
√

2a(t)
e−x

2/2dx ≤ 1√
2a(t)

e−a(t),

and thus for tn →∞ :

∑∞

n=1
Pr

[
sup
s≤tn

Bs ≥
√

2tna(tn)

]
≤
√

2

π

∑∞

n=1

1√
2a(tn)

e−a(tn).

Fix α > 1, and define tn ≡ αn, a(tn) ≡ α ln ln tn. Then:∑∞

n=1
Pr

[
sup
s≤tn

Bs ≥
√

2tna(tn)

]
≤
√

2

π

∑∞

n=1

1√
2α ln ln tn

exp (−α ln ln tn)

=

√
2

π

∑∞

n=1

exp (−α ln lnα)√
2α (lnn+ ln lnα)

n−α

< ∞.

Defining An ⊂ S by:

An ≡
{

sup
s≤αn

Bs ≥
√

2αn+1 ln lnαn
}
,

the Borel-Cantelli lemma of proposition 2.6 of book 2 obtains that:

Pr
[⋃∞

n=1

⋂
k≥n Ãn

]
= 1.

That is:

Pr

[⋃∞
n=1

⋂
k≥n

{
sup
s≤αk

Bs <
√

2αk+1 ln lnαk

}]
= 1.

With A ≡
⋃∞
n=1

⋂
k≥n Ãn, if ω ∈ A and Bt ≡ Bt (ω) , then for any t there

exists n with αn < t ≤ αn+1. Now:

Bt√
2t ln ln t

=
sups≤αn+1 Bs√
2αn+2 ln lnαn+1

√
2αn+2 ln lnαn+1

√
2t ln ln t

,

and by definition of A there exists N(ω) so that for all n ≥ N(ω), the first
ratio is bounded by 1. Also:

√
2αn+2 ln lnαn+1

√
2t ln ln t

≤
√

2αn+2 ln lnαn+1

√
2αn ln lnαn

≤ α
√

ln lnαn+1

√
ln lnαn

≤ α2.
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Thus for all ω ∈ A and all t > αN(ω) :

Bt√
2t ln ln t

≤ α2.

Since α > 1 is arbitrary, this obtains that with µ-probability 1 :

lim sup
t→∞

Bt√
2t ln ln t

≤ 1. ((1))

For the lower bound, and b(t) ≥ 0 to be defined:

Pr
[
Btn+1 −Btn ≥

√
2tn+1b(tn+1)

]
= Pr

[
Btn+1−tn ≥

√
2tn+1b(tn+1)

]
= Pr

[
Btn+1−tn√
tn+1 − tn

≥
√

2tn+1

tn+1 − tn
b(tn+1)

]

=
1√
2π

∫ ∞
√

2βn+1b(tn+1)
e−x

2/2dx,

where βn+1 ≡ tn+1/ (tn+1 − tn) . Again by (9.43) of book 2, for tn →∞ :∑∞

n=1
Pr
[
Btn+1 −Btn ≥

√
2tn+1b(tn+1)

]
≥ 1√

2π

∑∞

n=1

√
2βn+1b(tn+1)

1 + 2βn+1b(tn+1)
e−βn+1b(tn+1).

As above fix α > 1, and define tn = αn, so βn+1 = β ≡ α/(α − 1), and let
b(tn+1) = β−2 ln ln tn+1. Then since 1/2 ≤ β−1 ≤ 1 for α large:∑∞

n=1
Pr

[
Btn+1 −Btn ≥

√
2tn+1β

−2 ln ln tn+1

]
≥ 1√

2π

∑∞

n=1

√
2β−1 ln lnαn+1

1 + 2β−1 ln lnαn+1
exp

[
−β−1 ln lnαn+1

]
≥ 1√

2π

∑∞

n=1

√
ln(n+ 1) + ln lnα

1 + 2 ln lnα+ 2 ln(n+ 1)

1

[(n+ 1) lnα]1/β
.

This series diverges because β > 1, and for n large the coeffi cient function
has magnitude:√

ln(n+ 1) + ln lnα

1 + 2 ln lnα+ 2 ln(n+ 1)
≥

√
ln(n+ 1)

1 + 2 ln lnα+ 2 ln(n+ 1)

≥ 1

c+ 2
√

ln(n+ 1)

≥ 1

c+ (n+ 1)ε
,
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for any ε > 0. Hence:∑∞

n=1
Pr

[
Btn+1 −Btn ≥

√
2tn+1β

−2 ln ln tn+1

]
≥ 1√

2π

[
d+

1

[lnα]1/β

∑∞

n=N

1

(n+ 1)ε+1/β

]
,

so choosing ε so that ε+ 1/β < 1 proves divergence.
Define An ⊂ S by:

An ≡
{
Btn+1 −Btn ≥

√
2tn+1β

−2 ln ln tn+1

}
,

and note that the {An} are independent sets by 3 of definition 1.27. The
Borel-Cantelli lemma of proposition 2.6 of book 2 then obtains that:

Pr
[⋂∞

n=1

⋃
k≥nAn

]
= 1.

In other words, for each ω ∈ A ≡
⋂∞
n=1

⋃
k≥nAn, there exists nk → ∞ so

that:

Btnk+1 ≥ Btnk +

√
2tnk+1β

−2 ln ln tnk+1,

and equivalently:

Btnk+1√
2tnk+1 ln ln tnk+1

≥
Btnk√

2tnk+1 ln ln tnk+1

+

√
2tnk+1β

−2 ln ln tnk+1√
2tnk+1 ln ln tnk+1

=

(
Btnk

)
√

2tnk ln ln tnk

√
2tnk ln ln tnk√

2tnk+1 ln ln tnk+1

+ β−1.

Now by (1) applied to −Btnk ,

lim sup
k→∞

(
−Btnk

)
√

2tnk ln ln tnk
≤ 1,

and thus by (3.13) of book 1:

− lim sup
k→∞

(
−Btnk

)
√

2tnk ln ln tnk
= lim inf

k→∞

(
Btnk

)
√

2tnk ln ln tnk
≥ −1.
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This obtains that for all ω ∈ A and for nk ≡ nk (ω) large:

Btnk+1√
2tnk+1 ln ln tnk+1

≥ −
√

2tnk ln ln tnk√
2tnk+1 ln ln tnk+1

+ β−1

= α−1/2

√
ln ln tnk

ln lnαtnk
+ β−1,

and hence with µ-probability 1 :

lim sup
t→∞

Bt√
2t ln ln t

≥ α−1/2 lim sup
k→∞

√
ln ln tnk

ln lnαtnk
+ β−1.

Taking α large, β can be made arbitrarily close to 1, and since the limit
superior is bounded by 1 this obtains that with µ-probability 1 :

lim sup
t→∞

Bt√
2t ln ln t

≥ 1. ((2))

Combining (1) and (2) completes the proof.

Remark 2.74 As noted above, Khintchine’s bounding function ψ(t) ≡
√

2t ln ln t
in 2.77 predictably satisfies

√
t < ψ(t) < t based on propositions 2.65 and

2.69. But it is interesting to note that ψ(t) is, in a sense, extremely close
to the lower bound in the following sense. If we let a(t) << b(t) denote that
a(t)/b(t)→ 0 as t→∞, then for all ε > 0 :

√
t <<

√
t ln ln t <<

√
t ln t << t1/2+ε.

Using time inversion obtains the following corollary.

Corollary 2.75 (Khintchine’s law of the iterated logarithm (LIL))
Let Bt be a 1-dimensional Brownian motion on a probability space (S, σ(S), µ).
Then with µ-probability 1 :

lim inf
t→0

Bt√
2t ln ln 1/t

= −1, lim sup
t→0

Bt√
2t ln ln 1/t

= 1. (2.80)

Proof. By proposition 2.63, B̃t ≡ tB1/t is a Brownian motion on (S, σ(S), µ)
and thus by 2.77:

lim inf
t→∞

B̃t√
2t ln ln t

= −1, lim sup
t→∞

B̃t√
2t ln ln t

= 1.
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Substitution obtains:

lim inf
t→∞

B1/t√
(2/t) ln ln t

= −1, lim sup
t→∞

B1/t√
(2/t) ln ln t

= 1,

and the proof is complete by noting that lim inft→∞ f(t) = lim inft→0 f(1/t),
and similarly for lim sup . The reader should verify this by the definitions.

2.2.3 Regularity

In this section we discuss regularity properties of Brownian motion,
meaning "smoothness" in the sense of continuity and differentiability. Now
a Brownian motion on a probability space (S, σ(S), µ) is pathwise
continuous with µ-probability 1 by definition 1.27, and by redefining
Brownian paths on the 0-probability set to be identically 0, we can also
create a continuous everywhere version since such a redefinition does not
alter the distributional properties. Thus this section address regularity
beyond simple continuity.

In light of proposition 1.85, the following result may appear unneces-
sary, but it is not. Proposition 1.85 was specifically stated and proved in
the context of Kolmogorov’s construction of Brownian motion, and indeed,
required a modification of that construction. Proposition 1.88 generalized
this result, but again only obtained Hölder continuity for a modification of
the given process. It is therefore necessary to verify that the conclusion
of Hölder continuity remains true for Brownian motions derived by other
constructions, of which there are many.

And the following proposition does this without requiring a modification
of Bt.

Remark 2.76 Note that 2.81 is a convenient way to formulate Hölder con-
tinuity on [0, T ] with exponent γ with µ-probability 1. If A′γ is the given set
of probability 1, then for any ω ∈ A′γ there exists Cγ ≡ Cγ(T, ω) < ∞ so
that:

sup
0≤s,t≤T

|Bt −Bs|
|t− s|γ = Cγ ,

and thus for all s, t ∈ [0, T ] :

|Bt −Bs| ≤ Cγ |t− s|γ .



2.2 PATH PROPERTIES OF BROWNIAN MOTION 161

Proposition 2.77 Let Bt be a 1-dimensional Brownian motion on a prob-
ability space (S, σ(S), µ). For 0 < γ < 1/2 and T < ∞, Bt is Hölder con-
tinuous on [0, T ] with exponent γ with µ-probability 1 :

Pr

[{
ω

∣∣∣∣∣ sup
0≤s,t≤T

|Bt −Bs|
|t− s|γ <∞

}]
= 1. (2.81)

Proof. By 1.74 of proposition 1.73, for all λ > 0 :

E
[
|Bt′ −Bt|2λ

]
= cα

∣∣t′ − t∣∣λ ,
where cα = E

[
|B1|2α

]
. For λ > 1 define β = 2λ and α = λ − 1. Now

recall remark 1.87 on the proof of Kolmogorov’s continuity theorem, and
proposition 1.88. For any γ with

0 < γ < α/β ≡ (λ− 1)/2λ,

there exists Aγ ⊂ S, µ [Aγ ] = 1, such that for ω ∈ Aγ there exists Cγ ≡
Cγ(T, ω) with 0 < Cγ <∞ so that:

|Bt′ −Bt| ≤ Cγ
∣∣t′ − t∣∣γ ((1))

for all t, t′ ∈ [0, T ] ∩Q2.

Define A′γ ≡ Aγ∩A, where A denotes the set of probability 1 on which Bt
is continuous. Then A′γ has probability 1, and on A′γ , Bt is continuous and
satisfies (1) for all t, t′ ∈ [0, T ] ∩ Q2. Since Q2 of 1.80 is dense in [0, T ], it
follows that on A′γ , Bt is Hölder continuous with exponent γ on [0, T ]. As
this is true for all 0 < γ < (λ − 1)/2λ, this obtains the conclusion for all
0 < γ < 1/2.

The next result shows that as for Hölder continuity, Brownian motion is
no smoother than proposition 2.77 obtains. See also corollary 2.79 below.

Proposition 2.78 Let Bt be a 1-dimensional Brownian motion on a prob-
ability space (S, σ(S), µ). For 1/2 ≤ γ ≤ 1 and T < ∞, Bt is not Hölder
continuous with exponent γ on [0, T ] with µ-probability 1 :

Pr

[{
ω

∣∣∣∣∣ sup
0≤s,t≤T

|Bt −Bs|
|t− s|γ =∞

}]
= 1. (2.82)
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If 1/2 < γ ≤ 1, Bt is nowhere Hölder continuous with exponent γ with
µ-probability 1 :

Pr

[{
ω

∣∣∣∣lim sup
s→t

|Bt −Bs|
|t− s|γ =∞ for all t ∈ [0, T ]

}]
= 1. (2.83)

Proof. First note that if 2.82 is true for γ = 1/2 then it is true for γ > 1/2
since for any 0 ≤ s′, t′ ≤ T, ε > 0 :

sup
0≤s,t≤T

|Bt −Bs|
|t− s|1/2+ε

= sup
0≤s,t≤T

[
|Bt −Bs|
|t− s|1/2

|t− s|1/2

|t− s|1/2+ε

]

≥ 1

|t′ − s′|ε sup
0≤s,t≤T

|Bt −Bs|
|t− s|1/2

.

Since the coeffi cient function is unbounded, 2.82 is thus true for γ > 1/2.

To prove the result for γ = 1/2, given n let t(n)
k ≡ kT/n for 0 ≤ k ≤ n.

Then:

sup
0≤s,t≤T

|Bt −Bs|
|t− s|1/2

≥ max
1≤k≤n

 sup
t
(n)
k−1≤s,t≤t

(n)
k

|Bt −Bs|
|t− s|1/2

 . ((1))

The n suprema on the right are independent, identically distributed random
variables on S since Brownian motion has independent increments by 3 of
definition 1.27. Further, these random variables have the same distribution
as the supremum on the left, since:

|Bt −Bs|
|t− s|1/2

≡ |Z| , where Z ∼ N(0, 1).

Thus from (1), for all C ≥ 0 :

Pr [sup |Z| ≤ C] ≤ Pr

[
max

1≤k≤n
(sup |Zk|) ≤ C

]
= (Pr [sup |Z| ≤ C])n .

In other words, with F the associated distribution function of sup |Z| :

F (C) ≤ Fn(C). ((2))

But (2) assures that there exists no C so that 0 < F (C) < 1, since let-
ting n → ∞ would yield that F (C) ≤ 0, a contradiction. Thus for all C,
F (C) ∈ {0, 1}. But it cannot be the case that F (C) = 1 for any C, since
Pr [sup |Z| > C] > 0 for all C by the definition of Z. Thus Pr [sup |Z| ≤ C] =
0 for all C, proving 2.82 .
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For 2.83, let γ > 1/2 be given and define Ajk ⊂ S by:

Ajk ≡ {ω|for some t ∈ [0, T ], |Bt −Bt+h| ≤ jhγ for all 0 ≤ h ≤ 1/k}.

Then

Aγ ≡
{
ω

∣∣∣∣for some t ∈ [0, T ], lim sup
s→t

|Bt −Bs|
|t− s|γ <∞

}
⊂
⋃∞
k=1

⋃∞
j=1Ajk.

The proof will be completed by showing that Pr[Ajk] = 0 for all j, k.
To this end, given j, k, and l to be determined below, define:

A
(m)
jk ≡ {ω|for some t, |Bt −Bt+h| ≤ jh

γ for h = 1/kml}.

Now since [Bt −Bt+h] /
√
h = Z ∼ N(0, 1) and Pr [|Z| ≤ c] ≤ 2c :

Pr
[
A

(m)
jk

]
= Pr

[
|Z| ≤ jhγ−1/2

]
≤ 2jhγ−1/2.

Thus: ∑∞
m=1 Pr

[
A

(m)
jk

]
≤ 2j

kγ−1/2

∑∞
m=1

1

ml(γ−1/2)
,

and this summation is finite if l (γ − 1/2) > 1.
Thus by the Borel-Cantelli lemma of proposition 2.6 of book 2,

Pr

[
lim sup

m
A

(m)
jk

]
= 0.

But:
Ajk ⊂

⋂∞
m=1

⋃∞
n≥mA

(n)
jk ≡ lim sup

m
A

(m)
jk ,

and so Pr[Ajk] = 0 for all j, k, completing the proof.

A simple corollary to the second part of proposition 2.78 is that Brown-
ian motion is nowhere differentiable with probability 1. This follows
because differentiability at t implies Hölder continuous with exponent 1 at
t.

Corollary 2.79 Let Bt be a 1-dimensional Brownian motion on a probabil-
ity space (S, σ(S), µ). Then with µ-probability 1, Bt is nowhere differentiable.
Proof. Define:

A′ ≡
{
ω

∣∣∣∣for some t ∈ [0, T ], lim
h→0

Bt+h −Bt
h

<∞
}
.
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Then A′ ⊂ A1 where:

A1 ≡
{
ω

∣∣∣∣for some t ∈ [0, T ], lim sup
h→0

|Bt+h −Bt|
|h| <∞

}
,

and so A1 is Aγ of the prior proof with γ = 1. Thus Pr [A′] = 0.

Remark 2.80 More specifically, in 1933 Raymond Paley (1907 —1933),
Norbert Wiener (1894 — 1964), and Antoni Zygmund (1900 — 1992)
proved that the set:

A ≡
{
ω

∣∣∣∣For each t : lim sup
h→0+

Bt+h −Bt
h

=∞ or lim inf
h→0+

Bt+h −Bt
h

= −∞
}
,

contains a measurable set with measure 1. SeeKaratzas and Shreve (1988)
for a proof.

For the final investigation on smoothness, it is natural to wonder if there
is a more precise measure of continuity for Brownian motion, than is given
by Hölder continuity of exponent γ < 1/2. In a sense we are in the same
situation here as for the limit at infinity in 2.76. Now the investigation
becomes, find a function ψ(h) so that for all t :

lim sup
h→0

|Bt+h −Bt|
ψ(|h|) = 1.

Similar to the earlier situation, we can surmise from the above proposition
that for h→ 0 :

|h|1/2−ε < ψ(|h|) < |h|1/2 ,
for all ε > 0.

The above limit superior is defined by arbitrarily small h, and since we
want this limit to be independent of t this is often expressed as:

lim sup
h→0+

sup0≤t≤1−h |Bt+h −Bt|
ψ(h)

= 1.

This specification restricts t, t + h ∈ [0, 1], but then translation invariance
of Brownian motion obtains the result on [0,∞). The function ψ(h) is the
modulus of continuity of Brownian motion on [0,∞), parametrized by
h > 0 and comparable to mT (ω, δ) defined in 2.22.

The next result is another by Paul Lévy (1886 —1971), this one from
1937. Lévy proved that:

ψ(h) =
√

2h ln(1/h). (2.84)
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For a proof see Karatzas and Shreve (1988) or Schilling and Partzsch
(2014). Here we simply state the result for completeness.

Proposition 2.81 (Lévy’s modulus of continuity) Let Bt be a 1-dimensional
Brownian motion on a probability space (S, σ(S), µ). Then with µ-probability
1 :

lim sup
h→0+

sup0≤t≤1−h |Bt+h −Bt|√
2h ln(1/h)

= 1. (2.85)

2.2.4 Variation

In this section we discuss results on various interpretations of the variation
of Brownian motion. We begin with a simple question. Can Brownian
paths be monotonic, even on some interval, with positive probability?

Definition 2.82 Given a 1-dimensional Brownian motion Bt on a proba-
bility space (S, σ(S), µ) and ω ∈ S. We will say that Bt (ω) is somewhere
monotonic if there exists an interval J = [a, b] with b > a such that:

1. Monotonically increasing: Bt (ω) ≤ Bt′ (ω) for all t, t′ ∈ J with
t < t′, or:

2. Monotonically decreasing: Bt (ω) ≥ Bt′ (ω) for all t, t′ ∈ J with
t < t′.

We will say that Bt (ω) is nowhere monotonic if no such interval
exists.

If we denote by I ⊂ S the subset of S for which Bt (ω) is somewhere
monotonically increasing, and analogously D ⊂ S the subset of S for which
Bt (ω) is somewhere monotonically decreasing, then it is not apparent that
these sets are µ-measurable. However, since −Bt is a Brownian motion by
2 of proposition 2.63, I ∈ σ(S) if and only if D ∈ σ(S), and in this case,
µ(I) = µ(D). Of course there is no suggestion that I ∩D = ∅, and indeed it
is possible that almost all (or even all) paths are somewhere monotonic and
thus µ(I) = µ(D) = 1. Indeed, a Brownian path has an infinite amount of
time when parametrized on R+ ≡ [0,∞) to produce such an interval, even
an extremely small one.

But it is not the case that µ(I) = µ(D) = 1. Indeed, exactly the opposite
is true and µ(I) = µ(D) = 0. Intuitively, the probability that a Brownian
path is monotonic on a given interval is no greater than the probability of
all heads in an infinite string of flips of a fair coin.
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Proposition 2.83 Let Bt be a 1-dimensional Brownian motion on a proba-
bility space (S, σ(S), µ). Then with µ-probability 1, Bt is nowhere monotonic.
Proof. Using the above notation, we prove that I ∈ σ(S) and µ(I) = 0, and
thus µ(Ĩ) = 1 as asserted. As noted above, this proves the same statement
for D. To this end, first note:

I =
⋃
q,r∈Q{ω|Bt (ω) is monotonically increasing on [q, r]}

≡
⋃
q,r∈QA[q,r].

This follows since if Bt (ω) is monotonically increasing on arbitrary [a, b],
there exists an interval with rational endpoints [q, r] ⊂ [a, b]. As this is a
countable union, the proof is complete by showing that that A[q,r] ∈ σ(S)
and µ

[
A[q,r]

]
= 0 for all [q, r].

For this, if Bt (ω) is monotonically increasing on [q, r], then by proposi-
tion 2.63, B̃t (ω) ≡ Bt+q (ω) − Bq (ω) is monotonically increasing on [0, a]
with a ≡ r − q, and then B̂t (ω) ≡

√
aB̃t/a is monotonically increasing on

[0, 1]. So there is no loss of generality in just assuming that [q, r] = [0, 1] and
work with A[0,1].

Now:

A[0,1] =
⋂
nA

(n)
[0,1]

≡
⋂
n{ω|Bj/2n −B(j−1)/2n ≥ 0, j = 1, ..., 2n}.

Each A(n)
[0,1] ∈ σ(S) since Bj/n − B(j−1)/n =d B1/n by definition 1.27, and

these increments are independent, thus:

A
(n)
[0,1] =

⋂n
j=1{ω|B

(j)
1/n ≥ 0, independent B(j)

1/n}.

This proves that A(n)
[0,1] ∈ σ(S) and then so too is A[0,1].

By independence:

µ
[
A

(n)
[0,1]

]
=
(
µ
[
{ω|B(j)

1/n ≥ 0
])n

= 1/2n.

And {A(n)
[0,1]} is a nested sequence since A

(n+1)
[0,1] ⊂ A

(n)
[0,1], so continuity from

above of µ (proposition 5.26, book 1) now obtains that µ
[
A[0,1]

]
= 0.

Since nowhere monotonic with probability 1, it is apparent that almost
all Brownian paths are in a constant state of "up and down" movements
as they evolve over time. Before we study this "variation" in Brownian
motion, it is timely to make an observation about this variation that will be



2.2 PATH PROPERTIES OF BROWNIAN MOTION 167

a consequence of Blumenthal’s 0-1 law proved below, which in turn is a
consequence of the fact that Brownian motion satisfies the strong Markov
property.

We will see in corollary 4.35 below:
Corollary: Let Bt be a 1-dimensional Brownian motion on a probability

space (S, σ(S), µ), and define T on S by:

T ≡ inf{t > 0|Bt = 0}.

Then T = 0 with µ-probability 1.

Thus starting from B0 = 0 (with µ-probability 1), the constant movement
"up and down" in a Brownian path results in it returning to 0 infinitely
often in any interval (0, ε), with µ-probability 1.

To continue our study of variation of Brownian motion we start with a
definition.

Definition 2.84 Given a real-valued function f(t) on an interval [a, b], a
partition Πn = {t0, t1, ..., tn} of the interval with

a = t0 < t1 · · · < tn = b,

and a real number p > 0, the strong p-variation of f over [a, b] is defined
by:

Vp(f) ≡ sup
Πn

∑n

i=1
|f(ti)− f(ti−1)|p . (2.86)

A function has finite strong p-variation or bounded strong p-variation
over [a, b] if Vp(f) < ∞, and has finite strong p-variation or bounded
strong p-variation if Vp(f) <∞ for all compact intervals [a, b].

Given a partition Πn, define the mesh size δn by:

δn ≡ max
1≤i≤n

{ti − ti−1}. (2.87)

When the limit exists as δn → 0 and is independent of the sequence {Πn},
the weak p-variation of f over [a, b] is defined by:

vp(f) ≡ lim
δn→0

∑n

i=1
|f(ti)− f(ti−1)|p . (2.88)

Though this terminology is not standardized, we will say that a function
has finite weak p-variation or bounded weak p-variation over [a, b] if
vp(f) <∞, and so forth.
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If f(t) = Xt(ω) is Brownian motion or other stochastic process defined
on a probability space (S, σ(S), µ), then given [a, b], Vp(X) is defined as in
2.86 and vp(X) is defined as in 2.88 for each ω ∈ S. The process is said to
have finite strong p-variation over [a, b] if Vp(X) <∞, µ-a.e., meaning
with probability 1,and has finite strong p-variation if Vp(X) < ∞, µ-
a.e. for all compact intervals [a, b]. For this definition, the supremum supΠ is
defined over partitions that are allowed to vary with ω, and thus this notion
of finite strong p-variation is a very strong one.

For stochastic process one can similarly define finite weak p-variation
in terms of vp(X) < ∞, µ-a.e., etc., but it is also common to consider
convergence of the random variable sequence vp(X (ω) ; Πn) in terms of the
Lp (S)-norms of definition 4.10 of book 5.

Notation 2.85 When p = 1, the 1-variation of f is usually called the
variation, the total variation, or absolute variation of f as in de-
finition 3.23 of book 3, while the 2-variation of f is usually called the
quadratic variation of f.

Exercise 2.86 Given a real-valued function f(t) on an interval [a, b], show
that if for given p :

0 < vp(f) <∞,

then:

vp′(f) =

∞, p′ < p,

0, p′ > p.

Thus every such function has at most one finite weak variation greater than
0.

Given an example on [0, 1] of a function with no finite weak variation
greater than 0. Hint: Splice.

The first result will be important in book 8 where we study an integration
theory using Brownian motion as the integrator, such as:∫ t′

t
v(s, ω)dBs(ω).

This is the theory of Itô integration, named for Kiyoshi Itô (1915 —2008). 
That such integrals cannot be defined as the Riemann-Stieltjes integrals of 
book 3 is a corollary to that book’s proposition 4.52 and the following result. 
This will be generalized in corollary 2.90 below.
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Proposition 2.87 Let Bt be a 1-dimensional Brownian motion on a prob-
ability space (S, σ(S), µ). Then for any [a, b] ⊂ [0,∞), Bt(ω) is not of finite
weak variation on [a, b] with µ-probability 1. That is,

Pr [v1(B) =∞] = 1. (2.89)

In the terminology of book 3, Bt(ω) is not of bounded variation on [a, b] with
µ-probability 1.
Proof. Let [a, b] be given. We prove this result even assuming the additional
restriction that only uniform partitions of [a, b] are used in the limit. Let
∆t = T/n with T ≡ b− a, and ti = a+ i∆t. Define:

vn ≡
∑n

i=1

∣∣Bi∆t −B(i−1)∆t

∣∣ =
∑n

i=1
|Zi| ,

where {Zi} are independent and normally distributed with mean 0 and vari-
ance ∆t. Thus E [|Zi|] =

√
2∆t/π and V ar [|Zi|] = (1− 2/π)∆t, and so:

E [vn] =
√

2/π
√
nT , V ar [Vn] = (1− 2/π)T.

Using Chebyshev’s inequality of proposition 3.32 of book 4, we have for any
t > 0 :

Pr
[∣∣∣vn −√2/π

√
nT
∣∣∣ < t

√
(1− 2/π)T

]
> 1− 1/t2,

and hence,

Pr
[
vn >

(√
2nT/π − t

√
(1− 2/π)T

)]
> 1− 1/t2.

Thus for any t > 0, vn is unbounded with probability 1 − 1/t2, and the
result follows.

In 1940, Paul Lévy (1886 —1971) showed that Brownian motion has
finite strong p-variation, Vp(B) < ∞, if p > 2, then in 1972 S. James
Taylor (b. 1929) proved that Brownian motion has finite strong p-variation
if and only if p > 2. However as noted above, if we replace the supremum
with a limit of partitions with δn → 0, then it turns out that Brownian
motion has finite weak quadratic variation, v2(B) < ∞. This limit exists
with respect to the L2-norm as in definition 4.10 of book 5, and hence this
limit also exists in probability.

Proposition 2.88 Let Bt be a 1-dimensional Brownian motion on a prob-
ability space (S, σ(S), µ), and {Πn}n≥1 a sequence of partitions of [a, b] with
mesh size δn → 0. Then as n→∞ :

‖v2(B (ω) ; Πn)− (b− a)‖L2(S) → 0. (2.90)
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Consequently, v2(B (ω) ; Πn) converges to b− a in probability,

v2(B (ω) ; Πn)→P (b− a),

and thus for every ε > 0 :

Pr [|v2(B (ω) ; Πn)− (b− a)| > ε]→ 0. (2.91)

Finally, given {Πn}n≥1 there exists a subsequence nk so that v2(B (ω) ; Πnk)
converges to b− a with µ-probability 1 :

v2(B (ω) ; Πnk)→a.e. (b− a). (2.92)

Proof. By proposition 2.63, B̃s ≡ Ba+s − Ba is a Brownian motion on
s ∈ [0, t] with t ≡ b− a, and by definition has the same quadratic variation
as Bs on [a, b]. Thus we prove 2.90 with [a, b] = [0, t]. Let Πn ≡ {t0, t1, ..., tn}
be a partition of [0, t], then:

v2(B (ω) ; Πn) ≡
∑n

i=1

(
Bti −Bti−1

)2
.

This obtains

E [v2(B (ω) ; Πn)] =
∑n

i=1
(ti − ti−1) = t,

and since v2(B (ω) ; Πn) is an independent sum:

‖v2(B (ω) ; Πn)− t‖2L2(S) = E
[
(v2(B (ω) ; Πn)− t)2

]
= V ar [v2(B (ω) ; Πn)]

=
∑n

i=1
V ar

[(
Bti −Bti−1

)2]
.

Letting zi ≡
(
Bti −Bti−1

)
/ (ti − ti−1)1/2 , then zi ∼ N(0, 1) and by

(3.65) of book 4:

V ar
[(
Bti −Bti−1

)2]
= E

[((
Bti −Bti−1

)2 − (ti − ti−1)
)2
]

= (ti − ti−1)2E
[(
z2
i − 1

)2]
= 2 (ti − ti−1)2 .

Thus by definition of δn :

‖v2(B (ω) ; Πn)− t‖2L2(S) = 2
∑n

i=1
(ti − ti−1)2

≤ 2δnt,
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and 2.90 is proved.
That 2.91 follows from 2.90 is Chebyshev’s inequality of proposition 3.32

of book 4:

Pr [|v2(B (ω) ; Πn)− t| > ε] ≤ V ar [v2(B (ω) ; Πn)] /ε2 ≤ 2δnt/ε
2.

Finally, that 2.92 follows from 2.91 is book 2’s proposition 5.25.

Remark 2.89 Letting [a, b] = [0, t], the L2-convergence of 2.90 and the
Cauchy-Schwarz inequality of book 4’s corollary 3.48 assures L1-convergence:

‖v2(B (ω) ; Πn)− t‖L1(S) → 0. (2.93)

Applying book 5’s proposition 4.20 obtains convergence of L1-norms, which
are expectations in the current context, and since E[t] = t :

E [v2(B (ω) ; Πn)]→ t. (2.94)

Thus, the expectation of v2(B (ω) ; Πn) defined over [0, t] converges to t as
δn → 0.

Below we identify criteria on the δn-sequence which assure that v2(B (ω) ; Πn)→a.e.

t. Also, example 6.13 generalizes the result in 2.92 to simply δn → 0 using
proposition 6.12, but where each variation v2(B (ω) ; Πn) is redefined in terms
of a bounded (i.e., "stopped") version of Bt, for example |Bt| ≤ n. With this
approach we also achieve a further generalization related to the convergence
in probability statement of 2.91.

We now have the generalization of proposition 2.87 promised above.

Corollary 2.90 Let Bt be a 1-dimensional Brownian motion on a proba-
bility space (S, σ(S), µ). Then for any [a, b] ⊂ [0,∞) and p < 2, Bt(ω) is
not of weak finite p-variation on [a, b] with µ-probability 1. That is, for all
p < 2 :

Pr [vp(B) =∞] = 1. (2.95)

Proof. Let {Πn}n≥1 a sequence of partitions of [a, b] with mesh size δn → 0.
If p = 2− ε for ε > 0, then for any 0 < γ < 1/2 we obtain by 2.81:

v2(B (ω) ; Πn) ≤ max
1≤i≤n

∣∣Bti −Bti−1∣∣ε∑n

i=1

∣∣Bti −Bti−1∣∣2−ε
≤ max

1≤i≤n

∣∣Bti −Bti−1∣∣ε vp−ε(B)

≤ Cεγ max
1≤i≤n

|ti − ti−1|εγ vp−ε(B).
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By 2.92 there is a subsequence so that v2(B (ω) ; Πnk)→a.e. (b− a). Letting
nk →∞, we obtain that with probability 1 :

b−a ≤ Cεγ limnk→∞

[
max

1≤i≤nk
|ti − ti−1|εγ

]
vp−ε(B) = Cεγ limnk→∞ (δnk) vp−ε(B).

Since δnk → 0 we conclude that with probability 1, vp−ε(B) =∞.

As noted in 2.92, convergence in probability v2(B (ω) ; Πn) →P (b − a)
of proposition 2.88 assures convergence of a subsequence with probability 1,
v2(B (ω) ; Πnk) →a.e. (b − a). Of interest is to be able to identify a priori
conditions on a sequence of partitions {Πnk}k≥1 with associated mesh sizes
{δnk}k≥1 that assure such probability 1 convergence. There are three criteria
which assure such convergence, two by Paul Lévy (1886 —1971), and one
by Richard M. Dudley (b. 1938):

1. Lévy (1948): If
∑∞

k=1 δnk <∞;

2. Dudley (1973): If δnk = o(1/ lnnk), meaning that δnk lnnk → 0 as
k →∞;

3. Lévy (1940): If {Πnk}k≥1 are nested, meaning Πnk ⊂ Πnk+1 .

We prove only the first, and refer the reader to Schilling and Partzsch
(2014) for the others.

Proposition 2.91 Let Bt be a 1-dimensional Brownian motion on a proba-
bility space (S, σ(S), µ). If {Πnk}k≥1 is a sequence of partitions of [a, b] with
associated mesh sizes {δnk}k≥1 so that

∑∞
k=1 δnk <∞, then v2(B (ω) ; Πnk)

converges to b− a with µ-probability 1 :

v2(B (ω) ; Πnk)→a.e. (b− a). (2.96)

Proof. From the proof of proposition 2.88:

V ar [v2(B (ω) ; Πnk)] ≤ 2δnkt,

where t ≡ b−a. Recalling that E [v2(B (ω) ; Πnk)] = t, it follows from Cheby-
shev’s inequality of proposition 3.32 of book 4 that for any ε > 0 :∑∞

k=1
Pr [|v2(B (ω) ; Πnk)− t| ≥ ε] ≤

∑∞

k=1

2δnkt

ε2
<∞.
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Defining Ak ⊂ S by Ak = {|v2(B (ω) ; Πnk)− t| ≥ ε}, we have by the Borel-
Cantelli lemma of proposition 2.6 of book 2:

µ

[
lim sup
k→∞

Ak

]
= 0.

Using definition 2.1 of book 2 and taking complements:

µ
[⋃∞

m=1

⋂
k≥m

Ãk

]
= 1.

Now if Aε ≡
⋃∞
m=1

⋂
k≥m Ãk and ω ∈ Aε, then by definition there exists

M(ω, ε) so that:

|v2(B (ω) ; Πnk)− t| < ε, for all nk ≥M(ω, ε).

Taking εn → 0 and defining A =
⋂∞
n=1Aεn , then µ [A] = 1 and v2(B (ω) ; Πnk)→

t on A, which is 2.96.

Remark 2.92 As noted above, Paul Lévy (1886 —1971) showed in 1940
that Brownian motion has strong finite p-variation, Vp(B) < ∞, if p > 2,
and in 1972 S. James Taylor (b. 1929) proved that Brownian motion has
strong finite p-variation if and only if p > 2. In the case p = 2, Lévy showed
in 1948 that the prospect for V2(B (ω) ; Πnk) → (b − a), where convergence
is defined in any meaningful way, could not possibly be worse.

We state his result and refer the reader to Schilling and Partzsch
(2014) for a proof.

Proposition 2.93 Let Bt be a 1-dimensional Brownian motion on a proba-
bility space (S, σ(S), µ). Then for almost all ω ∈ S, there exists a sequence of
nested partitions {Πn (ω)}n≥1 with δn (ω) → 0 so that v2(B (ω) ; Πn (ω)) →
∞. Thus since V2(B) is defined as the supremum over all such partitions:

Pr [V2(B) =∞] = 1. (2.97)

Remark 2.94 On first reading this result may appear to conflict with the
result of proposition 2.88, since here δn (ω)→ 0. The resolution is in the no-
tation, that the partition sequences here, {Πn (ω)}n≥1, vary with ω, whereas
in proposition 2.88 they are independent of ω.





Chapter 3

Martingales and Markov
Processes

In addition to all the special and interesting properties of Brownian motion
discussed above, and the many more found in the references, Brownian
motion has two other very important properties which open the door to
much broader investigations into stochastic processes. Those properties are
that Brownian motion is both a martingale and a Markov process, the
latter property named for Andrey Andreyevich Markov (1856 —1922)
who identified and studied this property. Because each notion requires a
certain amount of definitional infrastructure, a choice must be made by
any author. Should these notions be developed in the context of Brownian
motion and generalized later, or, should these notions be developed in a
general context and Brownian motion used as a foundational example.

Given the brevity of the current chapter, the reader has no doubt already
concluded that we will be pursuing the latter option. The next chapter will
study Markov processes, and then martingales and variations will be a key
concepts in the following chapter on stochastic processes.

So here we only introduce the big ideas, and for them, the development
in section 5.3 of book 6 on conditional expectations (and conditional prob-
abilities) is key.

3.1 Markov Processes (Big Idea)

Recall the notion of a conditional probability from definition 5.10 of
book 6. Given a probability space (S, σ(S), µ), E ⊂ σ(S) a sigma

175
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subalgebra, and A ∈ σ(S), the conditional probability µ[A|E ] is defined as
any function defined on S with two properties:

1. µ [A|E ] is an E-measurable function, meaning µ [A|E ]−1 (H) ∈ E for all
Borel measurable sets H ∈ B (R) ;

2. µ[A|E ] is µ-integrable, and for all B ∈ E :∫
B
µ[A|E ]dµ = µ (A

⋂
B) , (3.1)

and thus: ∫
S
µ[A|E ]dµ = µ (A) . (3.2)

These properties assure non-uniqueness. If g(ω) is E-measurable and
g(ω) = µ[A|E ] µ-a.e., then g(ω) satisfies property 1 by assumption, and also
2 by proposition 2.26 and definition 2.37 of book 5. If E is a complete sigma
algebra and g(ω) = µ[A|E ] µ-a.e., then g(ω) also satisfies property 1 by book
5’s proposition 1.7, and property 2 as before. Since E ⊂ σ(S) implies that
E is a cruder sigma algebra than σ(S), or equivalently, σ(S) is a finer sigma
algebra than E , it is really 1 that calls into question the existence of such a
function. Otherwise µ[A|E ] ≡ χA(ω), the characteristic function of A, is the
perfect candidate to satisfy 2. But of course χA(ω) cannot be E-measurable
for all A ∈ σ(S) if E $ σ(S). In the general case, existence of µ[A|E ] was
assured by the Radon-Nikidým theorem of proposition 7.22 of book 5, which
also assured uniqueness µ-a.e.

Notation 3.1 Conditional probabilities are often expressed using Pr:

Pr [A|E ] ≡ µ [A|E ] .

In addition, if X,Y are random variables on (S, σ(S), µ) and H ∈ B (R) ,
one often sees this notion expressed as Pr[X ∈ H|Y ] = Pr[X−1(H)|Y ]. By
definition:

Pr[X−1(H)|Y ] ≡ Pr[X−1(H)|σ (Y )], (3.3)

where the sigma subalgebra σ (Y ) ≡ Y −1 [B (R)] . One similarly defines Pr [A|Y ]
for A ∈ σ(S).

If Xt is a stochastic process defined on (S, σ(S), µ) and 0 ≤ s < s + h,
one is often interested in probabilities associated with Xs+h, meaning the
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value of µ
[
X−1
s+h (H)

]
for H ∈ B (R) , given Xt up to time s. There are at

least two possible conditional probability functions of interest:

µ
[
X−1
s+h (H) |σ (Xs)

]
, µ

[
X−1
s+h (H) |σ

(
Xt∈[0,s]

)]
, (3.4)

where the sigma algebras σ (Xs) ⊂ σ
(
Xt∈[0,s]

)
are defined:

Definition 3.2 If Xt is a 1-dimensional stochastic process defined on (S, σ(S), µ),
then for fixed t,

σ (Xt) ≡ X−1
t [B (R)] ,

and analogously:

σ
(
Xt∈[0,s]

)
≡ σ

[
X−1
t [B (R)] , t ∈ [0, s]

]
,

where σ denotes the smallest sigma algebra that contains X−1
t [B (R)] for all

t ∈ [0, s].

By 3.2,
µ
[
X−1
s+h (H)

]
≡ Pr [Xs+h ∈ H]

is obtained by integrating either conditional probability function in 3.4 over
S. Similarly, 3.1 assures that for B ∈ σ (Xs) , µ

[
X−1
s+h (H) ∩B

]
is obtained

by integrating either function over B. But in general, the second function
in 3.4 provides more information in that by integration it also produces
µ
[
X−1
s+h (H) ∩B

]
for B ∈ σ

(
Xt∈[0,s]

)
− σ (Xs) . That said, is it possible

that these functions are equal (as always, µ-a.e.)?
We will say that Xt defined on (S, σ(S), µ) is a Markov process if for

any 0 ≤ s < s+ h, H ∈ B (R) :

µ
[
X−1
s+h (H) |σ

(
Xt∈[0,s]

)]
= µ

[
X−1
s+h (H) |σ (Xs)

]
. (3.5)

In the notation of 3.3 this is often expressed:

Pr
[
X−1
s+h (H) |Xt, 0 ≤ t ≤ s

]
= Pr

[
X−1
s+h (H) |Xs

]
, (3.6)

and informally summarized as follows:

To make probability statements at time s about X−1
s+h (H) given Xt for

0 ≤ t ≤ s, one only needs to know Xs, as the past is irrelevant.
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This statement is often applied intuitively, not in the sense of 3.3, but
in the sense that to evaluate Pr

[
X−1
s+h (H) |Xt, 0 ≤ t ≤ s

]
one only needs to

know the value of Xs, which is reminiscent of discrete probability theory.
For example, to evaluate the conditional probability of the sum of two dice
equalling 7, conditional on the the value of the first die, Pr[X1+X2 = 7|X1] is
well defined as a unique function ofX1. At this point it would be unjustified
to conclude that in general, Pr

[
X−1
s+h (H) |Xs

]
is a function of Xs, or that

3.6 implies that Pr
[
X−1
s+h (H) |Xt, 0 ≤ t ≤ s

]
is also a function of Xs. We

will return to this point below and indeed justify it, though not in the sense
of the discrete probability theory.

Returning to the formal meaning of 3.5, first note that µ
[
X−1
s+h (H) |σ (Xs)

]
is always σ

(
Xt∈[0,s]

)
-measurable since it is σ (Xs)-measurable and σ (Xs) ⊂

σ
(
Xt∈[0,s]

)
. Thus the significance of 3.5 relative to measurability is that

it requires that µ
[
X−1
s+h (H) |σ

(
Xt∈[0,s]

)]
be σ (Xs)-measurable, and so by

definition, for all K ∈ B (R) :

µ
[
X−1
s+h (H) |σ

(
Xt∈[0,s]

)]−1
(K) ∈ σ (Xs) ,

Regarding valuation, 3.1 then states that one can obtain µ
[
X−1
s+h (H) ∩B

]
for all B ∈ σ

(
Xt∈[0,s]

)
by integrating this σ (Xs)-measurable function over

B. Intuition seems to demand that σ (Xs)-measurability means that the
function µ

[
X−1
s+h (H) |σ

(
Xt∈[0,s]

)]
cannot depend on Xt for 0 ≤ t < s, and

only depends on Xs, but how can this be formalized?
The crucial linkage between the current context and the above notions

from discrete probability theory is provided by the Doob-Dynkin lemma,
named for Joseph L. Doob (1910 —2004) and Eugene Dynkin (1924 —
2014). This "lemma" is typically stated in the context of random variables
defined on a probability space, but given the generality of the book 5 result
that the proof relies on, it is also true for measurable functions on a measure
space, and even more generally true for measurable multivariate functions.

Proposition 3.3 (Doob-Dynkin lemma) Let X,Y be random variables
on a probability space (S, σ(S), µ). Then Y is σ(X)-measurable, where σ(X) ≡
X−1 [B (R)] , if and only if there exists a Borel measurable function g : R→
R so that Y = g(X).
Proof. Given X and Borel measurable g, define Y ≡ g(X). Then Y is
σ(X)-measurable since for H ∈ B (R) :

Y −1(H) ≡ X−1
[
g−1 (H)

]
.

Thus Y −1(H) ∈ σ(X) since g−1 (H) ∈ B (R) by Borel measurability.
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Conversely given such X, we prove that if Y is σ(X)-measurable then g as
above exists. First, if Y = χA for A ∈ σ(X), then since σ(X) ≡ X−1 [B (R)]
there exists H ∈ B (R) with X−1 (H) = A. Thus Y = χH(X) and the result
is proved with g = χH , which is Borel measurable. More generally, if Y is a
σ(X)-simple function:

Y =
∑n

j=1 ajχAj

for {Aj}nj=1 ⊂ σ(X) and {aj}nj=1 ⊂ R, then by the same argument:

Y =
∑n

j=1 ajχHj (X)

for {Hj}nj=1 ⊂ B (R) , and thus the result is proved with Borel measurable
g =

∑n
j=1 ajχHj .

If Y is a nonnegative σ(X)-measurable random variable, then by book
5’s proposition 1.18 there exists a sequence of σ(X)-simple functions:

ϕm ≡
∑nm

j=1 a
(m)
j χ

A
(m)
j

,

with {A(m)
j }

nm
j=1 ⊂ σ(X) and {a(m)

j }
nm
j=1 ⊂ R, so that ϕm → Y pointwise.

Thus as above:
Y = lim

m→∞

∑nm
j=1 a

(m)
j χ

H
(m)
j

(X).

Now define g = limm→∞
∑nm

j=1 a
(m)
j χ

H
(m)
j

on the range of X, and 0 elsewhere.

Then g is Borel measurable by book 5’s corollary 1.10.
For a general σ(X)-measurable random variable Y, apply definition 2.36

of book 5 to express Y = Y +−Y −, with Y +, Y − nonnegative σ(X)-measurable
random variables, and apply the previous result.

Corollary 3.4 (Doob-Dynkin lemma) If Xt is a Markov process defined
on (S, σ(S), µ), then given 0 ≤ s < s + h and H ∈ B (R) , there exist Borel
measurable g1(x) ≡ g1(s, x, s+ h,H) and g2(x) ≡ g2(s, x, s+ h,H) so that:

µ
[
X−1
s+h (H) |σ

(
Xt∈[0,s]

)]
= g1(Xs), µ

[
X−1
s+h (H) |σ (Xs)

]
= g2(Xs).

(3.7)
Further,

g1(Xs) = g2(Xs), µ-a.e. (3.8)

Proof. Since µ
[
X−1
s+h (H) |σ (Xs)

]
is σ (Xs)-measurable by definition, and

µ
[
X−1
s+h (H) |σ

(
Xt∈[0,s]

)]
is σ (Xs)-measurable by the Markov property in

3.5, the result in 3.7 follows from the Doob-Dynkin lemma. Now g1(Xs)
and g2(Xs) are defined on S, and g1(Xs) = g2(Xs) µ-a.e. by 3.5 and the
definition of conditional probability.
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Remark 3.5 (Discrete Probability Connection) By corollary 3.4, given
a Markov process Xt defined on (S, σ(S), µ) and H ∈ B (R) , it is indeed the
case that one only needs to know Xs to evaluate µ

[
X−1
s+h (H) |σ

(
Xt∈[0,s]

)]
and hence the past 0 ≤ t < s is irrelevant. However, the meaning of this
statement differs from that for discrete examples.

Here, the conditional probability is independent of the past in the sense
that by the Doob-Dynkin lemma, it is given by a Borel function g(Xs). But is
it then possible to state that the value of Pr

[
X−1
s+h (H) |Xs = x

]
for a given

value of Xs equals g(x) as one might assume in the discrete case? In general
the answer is "no" since such g denotes any measurable function such that
g(Xs) = g2(Xs), µ-a.e. Thus, g(Xs) is only unique µ-a.e.

On the other hand, from 3.1 we obtain that if B ∈ σ (Xs) is defined by
B ≡ X−1

s (K) for K ∈ B (R) , then for any such g :∫
B
g(Xs)dµ = µ

[
X−1
s+h (H) ∩X−1

s (K)
]
.

If µ
[
X−1
s (K)

]
6= 0, we have by definition 1.31 of book 2 that the classical

conditional probability is well defined. Expressing g(x) ≡ g(s, x, s+h,H) as
above:

Pr [Xs+h ∈ H|Xs ∈ K] ≡
µ
[
X−1
s+h (H) ∩X−1

s (K)
]

µ
[
X−1
s (K)

]
=

∫
X−1s (K) g(s,Xs, s+ h,H)dµ∫

X−1s (K) 1dµ
.

Now let K = [x, x + ε], and apply 3.11 of proposition 3.14 of book 5 to
convert these integrals on S to Lebesgue-Stieltjes integrals on R. Denoting
by µXs the Borel measure on R induced by Xs (recall book 5’s example 3.11),
and again assuming µ

[
X−1
s ([x, x+ ε])

]
6= 0 :

Pr [Xs+h ∈ H|Xs ∈ [x, x+ ε]] =

∫ x+ε
x g(s, y, s+ h,H)dµXs (y)

µXs ([x, x+ ε])
.

Thus in certain cases it is possible to evaluate Pr
[
X−1
s+h (H) |Xs = x

]
by

taking a limit as ε→ 0.
For example if g(s, y, s + h,H) is continuous in y and µXs given by

a continuous density function, then using the change of variables of book
5’s proposition 3.6 one can show that this limit exists, and indeed equals
g(s, x, s + h,H) as in discrete probability theory. Details are left for the
reader, but see also example 4.1 below for a related analysis.
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In this special case, not only is g(s, x, s + h,H) Borel measurable in x
for other parameters fixed, but also g(s, x, s + h, ·) is a probability measure
on (R,B (R)) for each such s, x and x+ h.

Remark 3.6 (Transition measures) In definition 4.2, the function g(s, y, s+
h,H) will be called a transition measure and denoted p(s, y, s + h,H).
There it will be assumed that p(s, x, s + h,H) is Borel measurable in x for
other parameters fixed, and that p(s, x, s + h, ·) is a probability measure on
(R,B (R)) for each such s, x and x+ h.

Remark 3.7 (Existence of Markov processes) It should be observed that
we have not yet proved that Markov processes exist, we have simply defined
them. With the aid of the Doob-Dynkin lemma we then proved that if they
do exist, then so too do the Borel measurable functions g(s, x, s+ h,H) for
fixed s, s + h and H which satisfy 3.7. As noted in remark 3.5, in certain
cases such functions also are Borel measures for each such s, x and x+ h.

This existence question will be resolved with proposition 4.11.

3.2 Martingales (Big Idea)

Recall the notion of a conditional expectation from definition 5.19 of
book 6. If X is a µ-integrable random variable on a probability space
(S, σ(S), µ), and E ⊂ σ(S) is a sigma subalgebra, then the conditional
expectation E[X|E ] is defined as any function defined on S with two
properties:

1. E [X|E ] is an E-measurable function, meaning E [X|E ]−1 (H) ∈ E for
all Borel measurable sets H ∈ B (R) ;

2. E[X|E ] is µ-integrable, and for all B ∈ E :∫
B
E[X|E ]dµ =

∫
B
Xdµ, (3.9)

and thus: ∫
S
E[X|E ]dµ =

∫
S
Xdµ ≡ E[X]. (3.10)

These properties assure non-uniqueness. If g(ω) is E-measurable and
g(ω) = E[X|E ] µ-a.e., then g(ω) satisfies property 1 by assumption, and
also 2 by proposition 2.26 and definition 2.37 of book 5. If E is a complete
sigma algebra and g(ω) = E[X|E ] µ-a.e., then g(ω) also satisfies property
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1 by book 5’s proposition 1.7, and property 2 as before. Since E ⊂ σ(S)
implies that E is a cruder sigma algebra than σ(S), or equivalently, σ(S)
is a finer sigma algebra than E , it is again 1 that calls into question the
existence of such a function, since otherwise E[X|E ] ≡ X is the perfect
candidate to satisfy 2. But X, which is σ(S)-measurable by definition of a
random variable, will not in general be E-measurable if E $ σ(S). In the
general case, existence of E [X|E ] was again assured by the Radon-Nikidým
theorem of proposition 7.22 of book 5, which also assured uniqueness µ-a.e.

Notation 3.8 If X,Y are random variables on (S, σ(S), µ), one often sees
this notion expressed as E[X|Y ]. By definition:

E[X|Y ] ≡ E[X|σ (Y )], (3.11)

where σ (Y ) ≡ Y −1 [B (R)] .

Exercise 3.9 Without looking back to the book 6 development, show that
if A ∈ σ(S) and X ≡ χA, the characteristic function of A, then for any
E ⊂ σ(S) :

E[X|E ] = µ [A|E ] , (3.12)

µ-a.e.

If Xt is a stochastic process defined on (S, σ(S), µ), µ-integrable for each
t, and 0 ≤ s < s + h, one is often interested in conditional expectations
of Xs+h given Xt up to time s. There are at least two possible conditional
expectation functions of interest:

E [Xs+h|σ (Xs)] , E
[
Xs+h|σ

(
Xt∈[0,s]

)]
, (3.13)

where the sigma algebras σ (Xs) ⊂ σ
(
Xt∈[0,s]

)
are given as in definition

3.2. By 3.10, E [Xs+h] will be obtained by integrating either function over
S. Similarly, 3.9 assures that for B ∈ σ (Xs) ,

∫
BXdµ is obtained by in-

tegrating either function over B. But in general, the latter function pro-
vides more information in that by integration it also produces

∫
BXdµ for

B ∈ σ
(
Xt∈[0,s]

)
− σ (Xs) . That said, is it possible that these functions are

equal (as always, µ-a.e.)?
As in the case of a Markov process, if these conditional expectations were

equal, then E
[
Xs+h|σ

(
Xt∈[0,s]

)]
would by definition be σ (Xs)-measurable,

and thus by the Doob-Dynkin lemma it would be the case that for some
Borel measurable function h :

E
[
Xs+h|σ

(
Xt∈[0,s]

)]
= h(Xs).
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To be a martingale requires that E
[
Xs+h|σ

(
Xt∈[0,s]

)]
equals a Borel mea-

surable function of Xs, and in fact the simplest Borel measurable function.
Changing notation to the conventional for martingales, we will say that

µ-integrable Mt defined on (S, σ(S), µ) is a martingale if for any 0 ≤ s <
s+ h :

E
[
Ms+h|σ

(
Mt∈[0,s]

)]
= Ms. (3.14)

It is then true by definition of conditional expectations that for a martingale:

E
[
Ms+h|σ

(
Mt∈[0,s]

)]
= E [Ms+h|σ (Ms)] ,

but this is not the defining condition for a martingale. The defining condition
is in 3.14.

Below we will study martingales where the defining property in 3.14 is
generalized to other collections of sigma algebras, and also consider processes
where equality in 3.14 is replaced by ≥ (submartingales) or ≤ (supermartin-
gales).

Remark 3.10 (Existence of martingales) In contrast to the case for Markov
processes, it is relatively easy to demonstrate the existence of martingales.
Using properties 1 and 6 of conditional expectations from proposition 5.26
of book 6:

E
[
Ms+h|σ

(
Mt∈[0,s]

)]
= E

[
Ms|σ

(
Mt∈[0,s]

)]
+ E

[
Ms+h −Ms|σ

(
Mt∈[0,s]

)]
= Ms + E

[
Ms+h −Ms|σ

(
Mt∈[0,s]

)]
.

By property 7 from this proposition, any µ-integrable processMt on (S, σ(S), µ)
with independent increments satisfies:

E
[
Ms+h −Ms|σ

(
Mt∈[0,s]

)]
= E [Ms+h −Ms] .

This follows because independent increments means that σ (Ms+h −Ms) and
σ
(
Mt∈[0,s]

)
are independent sigma algebras in the sense of definition 1.15 of

book 2.
Thus if µ-integrableMt has independent increments, and also E [Ms+h −Ms] =

0, then Mt is a martingale. Does this sound familiar?
Yes, Brownian motion is an example of a martingale.





Chapter 4

Markov and Diffusion
Processes

Markov processes, named for Andrei Markov (1856 —1922), and
diffusion processes, are particular types of stochastic processes studied
in this chapter. Like Brownian motion, these are processes with interesting
and special properties. On the one hand they are more general than
Brownian motion in that the finite dimensional probability measures need
not be multivariate normal. On the other hand, these processes are far less
general that the stochastic processes of the next chapter because of the
regularity conditions imposed on the associated transition measures.
Existence of Markov and diffusion processes will be confirmed by another
application of Kolmogorov’s existence and moment theorems that reflects
the different manner by which such processes are specified.

In the most general cases, existence of a stochastic process with given
finite dimensional probability measures is assured Kolmogorov’s theorem as
long as these measures are consistent as specified in 1.58 and 1.59. The
existence of Brownian motion was seen as a corollary to this result. In
addition, a version of this process could be chosen to be pathwise continuous
if the two dimensional probability measures satisfied a certain continuity
property relative to time specified in 1.81. Specifically, if µt1t2 is any of the
two dimensional probability measures on B(R2), then the condition there:

E
[
|Xt2 −Xt1 |

β
]
≤ Kα,β |t2 − t1|1+α ,

can be expressed as:∫
R2
|y − x|β dµt1t2(x, y) ≤ Kα,β |t2 − t2|1+α .

185
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In the case of Markov processes, the distributional structure of a process
is defined not by a family of probability measures {µt1t2...tn}, but by a tran-
sition probability function or transition probability measure, in ei-
ther case often referenced without the "probability" qualifier. As in the
case of probability measures, transition functions must be restricted to as-
sure consistency in the sense of 1.58 and 1.59. Then to assure that such
Markov processes can be chosen to be continuous requires a further restric-
tion on these transition measures, much as was the case above for {µt1t2}.
Diffusion processes are then defined as Markov processes with transition
measures that satisfy additional regularity properties. These processes will
appear again in the book 9 study of stochastic differential equations
(SDEs).

As was the case for Brownian motion above and general stochastic processes
in the next chapter, Markov processes will be notationally developed in the
context of real valued processes and not vector valued processes. However,
the development of the more general results often requires only a change of
notation, since the notions studied are measure-theoretic. Thus the "dimen-
sion" of the range space of the process, whether R or Rn, often does not play
a fundamental role in the development. This is further reinforced by propo-
sition 3.32 of book 2, which confirms that notions of Borel measurability are
consistent between dimensions.

4.1 Transition Measures

Let Xt be a stochastic process defined on a probability space (S, σ(S), µ),
which is to say that Xt : S → R is σ(S)-measurable for each t ∈ I, or more
precisely, σ(S)/B (R)-measurable. Most commonly such processes are
parametrized on I = [0,∞), but this is not a requirement. A transition
measure for Xt is commonly represented as a function p(s, x, t, A), and
defined on 0 ≤ s < t, x ∈ R and A ∈ B (R) . Intuitively:

p(s, x, t, A) ≡ Pr [Xt ∈ A|Xs = x] ,

meaning that p(s, x, t, A) is a conditional probability measure as given in
1.27 of definition 1.31 of book 2 and discussed in the previous chapter.
Assuming that µ

[
X−1
s (x)

]
> 0 :

p(s, x, t, A) =
µ
[
X−1
t (A)

⋂
X−1
s (x)

]
µ
[
X−1
s (x)

] .
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While this is a good starting point for intuition, the assumption that
µ
[
X−1
s (x)

]
6= 0 is a very strong one, though in some cases a good result is

possible even when µ
[
X−1
s (x)

]
= 0.

Example 4.1 (Brownian motion) If Xt = Bt is Brownian motion, µ
[
X−1
s (x)

]
=

0 for all s and all x, and thus the above formulation for p(s, x, t, A) can not
be correct as stated. However, we have encountered transition density
functions for Brownian motion in 1.69. If A1, A2 ∈ B (R) , then with
A ≡ A1 ×A2 ∈ B

(
R2
)

:

µs,t [A] ≡ Pr[Xs ∈ A1, Xt ∈ A2] =

∫
A2

∫
A1

f1(y1)f2(y2 − y1)dy1dy2.

Here the fj(y) are normal densities as in 1.70, with 0 means and respective
variances of s and t − s. If

∫
A1
f1(y1)dy1 6= 0, then P [Xs ∈ A1|Xt ∈ A2] is

well defined as above. Further, this representation motivates consideration
of A1 = [x, x+ h] and a limit as h→ 0.

To this end:

Pr[Xt ∈ A2|Xs ∈ A1] =

∫
A2

∫ x+h

x
f1(y1)f2(y2 − y1)dy1dy2

/∫ x+h

x
f1(y1)dy1.

Dividing numerator and denominator by h, the limits as h→ 0 are seen to be
the derivatives of Riemann integrals, and thus recklessly applying proposition
3.2 of book 3 obtains:

p(s, x, t, A2) ≡ Pr[Xt ∈ A2|Xs = x] =

∫
A2

f2(y − x)dy, (4.1)

with:
f2(y − x) = [2π (t− s)]−1/2 exp

[
− (y − x)2 /2 (t− s)

]
.

While book 3’s proposition 3.2 is adequate for the denominator in this
derivation, we need to be more careful with the numerator as a double inte-
gral. However, the limit of the double integral in the numerator is justified
by the bounded convergence theorem of proposition 2.37 of book 3 when A2

has finite measure, and this is generalized with the help of 6 of that book’s
proposition 2.60.

Thus, not only does Brownian motion have a well defined transition
measure p(s, x, t, A2) which is in fact continuous in x, but this measure is
given by a transition density function.



188 CHAPTER 4 MARKOV AND DIFFUSION PROCESSES

In the general case, such manipulations are not feasible. Rather than
attempt to identify the transition measure of a given process, we begin by
"axiomatically" defining what is meant by a transition measure. Then we
will set out on the task to prove that under the given assumptions on such p,
there exists a stochastic process with this transition measure. There it will
be seen that this measure provides conditional probability information on
the derived process using the generalized definition of conditional probability
relative to a sigma subalgebra of definition 5.10 of book 6, and discussed in
the previous chapter.

The following definition sets outs the properties of a transition function
needed. Recall remark 3.6 above for motivation. The first condition pro-
vides the needed probability structure, while the second condition is needed
to make the third statement meaningful, and also required by the Doob-
Dynkin lemma as noted in corollary 3.4. The third statement, known as the
Chapman-Kolmogorov equation and named for Sydney Chapman
(1888 — 1970) and Andrey Kolmogorov (1903 — 1987), is the critical
consistency assumption needed to assure that Kolmogorov’s Existence
theorem can be applied.

To accommodate vector-valued processes, the assumptions that x ∈ R
and A ∈ B (R) would be changed to x ∈ Rn and A ∈ B (Rn) in the following
definition.

Definition 4.2 A transition probability measure or transition prob-
ability function p(s, x, t, A), often without the qualifier "probability," is
a nonnegative function defined on 0 ≤ s < t, x ∈ R and A ∈ B (R) such
that:

1. Given s, x, t : p(s, x, t, A) is a probability measure on A ∈ B (R) ;

2. Given s, t, A : p(s, x, t, A) is Borel measurable in x ∈ R;

3. The Chapman-Kolmogorov equation: Given s, t, x, A ∈ B (R)
and any r with s < r < t :

p(s, x, t, A) =

∫
R
p(r, y, t, A)p(s, x, r, dy), (4.2)

(see remark 4.3, On Notation).
A transition measure is said to be given by a transition density func-

tion if there exists a nonnegative function p(s, x, t, y), Borel measurable in
x and y, so that:

p(s, x, t, A) =

∫
A
p(s, x, t, y)dy. (4.3)
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A transition measure is said to be stationary if

p(s, x, t, A) = p(0, x, t− s,A). (4.4)

Remark 4.3 (On Notation) The nature of the transition function p(s, x, t, A)
would perhaps be better revealed if denoted p((s, x) , t, A), since in many ap-
plications the parameters s, x are taken as a pair which then identify a fam-
ily of measures parametrized by t > s. But this notation is cumbersome and
never done.

Also, the notation in 4.2 may initially appear ambiguous, but is standard
in this theory. Given s, x, r, the transition measure p(s, x, r, B) is by 1 a
probability measure λ(s,x),r on B (R) , and thus by sections 1.1.1-1.1.2 of
book 6, if B ∈ B (R) :

p(s, x, r, B) ≡ λ(s,x),r (B) =

∫
B
dλ(s,x),r.

This measure is then often denoted as above:

dλ(s,x),r ≡ p(s, x, r, dy),

and so in this new notation, with χB(y) the characteristic function of B
defined as 1 for y ∈ B and 0 elsewhere:

p(s, x, r, B) =

∫
B
p(s, x, r, dy) =

∫
χB(y)p(s, x, r, dy). (4.5)

The integration theory of chapter 2 of book 5 then applies to assure that
if g is Borel measurable, then ∫

R
g(y)dλ(s,x),r

is well defined. Since g(y) ≡ p(r, y, t, A) is Borel measurable in y by 2
above, the Chapman-Kolmogorov identity in 4.2 can be restated in the book
5 notation as:

p(s, x, t, A) =

∫
R
p(r, y, t, A)p(s, x, r, dy)

≡
∫
R
p(r, y, t, A)dλ(s,x),r(y).

This integral representation of p(s, x, t, A) can be interpreted as an expec-
tation of p(r, ·, t, A) using p(s, x, r, dy), the measure at time r > s induced
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from (s, x). Thus given s, x, and t, the probability of A given by p(s, x, t, A)
equals the expected value of the probabilities p(r, y, t, A), where s < r < t,
and where this expectation is taken using the probability measure induced at
time r by p(s, x, r, B).

Applying the identity for p(s, x, r, B) in 4.5 in the above Chapman-Kolmogorov
equation obtains:∫

A
p(s, x, t, dz) = p(s, x, t, A)

=

∫
R
p(r, y, t, A)p(s, x, r, dy)

=

∫
R

[∫
A
p(r, y, t, dz)

]
p(s, x, r, dy).

In the notation of measures, this obtains for s < r < t :∫
A
dλ(s,x),t =

∫
R

[∫
A
dλ(r,y),t

]
dλ(s,x),r.

Remark 4.4 (Chapman-Kolmogorov equation 2) As above for Brown-
ian motion, in the special case where p(s, x, t, A) is given by a transition
density function p(s, x, t, y) as in 4.3:

λ(s,x),r(A) =

∫
A
p(s, x, r, y)dy.

The change of variables result of proposition 3.6 of book 5 obtains from 4.2:

p(s, x, t, A) =

∫
R
p(s, x, r, y)p(r, y, t, A)dy.

Applying 4.3 again to p(r, y, t, A) and then Tonelli’s theorem (proposition
5.22, book 5) yields that for A ∈ B (R) :∫

A
p(s, x, t, z)dz =

∫
A(z)

∫
R(y)

p(s, x, r, y)p(r, y, t, z)dydz. ((*))

As this identity is true for all A ∈ B (R) , it follows that in the case of
transition density functions, the Chapman-Kolmogorov equation in 4.2
can be restated that for s < r < t :

p(s, x, t, z) =

∫
R
p(s, x, r, y)p(r, y, t, z)dy, m(z)-a.e., (4.6)

where m(z) denotes Lebesgue measure in the z variate.
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Exercise 4.5 Show that (∗) implies 4.6. Hint, if there exists H withm(H) >
0 and p(s, x, t, z) 6=

∫
R p(s, x, r, y)p(r, y, t, z)dy for z ∈ H, show that (∗) fails

for some Borel A ⊂ H using proposition 2.42 of book 1.

Exercise 4.6 Show that the transition function for Brownian motion above
satisfies 1 − 3 of definition 4.2, as well as stationarity. For the Chapman-
Kolmogorov equation of 3, use the identity in 4.6.

Remark 4.7 (On Measurability) It was noted in remark 4.3 above that
if g is Borel measurable, then the integral:∫

R
g(y)dλ(s,x),r ≡

∫
R
g(y)p(s, x, r, dy)

is well defined. But it will also be needed below that this integral is Borel
measurable as a function of x. In the special case above where g(y) ≡
p(r, y, t, A), this integral equals p(s, x, t, A) by the Chapman-Kolmogorov equa-
tion and this function is measurable in x by definition 4.2.

For general Borel measurable g(y), the same result holds and is seen as
follows. First, assume gn(y) is the simple function:

gn(y) =
∑n

j=1
ajχBj (y)

where {Bj}nj=1 ⊂ B (R) and {aj}nj=1 ⊂ R. Then by linearity of the integral
(proposition 2.40, book 5) and 4.5:∫

R
gn(y)p(s, x, r, dy) =

∑n

j=1
ajp(s, x, r, Bj),

and this is measurable in x by definition 4.2. In the general case of nonneg-
ative g(y), proposition 1.18 of book 5 obtains that there exists an increasing
sequence of simple functions, {gn(y)}, so that gn(y)→ g(y) pointwise. Thus
Lebesgue’s monotone convergence theorem (proposition 2.21, book 5) assures
that for all x, ∫

R
gn(y)p(s, x, r, dy)→

∫
R
g(y)p(s, x, r, dy).

The measurability in x of the integral on the right now follows from the
measurability of the integrals on the left and book 5’s corollary 1.10.

This measurability conclusion will be needed in proposition 4.11 below.
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4.2 Markov Processes

4.2.1 Existence and Basic Properties

In this section is derived the fundamental existence result. Given a
transition measure p(s, x, t, A), there exists a probability space (S, σ(S), µ)
and a stochastic process Xt defined on this space so that the conditional
probabilities of this process, defined as in section 3.1, are given by this
transition measure. Such processes will be called Markov processes in
definition 4.15. This basic result will of course utilize Kolmogorov’s
existence theorem. In addition, if the transition measure satisfies an
additional regularity assumption, Kolmogorov’s continuity theorem will
apply to assure that this Markov process has a continuous version.

Definition 4.8 Given 0 ≤ s ≤ t and a stochastic process Xt defined on
(S, σ(S), µ), define σst (X) ⊂ σ(S) as the smallest sigma algebra that
contains X−1

r [B (R)] for all s ≤ r ≤ t, and σs∞(X) ⊂ σ(S) the smallest
sigma algebra that contains X−1

r [B (R)] for all s ≤ r <∞.

Notation 4.9 In the previous chapter we denoted:

σst (X) ≡ σ
(
Xr∈[s,t]

)
, σs∞(X) ≡ σ

(
Xr∈[s,∞)

)
,

but the current notation is more consistent with that coming in the next
chapter.

Note that while σ0
t (X) initially appears to be σt(S) as defined in the next

chapter’s definition 5.4 on filtrations, we can not assume that the σst (X)
sigma algebras are right continuous in t. This assumption will be discussed
further below in the section Markov Processes and Right Continuous Filtra-
tions.

In the following proposition, if the assumptions that x ∈ R and A ∈ B (R)
are changed to x ∈ Rn and A ∈ B (Rn) and p(·, ·, ·, ·) redefined accordingly,
the following proof generalizes to a proof of the existence of a vector-valued
processes, Xt, with the same properties. The essence of the proof is Kol-
mogorov’s existence and continuity theorems (proposition 1.60 and corollary
1.82), which apply in this general context.

Remark 4.10 Recall that the actual construction of the stochastic process
in Kolmogorov’s existence theorem was in fact the construction of a proba-
bility measure µ on the space of all real valued functions, there denoted RI
where I denoted the index space and here I = [s,∞), Thus ω ∈ RI means
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that ω : I → R. The actual stochastic process Xt is then defined on the
probability space S ≡ RI as in 1.66 by:

Xt (ω) ≡ ω(t).

The implication of this construction is that the probability space of the next
result can be taken to be S = RI and σ(S) = σs∞(X) as given in definition
4.8.

Proposition 4.11 (Existence of Markov Processes) Given a transition
function p(·, ·, ·, ·), then for any s ≥ 0 and probability measure ν on (R,B (R)),
there exists a probability space (S, σ(S), µ) and a stochastic process Xt de-
fined on this space for t ≥ s so that for all A ∈ B (R) :

1. Initial distribution:

Pr [Xs ∈ A] = ν [A] , (4.7)

where Pr [Xs ∈ A] ≡ µ
[
X−1
s (A)

]
;

2. Conditional Probability: If s ≤ t < t+ h, then µ-a.e.:

Pr [Xt+h ∈ A|σst (X)] = Pr [Xt+h ∈ A|Xt] = p(t,Xt, t+ h,A), (4.8)

where conditional probabilities are defined in definition 5.10 of book 6,
and where by definition:

Pr [Xt+h ∈ A|Xt] ≡ Pr
[
Xt+h ∈ A|σtt(X)

]
.

Proof. 1. Existence of Xt and (S, σ(S), µ) :
To apply Kolmogorov’s existence theorem, it must be shown that for each

n and t0 ≡ s < t1 < · · · < tn, the transition function gives rise to a proba-
bility measure µt0t1t2...tn defined on B(Rn+1), and that the collection of such
measures is consistent in the sense of 1.59. Once defined, these measures
can be used to define µtρ(0)tρ(1)...tρ(n) for a given permutation to satisfy 1.58,
so this need not be independently verified.

To this end, let {Aj}nj=0 ⊂ B (R) be given. Then with A ≡
∏n
j=0Aj

and where notationally yj ∈ Aj , define µt0t1t2...tn by (recalling remark 4.3 on
notation):

µt0t1t2...tn(A) ≡
∫
A0

∫
A1

· · ·
∫
An

p(tn−1, yn−1, tn, dyn) · · · p(t0, y0, t1, dy1)dν(y0).
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To see that this integral is well defined, note that we can iterate this integral
by Tonelli’s theorem of proposition 5.22 of book 5 since the integrand is
nonnegative and measurable. Let g(yn) ≡ 1 and define iteratively for 1 ≤
j ≤ n :

g(yj−1) =

∫
Aj

g(yj)p(tj−1, yj−1, tj , dyj).

The Borel measurability of each g(yj) follows from remark 4.7 above, and
thus all integrals are well defined. Then:

µt0t1t2...tn(A) =

∫
A0

g(y0)dν(y0),

and µt0t1t2...tn(A) ≥ 0 since all integrands are nonnegative. And µt0t1...tn(Rn+1) =
1 since in this case g(yj) = 1 for all j by 4.5.

To show that µt0t1t2...tn defined on such A extends to a probability mea-
sure on (Rn+1,B

(
Rn+1

)
), define the nonnegative function F (x0, x1, ..., xn) =

µt0t1t2...tn(B) with B ≡
∏n
j=0Bj and Bj ≡ (−∞, xj ]. We first show that F

satisfies the requirements of proposition 8.11 of book 1, which is continuity
from above and the (n + 1)-increasing condition of that book’s 8.3 and 8.6,
respectively. For continuity, let B+ ≡

∏n
j=0B

+
j with B+

j ≡ (−∞, xj + hj ]

and hj ≥ 0, and let g+(yj−1) denote the above functions defined iteratively
as integrals over B+

j . To prove that

F (x0 + h0, x1 + h1, ..., xn + hn)→ F (x0, x1, ..., xn)

as hj → 0, note that:

µt0t1t2...tn(B+)− µt0t1t2...tn(B)

=

∫ x0+h0

−∞
g+(y0)dν(y0)−

∫ x0

−∞
g(y0)dν(y0)

=

∫ x0+h0

x0

g+(y0)dν(y0) +

∫ x0

−∞

[
g+(y0)− g(y0)

]
dν(y0).

Now since 0 ≤ g(yj−1) ≤ 1 for all j, the first integral is bounded by ν ([x0, x0 + h0])
and thus converges to 0 because the Borel measure ν is continuous from above
by proposition 5.26 of book 1. Similarly, if we can show that g+(y0)→ g(y0)
pointwise, then the second integral converges to zero by Lebesgue’s dominated
convergence theorem of book 5’s proposition 2.43, since |g+(y0)− g(y0)| ≤ 2
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which is ν-integrable. Now:

g+(y0)− g(y0)

=

∫ x1+h1

−∞
g+(y1)p(t0, y0, t1, dy1)−

∫ x1

−∞
g(y1)p(t0, y0, t1, dy1)

=

∫ x1+h1

x1

g+(y1)p(t0, y0, t1, dy1) +

∫ x1

−∞

[
g+(y1)− g(y1)

]
p(t0, y0, t1, dy1).

Thus as above g+(y0) → g(y0) pointwise if g+(y1) → g(y1) pointwise,
and this continues to finally requiring that g+(yn−1) → g(yn−1) pointwise.
This result then follows from continuity from above of Borel measures since
g(yn) ≡ 1 and thus:

g+(yn−1)− g(yn−1) =

∫ xn+hn

xn

p(tn−1, yn−1, tn, dyn)

= p(tn−1, yn−1, tn, [xn, xn + hn]).

For the (n+ 1)-increasing condition, given the bounded right semi-closed
rectangle A =

∏n
i=0Aj ≡

∏n
i=0(ai, bi], we must prove that:∑

x
sgn(x)F (x) ≥ 0,

where each x = (x0, ..., xn) is one of the 2n+1 vertices of
∏n
i=0(ai, bi], so

xi = ai or xi = bi, and sgn(x) is defined as −1 if the number of components
of x that equal ai is odd, and +1 otherwise. This will be proved by showing
that: ∑

x
sgn(x)F (x) = µt0t1t2...tn (A) . ((1))

To this end, and with apparent notation:

µt0t1t2...tn(A) =

∫
A0

∫
A1

· · ·
∫
An

p(tn−1, yn−1, tn, dyn) · · · p(t0, y0, t1, dy1)dν(y0)

=
∏n

i=0

(∫ bi

−∞
−
∫ ai

−∞

)
p(tn−1, yn−1, tn, dyn) · · · p(t0, y0, t1, dy1)dν(y0)

=
∑

x
sgn(x)

∫ x0

−∞

∫ x1

−∞
· · ·
∫ xn

−∞
p(tn−1, yn−1, tn, dyn) · · · p(t0, y0, t1, dy1)dν(y0)

=
∑

x
sgn(x)F (x).

By (1), F (x) satisfies the (n+ 1)-increasing condition.
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Then by (1) and proposition 8.14 of book 1, µt0t1t2...tn so defined on
the class of bounded, right semi-closed rectangles, extends to a measure
on (Rn+1,B

(
Rn+1

)
), which is a probability measure as noted above. Thus

{µt0t1t2...tn} is a collection of probability measures where t0 = s. It is left as
an exercise to show that this collection is consistent in the sense of 1.59 in
that if A ≡

∏n
j=0Aj and Ak = R for some k, then with A′ ≡

∏n
j=0,j 6=k Aj :

µt0t1t2...tn(A) = µ′t0t1t2...tn(A′)

where the index set of µ′t0t1t2...tn omits tk. This collection then obtains mea-
sures {µt1t2...tn} where all tj > s by defining µt1t2...tn(A) = µt0t1t2...tn(R×A).
For any permutation of indexes we define µtρ(1)tρ(2)...tρ(n) to satisfy 1.58.

Kolmogorov’s existence theorem now assures the existence of a stochastic
process Xt for t ≥ s, defined on a measure space (S, σ(S), µ). The measure µ
on this space satisfies 1.64, which in this notation states that given {tj}nj=1

and {Aj}nj=1 ⊂ B (R) :

µ
[⋂n

j=1
X−1
tj

(Aj)
]

= µt1t2...tn [A] ((2))

where A ≡
∏n
j=1Aj . The identity in 4.7 is satisfied for all A ∈ B (R) by the

definition of µt1(A) when t1 = s.
2. Conditional Probability
Given A ∈ B (R) , we begin by proving that

Pr [Xt+h ∈ A|σst (X)] = p(t,Xt, t+ h,A),

where this conditional probability is given by definition 5.10 of book 6. First,
p(t,Xt, t + h,A) is measurable relative to σst (X) since p(·, x, ·, ·) is Borel
measurable by definition 4.2, and Xt is measurable relative to σst (X) by
definition 4.8. To prove that 5.13 of this definition 5.10 is satisfied, note
that Pr [Xt+h ∈ A|σst (X)] ≡ Pr

[
X−1
t+h(A)|σst (X)

]
, and so 5.13 requires that

for all B ∈ σst (X) :∫
B
p(t,Xt, t+ h,A)dµ = µ

[
X−1
t+h(A)

⋂
B
]
. ((3))

Both expressions in this identity are countably additive as set functions de-
fined on σst (X), the left by proposition corollary 2.49 of book 5, and the right
simply because µ is a measure. Thus it is enough to prove this identity

for the pre-image of measurable rectangles. Let B = X−1
τ

(∏n
j=0Aj

)
where

Aj ∈ B (R) , τ ≡ (t0, · · · , tn) , and the component sets correspond to times
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t0 ≡ s < t1 < · · · < tn = t. Thus B =
⋂n
j=0X

−1
tj

(Aj) . It then follows from
(2) that with tn+1 ≡ t+ h :

µ
[
X−1
t+h(A)

⋂
B
]

= µt0t1t2...tntn+1

[∏n
j=0Aj ×A

]
.

Thus by the definition of µt0t1t2...tntn+1 in part 1:

µ
[
X−1
t+h(A)

⋂
B
]

=

∫
A0

∫
A1

· · ·
∫
An

∫
A
p(tn, yn, tn+1, dyn+1)p(tn−1, yn−1, tn, dyn) · · · p(t0, y0, t1, dy1)dν(y0)

=

∫
A0

∫
A1

· · ·
∫
An

p(tn, yn, tn+1, A)p(tn−1, yn−1, tn, dyn) · · · p(t0, y0, t1, dy1)dν(y0), ((4))

where the second integral follows by 4.5.
Now p(tn, yn, tn+1, A) is a measurable function of yn by definition 4.2,

and thus is the pointwise limit of simple functions. Ignoring the multiplica-
tive constants, for any characteristic function χC(yn) included in such a
simple function with C ∈ B (R) , it follows from the definition of µt0t1t2...tn
in part 1 that with A′n ≡ An

⋂
C :∫

A0

∫
A1

· · ·
∫
An

χC(yn)p(tn−1, yn−1, tn, dyn) · · · p(t0, y0, t1, dy1)dν(y0)

=

∫
A0

∫
A1

· · ·
∫
A′n

p(tn−1, yn−1, tn, dyn) · · · p(t0, y0, t1, dy1)dν(y0)

= µt0t1t2...tn

[∏n−1
j=0 Aj ×A

′
n

]
.

On the other hand, recalling that tn = t and using the definition of µt0t1t2...tn
in Kolmogorov’s existence theorem:

µt0t1t2...tn

[∏n−1
j=0 Aj ×A

′
n

]
≡ µ

[⋂n

j=0
X−1
tj

(Aj)
⋂
X−1
tn (C)

]
=

∫
B
χX−1tn (C)dµ,

where as above, B ≡
⋂n
j=0X

−1
tj

(Aj) .

Combining, this proves that for any characteristic function χC(yn) :∫
A0

∫
A1

· · ·
∫
An

χC(yn)p(tn−1, yn−1, tn, dyn) · · · p(t0, y0, t1, dy1)dν(y0) =

∫
B
χX−1t (C)dµ.
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As p(t, yn, t+ h,A) is nonnegative and Borel measurable, it is the pointwise
limit of simple functions {ϕm(yn)} by proposition 1.18 of book 5:

ϕm(yn)→ p(t, yn, t+ h,A),

and these simple functions can be chosen to be increasing. But for any simple
function ϕm(yn) =

∑N
i=1 aiχCi(yn), we have by linearity of the integral and

the above identity:∫
A0

∫
A1

· · ·
∫
An

ϕm(yn)p(tn−1, yn−1, tn, dyn) · · · p(t0, y0, t1, dy1)dν(y0)

=

∫
B

∑N

i=1
aiχX−1t (Ci)

dµ

=

∫
B
ϕm(Xt)dµ,

where the last step follows because χX−1t (Ci)
(ω) = χCi(Xt(ω)). By Lebesgue’s

monotone convergence theorem (proposition 2.21, book 5), we can take a
limit as m→∞ and this identity proves:∫

A0

∫
A1

· · ·
∫
An

p(tn, yn, tn+1, A)p(tn−1, yn−1, tn, dyn) · · · p(t0, y0, t1, dy1)dν(y0)

=

∫
B
p(t,Xt, t+ h,A)dµ.

Combining this with (4) proves (3) and thus P [Xt+h ∈ A|σst (X)] = p(t,Xt, t+
h,A), one of the statements in 4.8.

To prove the other statement in 4.8, that P
[
Xt+h ∈ A|σtt(X)

]
= p(t,Xt, t+

h,A), requires less work. First p(t,Xt, t + h,A) is measurable with respect
to σtt(X) as above since p(·, x, ·, ·) is Borel measurable by definition 4.2, and
Xt is measurable relative to σtt(X) by definition 4.8. Finally, the validity of
(3) for all B ∈ σtt(X) follows immediately from the demonstration of validity
for all B ∈ σst (X). Thus by definition of conditional probability:

Pr
[
Xt+h ∈ A|σtt(X)

]
≡ Pr [Xt+h ∈ A|Xt] = p(t,Xt, t+ h,A).

Proposition 4.12 (Continuity of Markov Processes) Given the assump-
tions of proposition 4.11, if given T there exists α, β > 0 so that for all
s ≤ t, t′ ≤ T the transition function satisfies:∫

|y − x|β p(t, x, t′, dy) ≤ CT
∣∣t′ − t∣∣1+α

, (4.9)
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then Xt of that proposition has a continuous version.
Proof. This property will follow from Kolmogorov’s continuity theorem once
1.81 is verified. To simplify notation, let t0 ≡ s ≤ t1 < t2 ≤ T be given, and
α, β > 0 chosen as in 4.9. By definition,

E
[
|Xt2 −Xt1 |

β
]
≡
∫
S
|Xt2 −Xt1 |

β dµ.

We can evaluate this integral using as a first step proposition 3.14 of book
5, noting that by (2) of the above proof that µt1t2 = µR. Here µR is the
measure on B

(
R2
)
induced by the transformation R : S →R2 defined by

R : ω → (Xt2(ω), Xt1(ω)) . Thus:∫
S
|Xt2 −Xt1 |

β dµ =

∫
R2
|x2 − x1|β dµt1t2

=


∫
R2 |x2 − x1|β dµst2 , t1 = s,∫
R3 |x2 − x1|β dµst1t2 , t1 > s,

where the second statement follows from the second to last paragraph of 1 of
the above proof. We evaluate the second integral and leave the details of the
first as an exercise.

Since R3 is σ-finite under µst1t2 , proposition 1.24 of book 5 provides a
sequence of simple functions {ψn (x)} with x ≡ (x0, x1, x2) so that ψn (x)→
|x2 − x1|β , µst1t2-a.e., and each ψn (x) is defined by characteristic func-
tions of sets of the form A =

∏2
j=0Aj . For any such characteristic function

ψn (x) =
∑Nn

k=1 c
(n)
k χ

A
(n)
k

(x) with A(n)
k =

∏2
j=0A

(n)
j,k , it follows from the defi-

nition of µst1t2

(
A

(n)
k

)
above that (simplifying notation a bit):∫

R3
ψn (x) dµst1t2

=
∑Nn

k=1 c
(n)
k µst1t2

(
A

(n)
k

)
=
∑Nn

k=1 c
(n)
k

∫
A0,k

∫
A1,k

∫
A2,k

p(t1, x1, t2, dx2)p(t0, x0, t1, dx1)dν(x0)

=

∫
R3
ψn (x) p(t1, x1, t2, dx2)p(t0, x0, t1, dx1)dν(x0). ((*))

To justify that the first and last integrals converge to the respective in-
tegrals of |x2 − x1|β , recall that by the construction of book 5’s proposition



200 CHAPTER 4 MARKOV AND DIFFUSION PROCESSES

1.24 that ψn (x) was essentially ϕn (x) , an increasing sequence of simple
functions, but whose defining sets were approximated arbitrarily closely by
rectangles. Thus Lebesgue’s monotone convergence theorem (corollary 2.23,
book 5) applies to the identity in (∗) with the ψn (x) sequence replaced by
this ϕn (x) sequence, with each integral converging to the respective integral
of |x2 − x1|β . The µst1t2-integral of the remainder sequence {ψn (x)−ϕn (x)}
must then be shown to converge to 0. This follows from the book 5 construc-
tion:∣∣∣∣∫

R3
[ψn (x)− ϕn (x)] dµst1t2

∣∣∣∣ ≤ 2n

∫
|ψn(x)−ϕn(x)|6=0

dµst1t2 ≤ 2n/(n2n + 1).

Then by 4.9:

E
[
|Xt2 −Xt1 |

β
]

=

∫
R3
|x2 − x1|β p(t1, x1, t2, dx2)p(t0, x0, t1, dx1)dν(x0)

≤ CT |t2 − t1|1+α
∫
R2
p(t0, x0, t1, dx1)dν(x0)

= CT |t2 − t1|1+α ,

which is 1.81.
It remains to be verified that this continuous version also satisfies 4.7

and 4.8. This is done in the slightly more general statement of the next
proposition.

Proposition 4.13 Given a transition function p(·, ·, ·, ·), let Xt be a process
defined on a probability space (S, σ(S), µ) that satisfies 4.7 and 4.8. If Yt
is a process defined on (S, σ(S), µ) which is a version of Xt, and thus by
exercise 1.77 has the same finite dimensional distributions as Xt, then Yt
also satisfies 4.7 and 4.8.
Proof. That Yt satisfies 4.7 follows by the definition 1.75 (or the general
statement in definition 5.10), since Xs = Ys µ-a.e. To prove that Yt satisfies
4.8:

Pr [Yt+h ∈ A|σst (Y )] = p(t, Yt, t+ h,A) ((*))

for s ≤ t < t + h where σst (Y ) is given as in definition 4.8, first note that
p(t, Yt, t + h,A) is σst (Y )-measurable by the Borel measurability of p in the
second variable. To prove (∗) now requires that 5.13 of definition 5.10 of
book 6 is satisfied. Now Pr [Yt+h ∈ A|σst (Y )] ≡ Pr

[
Y −1
t+h(A)|σst (X)

]
, and so

5.13 requires that for all B ∈ σst (Y ) :∫
B
p(t, Yt, t+ h,A)dµ = µ

[
Y −1
t+h(A)

⋂
B
]
.
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As in the proof of part 2 of proposition 4.11 above, it is then enough to prove

this identity for B = Y −1
τ

(∏n
j=0Aj

)
. Here Aj ∈ B (R) , τ ≡ (t0, · · · , tn)

and the component sets correspond to times t0 ≡ s < t1 < · · · < tn = t,
and so B =

⋂n
j=0 Y

−1
tj

(Aj) . To this end, define B′ =
⋂n
j=0X

−1
tj

(Aj) . Then
since Yt is a version of Xt :

µ [B] = µ
[
B′
]
,

and
µ
[
Y −1
t+h(A)

⋂
B
]

= µ
[
X−1
t+h(A)

⋂
B′
]
.

Also p(t, Yt, t+ h,A) = p(t,Xt, t+ h,A) µ-a.e., and thus:∫
B
p(t, Yt, t+ h,A)dµ =

∫
B′
p(t, Yt, t+ h,A)dµ =

∫
B′
p(t,Xt, t+ h,A)dµ.

The result in (∗) now follows since Pr [Xt+h ∈ A|σst (X)] = p(t,Xt, t+ h,A)
by 4.8.

Remark 4.14 (Summarizing results) As noted in remark 1.63 On Ini-
tial Conditions following Kolmogorov’s existence theorem, while the process
constructed above identifies an initial distribution for Xs, this construction
also applies to the special case where it is desired to have Xs = x ∈ R with
probability 1. We simply specify the Borel measure ν = νx on A ∈ B(R) by:

νx [A] =

 1, x ∈ A,

0, x /∈ A.

The above construction can therefore be applied to create a family of
probability measures {µs,x}, also denoted {Ps,x}, with 0 ≤ s, x ∈ R, and
ν = νx, all of which are defined on S ≡ RI . Specifically, each such µs,x
corresponds to the µ of the above existence theorem with given s, x, and νx.

Thus given a transition measure p(·, ·, ·, ·) and initial measures νx, the
conclusions of this proposition can be summarized as follows:

1. Probability space: By the Kolmogorov construction, S ≡ RI is fixed
as the collection of real valued functions ω : I → R (or more generally,
vector valued functions ω : I → Rn), and by the definition of σst ≡
σst (X) it follows that:

σst ⊂ σs
′
t′ , s′ ≤ s; t ≤ t′.
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2. Measurability: For any s, Xt(ω) ≡ ω(t) as in 1.66 is σst -measurable
for all t ≥ s.

3. Initial Distribution: For each s and x ∈ R, Prs,x ≡ µs,x is a proba-
bility measure defined on (S, σs∞) , and since Prs,x [Xs ∈ A] = νx [A] ,
it follows that:

Prs,x [Xs = x] = 1. (4.10)

4. Conditional Probability: If A ∈ B(R), s ≤ t < t+ h :

Prs,x [Xt+h ∈ A|σst (X)] = Prs,x [Xt+h ∈ A|Xt] = p(t,Xt, t+ h,A),
(4.11)

where these identities are to be interpreted as Ps,x-a.e. The first iden-
tity in 4.11 is called the Markov property:

Prs,x [Xt+h ∈ A|σst (X)] = Prs,x [Xt+h ∈ A|Xt] . (4.12)

See 4.17 below for another implication of the Markov property.

Given the above construction, we can now define the notion of aMarkov
process. The definition of aMarkov vector valued process, with x,Xt ∈
Rn and A ∈ B(Rn), is identical with that below.

Definition 4.15 (Markov Process) Given a transition measure p(·, ·, ·, ·),
the collection:

{S, σ0
∞, σ

s
t , Xt,Prs,x},

defined for all 0 ≤ s ≤ t and x ∈ R, and satisfying properties 1−4 of remark
1.14, is called the Markov process associated with p. Here σst ≡ σst (X)
and σs∞ ≡ σs∞ (X) as given in definition 4.8.

When s and x are fixed, this collection is called the Markov process
associated with p starting at x at time s.

Notation 4.16 The probability measures {µs,x} are often denoted {Prs,x},
especially in expressions for which one wants to emphasize the probability
perspective. For example, the probability statement Prs,x [Xs(ω) = x] = 1 is
equivalent to the measure-theoretic statement µs,x [Xs(ω) = x] = 1, but the
former seems more natural given the idea expressed. Conversely,

∫
f(ω)dµs,x

is a well defined integral for appropriately measurable f, and while this ex-
pression is equivalent to

∫
f(ω)dPrs,x, the former representation often seems

more natural.
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The above construction proves that given the transition measure p(·, ·, ·, ·),
a Markov process Xt exists for any pair (s, x), and this transition measure
then defines all conditional probability statements about this process as
made precise by 4.11. The Markov property of 4.11 is often expressed in
terms of conditional expectations, and the following proposition docu-
ments this. As with results above, this characteristic property is also valid
for Markov processes in Rn.

Proposition 4.17 Given a transition measure p(·, ·, ·, ·), the Markov process
{S, σ0

∞, σ
s
t , Xt,Prs,x} has the following property. If f is a bounded Borel

measurable function, and s ≤ t < t+ h, then µs,x-a.e.:

Es,x [f (Xt+h) |σst ] = Et,Xt [f (Xt+h)] = Es,x [f (Xt+h) |Xt] , (4.13)

where the conditional expectations are given as in definition 5.19 of book 6,
and where by definition:

Es,x [f (Xt+h) |Xt] ≡ Es,x
[
f (Xt+h) |σtt(X)

]
.

Proof. Before setting out to construct a proof, it is worth a moment to
ensure that the expressions in 4.13 are understood. Since f (Xt+h) is σ0

∞-
measurable and thus a random variable on

(
S, σ0

∞,Prs,x
)
, the conditional

expectation expressed on the left is well-defined in book 6’s definition 5.19
relative to the sigma subalgebra σst ⊂ σ0

∞. Analogously, for given ω ∈ S the
expectation Et,Xt [f (Xt+h)] ≡ Et,Xt(ω) [f (Xt+h)] is well-defined using the
measure Prt,Xt(ω), since here Xt(ω) is a constant. Thus to prove the first
equality in 4.13 first requires a proof that g(ω) ≡ Et,Xt(ω) [f (Xt+h)] is a σst -
measurable function. The rest of the proof will follow from the connection
between conditional probabilities and conditional expectations. The second
equality then follows as noted below.

Addressing the σst -measurability of Et,Xt(ω) [f (Xt+h)] , note that 4.11 can
be expressed with s = t :

Prt,x
[
Xt+h ∈ A|σtt

]
= p(t,Xt, t+ h,A). ((1))

For the expression on the left, recall 3.12. In the current notation this stated
that if C ∈ σ0

∞, the random variable X ≡ χC(ω) satisfies:

Prt,x [C|F ] = Et,x [X|F ] , Prt,x -a.e.,

for any sigma subalgebra F ⊂ σ0
∞. That is, the conditional probability of

C ∈ σ0
∞ equals the conditional expectation of the characteristic function of

C, χC(ω), with Prt,x-probability 1.
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So with A ∈ B(R), C ≡ X−1
t+h (A) , and an application of 4.5, the expres-

sion in (1) becomes:

Et,x
[
χC(ω) |σtt

]
=

∫
χA(y)p(t,Xt, t+ h, dy).

Taking an expectation with respect to µt,x, applying the tower property (propo-
sition 5.26, book 6) on the left and Fubini’s theorem (proposition 5.15, book
5) on the right, obtains:

Et,x [χC(ω)] =

∫
χA(y)p(t, x, t+ h, dy),

recalling that Xt = x with Pt,x-probability 1. Since χC(ω) = χA (Xt+h (ω)) ,
it follows that for all A ∈ B(R) and f(y) = χA(y) :

Et,x [f (Xt+h)] =

∫
f(y)p(t, x, t+ h, dy), ((2))

and this identity then holds for all simple functions. Approximating a non-
negative bounded measurable function with an increasing sequence of such
functions as in proposition 1.18 of book 5, and applying Lebesgue’s monotone
convergence theorem (proposition 2.21, book 5), this identity holds for all
such functions. General bounded measurable functions then follow by first
splitting into positive and negative parts (definition 2.36, book 5). Thus
Et,x [f (Xt+h)] is Borel measurable in x by remark 4.7 above, and so it fol-
lows that Et,Xt(ω) [f (Xt+h)] is σst -measurable as needed for the first equality
in 4.13.

Turning next to the rest of the proof of this first equality, rewrite 4.11
using a conditional expectation as above, and the transition probability with
4.5 to yield for all A ∈ B(R):

Es,x [χA (Xt+h (ω)) |σst ] =

∫
χA(y)p(t,Xt, t+ h, dy). (4.14)

The integral on the right can be expressed in terms of (2) to yield for f(y) =
χA(y) and all A ∈ B(R):

Es,x [f (Xt+h (ω)) |σst ] = Et,Xt [f (Xt+h)] .

This identity then follows for simple functions and bounded Borel measurable
functions as above.
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The same argument as above shows that Et,Xt(ω) [f (Xt+h)] is in fact
σtt-measurable, and thus so too is Es,x [f (Xt+h (ω)) |σst ] . It then follows by
definition that

Es,x [f (Xt+h (ω)) |σst ] = Es,x
[
f (Xt+h (ω)) |σtt

]
,

which is the second identity in 4.13.

Remark 4.18 Taking Es,x-expectations in 4.13, which is equivalent to a
conditional expectation using σs∞ (exercise 5.22, book 6), and then using the
tower property (proposition 5.26, book 6) yields:

Es,x [f (Xt+h)] = Es,x [Et,Xt [f (Xt+h)]] . (4.15)

Recalling definition 5.19 of book 6, 4.13 implies that for all B ∈ σst , which
by definition includes B ∈ σtt :∫

B
Et,Xt(ω) [f (Xt+h)] dµs,x =

∫
B
f (Xt+h) dµs,x.

The intuition gained from this identity is as follows. First if B ∈ σst , then
this collection of "paths" is either defined by finitely many {tj}nj=0 with s ≤
t0 ≤ ... ≤ tn ≤ t and {Aj}nj=0 ⊂ B (R) :

B ≡
⋂n

j=0
X−1
tj

(Aj),

or, formed by the usual sigma algebra operations applied to such sets. Each
such set B ∈ σst is thus defined only in terms of the values of Xt on the time
interval [s, t] recalling that by definition, all such paths satisfy Xs = x with
Prs,x-probability 1.

The integral on the right is then the expected value of f (Xt+h) over all
such paths, reflecting the probability measure at (s, x). The integral on the
left is the expected value of g(t, ω) ≡ Et,Xt(ω) [f (Xt+h)] over these paths,
again using the probability measure at (s, x). Each such g(t, ω) value is in
turn an expectation at time t of f (Xt+h) , reflecting the probability measure
appropriate for (t,Xt(ω)).

In this sense, the Markov property implies that the expected value of
f (Xt+h) from time s is the same as the expected valued from time s of the
time t expectations, and thus what the paths do "between" time s and time
t is irrelevant to the calculation.

An immediate corollary can be derived from the above proof .
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Corollary 4.19 Given a transition measure p(·, ·, ·, ·) and associated Markov
process {S, σ0

∞, σ
s
t , Xt,Prs,x}, if f is a bounded Borel measurable function,

then:

Et,x [f (Xt+h)] =

∫
f(y)p(t, x, t+ h, dy). (4.16)

Proof. This is proved with (2) of the above proof, and the paragraph follow-
ing (2).

The next corollary provides an even better insight than 4.11 as to the
manner in which p(·, ·, ·, ·) is truly a transition measure for Xt. We prove
this using the above proposition, but note that this also follows from 4.16.

Corollary 4.20 Given a transition measure p(·, ·, ·, ·) and associated Markov
process {S, σ0

∞, σ
s
t , Xt,Prs,x}, then for all A ∈ B(R), h > 0 :

p(t,Xt, t+ h,A) = Prt,Xt [Xt+h ∈ A] . (4.17)

Proof. Let f(y) = χA(y), apply 3.12 and then 4.11:

Es,x [f (Xt+h) |σst ] ≡ Prs,x [Xt+h ∈ A|σst ] = p(t,Xt, t+ h,A).

Another application of 3.12 obtains:

Et,Xt [f (Xt+h)] ≡ Prt,Xt [Xt+h ∈ A] .

Applying 4.13 yields the result.

Remark 4.21 Recalling definition of conditional probability (definition 5.10,
book 6), 4.11 and 4.17 imply that for all B ∈ σst , which by definition includes
B ∈ σtt :

Prs,x(X−1
t+h (A) ∩B) =

∫
B

Prt,Xt
[
X−1
t+h (A)

]
dµs,x.

The intuition gained from this identity is as follows, continuing remark 4.18.
The expression on the left is the µs,x-measure of the subset of B-paths

with Xt+h in A. The integrand on the right reflects the µt,Xt-measures of the
set X−1

t+h (A) for every Xt in the set of B-paths, and the expectation of these
probabilities is then evaluated in the µs,x-measure by this integral. Thus the
Markov property implies that the probability of a future event definable by
X−1
t+h (A) from time s is the same as the expected value from time s of the

time t probabilities. Thus what the paths do "between" time s and time t is
irrelevant to the calculation.
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4.2.2 Markov Processes and Right Continuous Filtrations

As in definition 4.8, given 0 ≤ s ≤ t and a stochastic process Xt defined on
(S, σ(S), µ), σst (X) ⊂ σ(S) is defined as the smallest sigma algebra that
contains X−1

r [B (R)] for all s ≤ r ≤ t, while σs∞(X) ⊂ σ(S) is defined as
the smallest sigma algebra that contains X−1

r [B (R)] for all s ≤ r <∞.
Consequently, as the smallest sigma algebras with the given properties, it
follows that in general {σst (X)}t≥s will not satisfy the usual conditions
of definition 5.4. These condition require that {σst (X)}t≥s contain all
negligible sets and be right continuous in t.

Now replacing the original sigma algebras with larger sigma algebras
which satisfy these conditions will cause no problems in terms of the mea-
surability properties of the Markov process constructed in proposition 4.11.
Indeed, looking at the properties of the constructed process in remark 4.14,
it is only the Markov property in 4.11 that is called into question. The goal
of this section is to investigate suffi cient conditions which assure that the
Markov process Xt of proposition 4.11 remains a Markov process relative to
the larger sigma algebras which satisfy the usual conditions, and in addition,
remains a Markov process with respect to the same transition measure p.

See also the below section, The Natural and Other Filtrations on (S, σ(S), µ),
but the following definition is equivalent to definition 5.4 except for the no-
tation.

Definition 4.22 Given the collection of sigma algebras {σst (X)}t≥s≥0 on
(S, σ(S), µ) as in definition 4.8, define:

σst ≡ σ [σst
⋃
N ] ,

with N the collection of negligible sets in S. Here A′ ⊂ S is negligible if
A′ ⊂ A where A ∈ σ(S) and µ [A] = 0.

Given these sigma algebras, define:

σst+(X) =
⋂

r>t
σsr(X). (4.18)

The collection of sigma algebras {σst+(X)}t≥s≥0 is then right continu-
ous in t (definition 5.4), meaning:

σst+(X) =
⋂

r>t
σsr+(X),

with the same proof as that in remark 5.6.
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Remark 4.23 (On neglible sets) Note that if A′ is negligible, then for
any B ∈ σ(S) we have B ⊂ B ∪ A′ ⊂ B ∪ A, and µ (B) = µ (B ∪A) .
Conversely, if D ⊂ S with A ⊂ D ⊂ B where A,B ∈ σ(S) and µ(A) = µ(B),
then ∅ ⊂ D−A ⊂ B−A and µ (B −A) = 0. Thus D−A is a negligible set.
This has two consequences:

1. A negligible set is sometimes defined as any set D ⊂ S with
A ⊂ D ⊂ B where A,B ∈ σ(S) and µ(A) = µ(B). Since σst is a sigma
algebra, the above shows that adding negligible sets to σst under either
definition is equivalent in terms of the resulting sigma algebra σst .

2. Recalling proposition 6.20 of book 1, the negligible sets in S under this
second definition, say N ′, are exactly the sets that need to be added to
σ(S) to form the smallest complete sigma algebra that contains
σ(S).

Since we must have that σst ⊂ σ(S) for all s, t, the inclusion of negli-
gible sets can be described as completing σ(S), and then adding the same
negligible sets to all the sigma subalgebras. The collection {σst+(X)}t≥s≥0 so
constructed on (S, σ(S), µ) is thus sometimes called a complete filtration,
but note that in general σst contains many more sets than would be needed to
complete σst by book 1’s proposition 6.20. To complete σ

s
t we would only need

to add the negligible sets defined relative to measurable sets in σst , rather than
add the negligible sets defined relative to measurable sets in σ(S). Instead,
the terminology "complete filtration" implies that σ(S) is complete, and that
σ0

0(X) (and thus all σst (X)) contains all σ(S)-sets of measure zero.

If {S, σ0
∞, σ

s
t , Xt,Prs,x} is a Markov process associated with the

transition measure p as in definition 4.15, the question of this section is,
under what conditions will {S, σ0

∞, σ
s
t+, Xt,Prs,x} also be a Markov process

associated with p? The key to an affi rmative answer is to show that the
Markov condition in 4.11 generalizes to:

Prs,x
[
Xt+h ∈ A|σst+(X)

]
= p(t,Xt, t+ h,A),

where A ∈ B(R) and s ≤ t < t + h. Recalling the definition of condi-
tional probability (definition 5.10 of book 6), this identity requires σst+(X)-
measurability of p(t,Xt, t + h,A). But this follows from the above noted
σst (X)-measurability since σst (X) ⊂ σst+(X). To prove the other definitional
requirement in 3.2, it is necessary to investigate the somewhat larger sigma
algebra σst+ε(X) for which 4.11 is valid, and then evaluate the limit as ε→ 0.
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As above, rewrite 4.11 in terms of a conditional expectation as in 4.14.
For all A ∈ B(R) :

Es,x
[
χA (Xt+ε+h (ω)) |σst+ε

]
=

∫
χA(y)p(t+ ε,Xt+ε, t+ ε+ h, dy).

In order to achieve the desired limit as ε→ 0 :∫
χA(y)p(t+ ε,Xt+ε, t+ ε+ h, dy)→

∫
χA(y)p(t,Xt, t+ h, dy),

this should require at least:

1. That:

(t, x)→
∫
χA(y)p(t, x, t+ h, dy)

is continuous for any h > 0, and,

2. That Xt is right continuous so that with probability 1, Xt+ε → Xt.

The needed continuity of this integral in 1 is captured in the following
definition of the Feller property for the transition probability mea-
sure p, or equivalently, the Feller property for the Markov process
Xt, named forWilliam Feller (1906 —1970).

Definition 4.24 (Feller property) A transition probability measure p, or
the associated Markov process Xt, is said to satisfy the Feller property if
for any bounded continuous function f :

(t, x)→
∫
f(y)p(t, x, t+ h, dy)

is continuous for any h > 0. A Markov process that satisfies the Feller
property is often called a Feller process.

Remark 4.25 It is also common to see this property referred to as Feller
continuity of the process Xt, and then using 4.16 it is stated that for any
bounded continuous function f :

(t, x)→ Et,x [f (Xt+h)]

is continuous for any h > 0.
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The following result shows that right continuity ofXt (with probability 1)
and the Feller property are suffi cient to derive the desired result. Of course if
Xt represents the continuous version of a given Markov process, the following
result then only requires the Feller property. But note that for either notion
of continuity, there is generally no need to distinguish between "continuous
with probability 1" and "continuous everywhere." For the following result
the distinction does not matter since the defining identity to be proved
involves an integral, the value of which does not change by redefinitions
on sets of probability zero. Said another way, one can always convert a
continuous with probability 1 process into a continuous everywhere process
by simply redefining the process to be identically 0 on the exceptional set of
measure zero. This will not change probability statements on the process,
nor the value of integrals which involve the process (proposition 2.26 and
definition 2.37, book 5).

Proposition 4.26 Let {S, σ0
∞, σ

s
t , Xt,Prs,x} be a Markov process associated

with the transition measure p(·, ·, ·, ·) as in definition 4.15, and which is right
continuous and satisfies the Feller condition. Then {S, σ0

∞, σ
s
t+, Xt,Prs,x}

is also a Markov process associated with this transition measure.
Proof. As noted above, σst+-measurability of Xt is assured since σst ⊂ σst+,
and thus only the Markov property in 4.12 must be verified with σst+ in place
of σst . To this end, let f be bounded and continuous and h > 0, ε > 0. Then
using 4.13 and 4.16:

Es,x
[
f (Xt+ε+h (ω)) |σst+ε

]
=

∫
f(y)p(t+ ε,Xt+ε, t+ ε+ h, dy).

Thus conditional expectations of these expressions relative to σst+ are again
equal µs,x-a.e., and using the tower property of book 6’s proposition 5.26
yields:

Es,x
[
f (Xt+ε+h (ω)) |σst+

]
= Es,x

[∫
f(y)p(t+ ε,Xt+ε, t+ ε+ h, dy)|σst+

]
.

((1))
Right continuity of Xt assures that f (Xt+ε+h (ω))→ f (Xt+h (ω)) with prob-
ability 1, and since f is bounded, |f (Xt+εn+h (ω))| ≤ M for any sequence
εn → 0.

Thus by Lebesgue’s dominated convergence theorem of book 5’s corollary
2.45 (applying remark 2.44, noting that f (Xt+h (ω)) is measurable), for all
B ∈ σst+ : ∫

B
f (Xt+ε+h (ω)) dµs,x →

∫
B
f (Xt+h (ω)) dµs,x. ((2))
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Now Es,x
[
f (Xt+ε+h (ω)) |σst+

]
is by book 6’s definition 5.19 any σst+-measurable

function such that for all B ∈ σst+ :∫
B
Es,x

[
f (Xt+ε+h (ω)) |σst+

]
dµs,x =

∫
B
f (Xt+ε+h (ω)) dµs,x,

and the analogous statement is true for Es,x
[
f (Xt+h (ω)) |σst+

]
. Since con-

ditional expectations are only uniquely defined µs,x-a.e., it follows from (2)
that with probability 1 :

Es,x
[
f (Xt+ε+h (ω)) |σst+

]
→ Es,x

[
f (Xt+h (ω)) |σst+

]
.

Turning to the conditional expectation on the right of (1), right continuity
of Xt and the Feller property assure that as ε→ 0 :∫

f(y)p(t+ ε,Xt+ε, t+ ε+ h, dy)→
∫
f(y)p(t,Xt, t+ h, dy) ((3))

with probability 1. Specifically, if Xt(ω) is a right continuous path, then by
the Feller condition:

(t+ ε,Xt+ε)→
∫
f(y)p(t+ ε,Xt+ε, t+ ε+ h, dy)

is continuous as ε→ 0. Now by 4.16:∫
f(y)p(t+ ε,Xt+ε, t+ ε+ h, dy) = Et+ε,Xt+ε [f (Xt+ε+h)] ,

and thus by the boundedness of f it follows that Et+ε,Xt+ε [f (Xt+ε+h)] ≤M
for all ε. The dominated convergence theorem and above argument again
apply and thus with probability 1 :

Es,x

[∫
f(y)p(t+ ε,Xt+ε, t+ ε+ h, dy)|σst+

]
→ Es,x

[∫
f(y)p(t,Xt, t+ h, dy)|σst+

]
=

∫
f(y)p(t,Xt, t+ h, dy).

The last equality follows from 6 of book 6’s proposition 5.26 because the
limiting function is σst+-measurable by remark 4.7.

Combining results, as ε→ 0 the identity in (1) yields with probability 1 :

Es,x
[
f (Xt+h (ω)) |σst+

]
=

∫
f(y)p(t,Xt, t+ h, dy), ((4))
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for any bounded continuous function f. If the identity in (4) is shown to
be true for f = χA with A ∈ B(R), then the proof is complete since this is
equivalent to 4.12. To obtain this, by 3.12:

Es,x
[
χA (Xt+h (ω)) |σst+

]
= Prs,x

[
Xt+h ∈ A|σst+

]
.

Also by 4.5 and 4.8:∫
χA(y)p(t,Xt, t+ h, dy) =

∫
A
p(t,Xt, t+ h, dy)

= p(t,Xt, t+ h,A)

= Prs,x [Xt+h ∈ A|Xt] .

To complete the proof, if A = (a, b], define fn to be continuous, identically
1 on (a+εn, b+εn], and identically 0 outside (a, b+2εn] for arbitrary εn → 0.
Then fn → χA pointwise and by the dominated convergence theorem, the
identity in (4) applies to χA for such A, as well as A = R. Now let L denote
the class of functions which satisfy the identity in (4). Then L satisfies
the three conditions of the functional monotone class theorem of book 5’s
proposition 1.32. First as was just proved, χA ∈ L for all A = (a, b], the
collection of which form a semi-algebra by definition 6.8 of book 1. Further
L is a vector space by linearity of the integral and 1 of book 6’s proposition
5.26. Finally, L contains bounded functions that are pointwise limits of L-
functions by the dominated convergence theorem. Thus by the functional
monotone class theorem, L contains all bounded measurable functions, and
in particular, χA for all A ∈ B(R).

Corollary 4.27 Let {S, σ0
∞, σ

s
t , Xt,Prs,x} be a Markov process associated

with the transition measure p as in definition 4.15, which is right contin-
uous and satisfies the Feller condition. Then without loss of generality it
can be assumed that the sigma algebras {σst} satisfy the usual conditions of
containing all negligible sets, and right continuity in t.
Proof. Given {S, σ0

∞, σ
s
t , Xt,Prs,x}, we simply increase the sigma algebras

to form {S, σ0
∞, σ

s
t+, Xt, Ps,x}. The Xt-process is σst+-measurable since σ

s
t ⊂

σst+, and is a Markov process with the same transition function by proposition
4.26.

4.2.3 The Strong Markov Property

Although we do not develop this result, providing references for details
below, there is another very important result derivable for a right
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continuous Markov process {S, σ0
∞, σ

s
t , Xt,Prs,x} that satisfies the Feller

property. But to state this result requires some new ideas. Stopping
times are introduced and studied in the next chapter, but analogously we
can define for s ≥ 0 an s-Markov time or s-stopping time, Ts. The
following definitions can be compared with 5.22 and 5.23 below.

Definition 4.28 For s ≥ 0, an s-Markov time or s-stopping time Ts
with respect to the Markov process {S, σ0

∞, σ
s
t , Xt,Prs,x}, is an extended real

valued random variable:

Ts : (S, σ(S), µ)→ [s,∞],

such that for every r ≥ s,

T−1
s ([s, r]) ∈ σsr.

The sigma algebras σsT and σ
s
T+, where T ≡ Ts, are defined by:

σsT = {A ∈ σs∞| A ∩ T−1
s ([s, r]) ∈ σsr, all r ≥ s},

σsT+ = {A ∈ σs∞| A ∩ T−1
s ([s, r]) ∈ σsr+, all r ≥ s}.

A Markov process {S, σ0
∞, σ

s
t+, Xt,Prs,x} with transition measure p(·, ·, ·, ·)

is said to satisfy the strong Markov property if for every h > 0, real x,
and real valued s-Markov time T = Ts, meaning Ts : (S, σ(S), µ)→ [s,∞) :

Prs,x
[
XT+h ∈ A|σsT+(X)

]
= p(T,XT , T + h,A). (4.19)

Remark 4.29 Given t > s, Ts ≡ t is by definition an s-Markov time, and it
is an exercise to check that σsT+ = σst+ in this case. Thus the strong Markov
property implies the Markov property of 4.11, as would logically be expected.

Proposition 4.30 Let {S, σ0
∞, σ

s
t+, Xt,Prs,x} be a Markov process associ-

ated with the transition measure p(·, ·, ·, ·) as in definition 4.15, and which is
right continuous and satisfies the Feller condition. Then this process satisfies
the strong Markov property.
Proof. See Friedman (1975), Karatzas and Shreve (1988) or Revuz
and Yor (1999) for details on this and related results.

4.2.4 Brownian Motion as a Markov Process

In example 4.1 above was derived that Brownian motion Bt defined on a
probability space (S, σ(S), µ) has the transition measure:

p(s, x, t, A) =

∫
A
f(y − x)dy, (4.20)
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with transition density function f(y − x) = p(s, x, t, y) given by:

p(s, x, t, y) = [2π (t− s)]−1/2 exp
[
− (y − x)2 /2 (t− s)

]
. (4.21)

It is natural to wonder if Brownian motion is therefore a Markov process.

To reach this conclusion, a number of details need be checked.

1. Justify that p(s, x, t, A) is a transition measure by definition
4.2.

The derivation of p(s, x, t, A) was based on an investigation of the
transition density functions for Brownian motion in 1.69. This pro-
vided an explicit representation for µs,t [A1 ×A2] ≡ P [Xs ∈ A1, Xt ∈
A2] for t > s, and then an associated conditional probability P [Xs ∈
A1|Xt ∈ A2]. But given this explicit formula for p(s, x, t, A) above, and
independent of this derivation, it is readily verified that the first two
conditions of definition 4.2 are satisfied, and that only the Chapman-
Kolmogorov equation needs investigation. Since p is given by a
density function, this equation can be expressed as in 4.6:

p(s, x, t, z) =

∫
R
p(s, x, r, y)p(r, y, t, z)dy.

We leave the verification of this identity as an exercise, noting that a
change of variable proves the right integral to be a convolution (defi-
nition 6.14, book 5) of normal densities.

Note also that given 4.21, this transition measure is stationary by
4.4. In addition the Brownian transition measure satisfies 4.9 because
p(t, x, t′, dy) = p(t, x, t′, y)dy by 4.20 and 4.5. Then from 3.65 of book
4 and β = 4 : ∫

|y − x|β p(t, x, t′, y)dy ≤ CT
∣∣t′ − t∣∣1+α

,

with α = 1 and CT = 3 for all T.

2. Create a Markov process {S, σ0
∞, σ

s
t , Xt,Prs,x} associated with

p(s, x, t, A) in 1.

By 4.9, Xt of proposition 4.11 has a continuous version by proposition
4.12, and by the construction in that proof the same finite dimensional
distributions as Brownian motion Bt. Thus with s = 0 and x = 0,
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{S, σ0
∞, σ

0
t , Xt,Pr0,0} is a continuous version of Brownian motion. Put

another way, there is a version of Brownian motion that is a continuous
Markov process.

In addition, p satisfies the Feller property since:∫
f(y)p(t, x, t+ h, dy) = [2πh]−1/2

∫
f(y) exp

[
− (y − x)2 /2h

]
dy,

and is constant in t. A change of variable proves this expression to be
continuous in x with f bounded and continuous. Thus, without loss of
generality it can be assumed by corollary 4.27 that the sigma algebras
{σst} satisfy the usual conditions.
The final question, is every version of this Brownian motion a Markov
process? More generally:

3. Is any version of a Markov process necessarily Markov?

This is the final detail, but proposition 4.13 provides an affi rmative
answer. Thus, even the original construction of Brownian motion is
a Markov process. Further, we can assume that the associated filtra-
tion satisfies the usual conditions since by definition, every version of
Brownian motion is continuous.

Proposition 4.31 A Brownian motion Bt defined on a probability space
(S, σ(S), µ) is a Markov process {S, σ0

∞, σ
0
t , Bt,Pr0,0} relative to the filtra-

tion {σ0
t } ≡ {σ0

t (B)}, and a Markov process {S, σ0
∞, σ

0
t+, Bt,Pr0,0} relative

to the augmented filtration {σ0
t+} ≡ {σ0

t+(B)} which satisfies the usual con-
ditions of right continuity and containing all negligible sets.

Thus if A ∈ B(R), 0 ≤ t < t+ h :

Pr0,0

[
Bt+h ∈ A|σ0

t+(B)
]

= Pr0,0

[
Bt+h ∈ A|σ0

t (B)
]

(4.22)

= Pr0,0 [Bt+h ∈ A|Bt] = p(t, Bt, t+ h,A).

It then follows from 4.13 that if f is any bounded Borel measurable function,
then for 0 ≤ t < t+ h :

E0,0

[
f (Bt+h) |σ0

t+

]
= E0,0

[
f (Bt+h) |σ0

t

]
= Et,Bt [f (Bt+h)] = E0,0 [f (Bt+h) |Bt] .

(4.23)
In addition, the Brownian motion Bt satisfies the strong Markov property

of 4.19:
Pr0,0

[
BT+h ∈ A|σ0

T+(B)
]

= p(T,BT , T + h,A), (4.24)
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for any real valued 0-stopping time T = T0.

Proof. The first statements regarding 4.22 follow from the above discussion
that {S, σ0

∞, σ
0
t , Bt,Pr0,0} is a Markov process and proposition 4.11, while

4.23 applies proposition 4.17. The strong Markov property is proposition
4.30.

Remark 4.32 It should be noted that the above proposition is true for any
right continuous Feller process (recall definition 4.24) Xt defined on a prob-
ability space (S, σ(S), µ) with {σ0

t } ≡ {σ0
t (X)}, since the results referenced

for the proof all apply.

There is another consequence of the strong Markov property for Brown-
ian motion that is relevant for the next section. Recall in 1 of proposition
2.63 on time translation of a Brownian motion Bt defined on a probability
space (S, σ(S), µ). For any t0 ≥ 0,

B̃t ≡ Bt+t0 −Bt0 ,

is a Brownian motion defined on Ĩ ≡ [0,∞), and is independent of Bt defined

on I ≡ [0, t0] in the sense of definition 1.36. That is, σ (Bt∈I) and σ
(
B̃t∈Ĩ

)
are independent sigma algebras, or in the current notation, σ0

t0 (B) and

σ0
∞

(
B̃
)
are independent sigma algebras. As a consequence of the strong

Markov property of Brownian motion, we can replace t0 with a real-valued
stopping time T.

Proposition 4.33 (Strong Markov property) Given a Brownian mo-
tion Bt defined on a probability space (S, σ(S), µ) for t ∈ I ≡ [0, T ], and
T = T0 a real-valued 0-stopping time, then B̃t defined by:

B̃t ≡ Bt+T −BT , (4.25)

is a Brownian motion defined on Ĩ ≡ [0,∞). Further, B̃t defined on Ĩ is
independent of Bt defined on [0, T ] in the sense of definition 1.36. That

is, σ0
T+ (B) as given in definition 4.28 and σ0

∞

(
B̃
)
are independent sigma

algebras.
Proof. For a proof see Karatzas and Shreve (1988) or Revuz and Yor
(1999), the latter reference generalizing this result to right continuous Feller
processes with independent increments and stationary transition measures.
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There is an interesting corollary of proposition 4.33 calledBlumenthal’s
0-1 law, and named for Robert M. Blumenthal (1931 —2012). It relates
to the so-called germ field of a Markov process, the name given to σ0

0+(X)
of 4.18:

σ0
0+(X) =

⋂
r>0

σ0
r(X). (4.26)

The following result generalizes to right continuous Feller processes with
independent increments and stationary transition measures.

Proposition 4.34 (Blumenthal’s 0-1 law) Given a Brownian motion Bt
defined on a probability space (S, σ(S), µ), if A ∈ σ0

0+(B) :

Pr0,0(A) ∈ {0, 1}. (4.27)

Proof. By proposition 4.31, Bt satisfies the strong Markov property. Define
the 0-stopping time T0 ≡ 0. Then B̃t of 4.25 is identically equal to Bt, and
thus σ0

0+ (B) and σ0
∞ (B) are independent sigma algebras. But σ0

0+ (B) ⊂
σ0
∞ (B) , and thus if A ∈ σ0

0+(B) then A is independent of itself. Hence:

Pr0,0(A) = Pr0,0(A ∩A) = [Pr0,0(A)]2 .

We can now prove as corollary the result quoted in section 2.2.4.

Corollary 4.35 Let Bt be a 1-dimensional Brownian motion on a probabil-
ity space (S, σ(S), µ), and define T on S by:

T ≡ inf{t > 0|Bt = 0}. (4.28)

Then T = 0 with µ-probability 1.

Proof. Define T ′ ≡ inf{t > 0|Bt > 0}, and A′ ≡ {ω|T ′(ω) = 0}. Note that
with r rational: (

T ′
)−1

([0, s]) =
⋃

0<r≤sB
−1
r (0,∞) ∈ σ0

s,

and thus T ′ is a 0-stopping time. To see that A′ ∈ σ0
0+(B), note that with r

rational:
A′ =

⋂
n

⋃
0<r<1/n{ω|Br(ω) > 0}.

Since ⋃
0<r<1/n{ω|Br(ω) > 0} ∈ σ0

1/n(B) ⊂ σ0
1/n(B),
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it follows that A′ ∈ σ0
0+(B) and thus Pr0,0(A′) ∈ {0, 1}.. But for any t > 0,

we have by continuity (with µ-probability 1):

Pr0,0

[
T ′ ≤ t

]
≥ Pr0,0 [Bt > 0] = 1/2,

and hence Pr0,0(A′) = 1.
As −Bt is also a Brownian motion, defining T ′′ ≡ inf{t > 0|Bt < 0}

and A′′ ≡ {ω|T ′′(ω) = 0} obtains that Pr0,0(A′′) = 1.
But Brownian paths are continuous with µ-probability 1, and thus Pr0,0(A′) =

Pr0,0(A′′) = 1 obtains 4.28.

4.2.5 Brownian Motion and the Reflection Principle

For the proof of Khintchine’s law of the iterated logarithm (LIL) of
proposition 2.73, we required a property of Brownian motion discovered in
1939 by Paul Lévy (1886 —1971) and stated in 2.78. Specifically, this
result states that for each t :

Pr

[
sup
s≤t

Bs ≥ λ
]

= 2 Pr [Bt ≥ λ] , all λ > 0.

Defining Mt = sups≤tBs, note that Mt is measurable by the proof of
proposition 2.64. Recalling that −Bt is a Brownian motion by 2 of
proposition 2.63, the above identity can be equivalently stated that or each
t :

Pr [Mt ≥ λ] = Pr [|Bt| ≥ λ] , all λ > 0. (4.29)

There is an heuristic proof of 4.29 that relies on André’s reflection
method, named for Désiré André (1840 —1917), though his application
was to a very different question called Bertrand’s ballot problem and
named for Joseph Bertrand (1822 — 1900). The argument proceeds as
follows.

First, by the law of total probability of proposition 1.35 of book 2:

Pr [Mt ≥ λ] = Pr [Mt ≥ λ,Bt ≥ λ] + Pr [Mt ≥ λ,Bt < λ]

= Pr [Bt ≥ λ] + Pr [Mt ≥ λ,Bt < λ] ,

since {Bt ≥ λ} ⊂ {Mt ≥ λ}. Considering the second term, if Mt ≥ λ then
by the probability 1 continuity of B there exists s < t so that Bs = λ, and
we define Tλ as the smallest such s. That is:

Tλ ≡ inf{s|Bs = λ}. (4.30)
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Thus for every continuous path, we apply book 2’s definition 1.31 of
conditional probability :

Pr [Mt ≥ λ,Bt < λ] = Pr [Mt ≥ λ] Pr [Bt < λ|Mt ≥ λ] .

Since Bt = Btλ + (Bt −Btλ) in the above notation, we conclude:

Pr [Bt < λ|Mt ≥ λ] = Pr[Bt −BTλ < 0|BTλ = λ] = 1/2.

This can be argued two ways.
In distributional terms, Bt − BTλ is independent of BTλ and hence this

conditional variate is equal in distribution to Bt−Tλ . Consequently:

Pr[Bt −BTλ < 0|BTλ = λ] = Pr[Bt−Tλ < 0] = 1/2.

In the more colorful visualization of André, for any continuous path with
BTλ = λ for Tλ < t, there is a reflected path B̃r with B̃r = Br for r ≤ Tλ,
and B̃r = 2λ − Br for Tλ < r ≤ t. Graphically, B̃r reflects Br through
the horizontal line y = λ over [Tλ, t] since there B̃r = λ − (Br − λ) . As
B̃r is another Brownian motion, each such path has an "equally probable"
reflected path.

Combining results we obtain:

Pr [Mt ≥ λ] = Pr [Bt ≥ λ] +
1

2
Pr [Mt ≥ λ] ,

which is 2.78.
Though compelling heuristically, the weakness in this argument is that

we are treating Tλ as if it were a constant. Of course it is a constant on
each continuous path, which occurs with probability 1, but it is actually a
function defined on this subset of S, and indeed a random variable. In fact,
Tλ is a 0-stopping time by definition 4.28:

T−1
λ ([0, t]) ≡ {ω|Mt ≥ λ} ∈ σ0

t .

Proposition 4.36 Tλ defined in 4.30 is a 0-stopping time.
Proof. This is 5 of proposition 5.60 below.

In addition, it follows from 2.74 that with µ-probability 1 :

Tλ ≡ inf{t|Bt = λ} <∞.

Since Tλ can be redefined to be 0 on the exceptional set of measure 0, we
can assume Tλ is everywhere real-valued and so the results on the strong
Markov property will apply.
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The goal of the more rigorous proof below is to formally recognize this
stopping time, and then use the strong Markov property of Brownian motion
noted above. The following result in 4.31 is more general than that needed
for 2.78, but corollary 4.38 completes the proof.

Proposition 4.37 Let Bt be a Brownian motion defined on a probability
space (S, σ(S), µ), Mt ≡ sups≤tBs, a ≥ 0 and b ≤ a. Then:

Pr[Mt ≥ a,Bt < b] = Pr[Bt ≥ 2a− b]. (4.31)

Proof. First, with the above notation:

Pr[Mt ≥ a,Bt < b] = Pr [Ta ≤ t, Bt < b] .

By 4.25, B̃s ≡ Bs+Ta − BTa = Bs+Ta − a is a Brownian motion that is
independent of σ0

Ta+ (B) , and writing Bt = B̃t−Ta + a obtains:

Pr [Mt ≥ a,Bt < b] = Pr
[
Ta ≤ t, B̃t−Ta < b− a

]
= Pr [Ta ≤ t] Pr

[
B̃t−Ta < b− a

]
= Pr [Ta ≤ t] Pr

[
−B̃t−Ta < b− a

]
= Pr

[
Ta ≤ t,−B̃t−Ta < b− a

]
.

The second last step follows from the symmetry of the distribution of B̃t−Ta,
while the last reflects the independence of B̃s and σ0

Ta+ (B) which assures
independence of −B̃s and σ0

Ta+ (B) by definition.
Now −B̃t−Ta = −Bt + a, and hence:

Pr [Mt ≥ a,Bt < b] = Pr [Ta ≤ t, Bt > 2a− b]
= Pr [Mt ≥ a,Bt > 2a− b]
= Pr [Bt > 2a− b]
= Pr [Bt ≥ 2a− b] .

Here the second step is by definition of Ta, the third because Bt > 2a − b
obtains Bt > a obtains Mt ≥ a, and the final from Pr [Bt = 2a− b] = 0.

Corollary 4.38 Let Bt be a Brownian motion defined on a probability space
(S, σ(S), µ), and Mt = sups≤tBs. Then for all λ > 0, 2.78 and 4.29 are
satisfied for each t.
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Proof. Letting λ = a = b in 4.31 obtains

Pr[Mt ≥ λ,Bt < λ] = Pr[Bt ≥ λ].

Repeating the first steps of the derivation above:

Pr [Mt ≥ λ] = Pr [Mt ≥ λ,Bt ≥ λ] + Pr [Mt ≥ λ,Bt < λ]

= Pr [Bt ≥ λ] + Pr [Mt ≥ λ,Bt < λ]

= 2 Pr [Bt ≥ λ] ,

which is 2.78.
Since −Bt is also a Brownian motion by proposition 2.63, it follows that:

2 Pr [Bt ≥ λ] = Pr [Bt ≥ λ] + Pr [Bt ≤ −λ] = Pr [|Bt| ≥ λ] ,

which is 4.29.

Remark 4.39 It is important to note that 4.29 states "only" that for each
t, Mt and |Bt| have the same distribution. As stochastic processes parame-
trized in t, these processes cannot have the same finite dimensional distrib-
utions. This follows because as a process, Mt is pathwise monotonic, while
|Bt| is certainly is not. Indeed, proposition 2.83 states that with probability
1, Bt is nowhere monotonic.

4.3 Diffusion Processes

A diffusion process is a continuous Markov process with a transition
function which satisfies additional regularity conditions as made precise
below. An important application of these ideas will be seen in book 9 in
the study of stochastic differential equations (SDEs). There it will be
shown that given assumptions which assure existence of a solution, such
solutions are Markov processes, and in fact diffusion processes.

As noted throughout the above discussion on Markov processes, the the-
ory of n-dimensional vector valued Markov processes is virtually identical,
requiring mostly a change of notation or interpretation of notation. Here we
present the definition of diffusion process in the context of a n-dimensional
Markov process, since this definition fundamentally reflects a dimensionality
assumption. As noted above, the transition measure p(s, x, t, A) is defined
for x ∈ Rn and A ∈ B (Rn) .
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For the following definition, recall that a mathematical expression f(h)
which depends on h > 0 is said to be o(h) at h = 0, or in words, Little-O
of h, denoted:

f(h) = o(h),

if:
limh→0 f(h)/h = 0. (4.32)

Definition 4.40 (Diffusion process) A continuous n-dimensional Markov
process Xt with transition measure p(·, ·, ·, ·) is said to be a diffusion process,
or simply a diffusion, if for any ε > 0, t ≥ 0 and x ∈ Rn :

1. ∫
|x−y|>ε

p(t, x, t+ h, dy) = o(h). (4.33)

2. There exists and n-vector a(t, x) ≡ (ai(t, x))ni=1 so that:∫
|x−y|≤ε

(yi − xi) p(t, x, t+ h, dy) = ai(t, x)h+ o(h). (4.34)

3. There exists an n× n matrix b(t, x) ≡ (bij(t, x))ni,j=1 so that:∫
|x−y|≤ε

(yi − xi) (yj − xj) p(t, x, t+ h, dy) = bij(t, x)h+ o(h). (4.35)

Notation 4.41 The n-vector a(t, x) is called the drift vector of the dif-
fusion process, while b(t, x) is called the diffusion matrix. In the case
where n = m = 1, these coeffi cients are called the drift and diffusion
coeffi cients, respectively.

Example 4.42 Any version of a Brownian motion is a continuous Markov
process by proposition 4.31 noted above. Also, when n = 1 the transition
measure has a transition density function given as in 4.21:

p(t, x, t+ h, y) = [2πh]−1/2 exp
[
− (y − x)2 /2h

]
.

It is an exercise in integration to demonstrate that Brownian motion is a
diffusion process with a(t, x) = 0 and b(t, x) = 1.

A similar result will follow for n-dimensional Brownian motion using
definition 1.27 and the density functions in 3.3 of book 6. Specifically, we
have with x, y ∈ Rn :

p(t, x, t+ h, y) = [2πh]−n/2 exp
[
− |y − x|2 /2h

]
,
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where as always |y − x|2 =
∑n

i=1 (yi − xi)2 . Then ai(t, x) = 0 for all i, and
bij(t, x) = 1 if i = j and is 0 otherwise.

As noted above, in book 9 certain solutions to stochastic differential
equations will be shown to be diffusion processes, and for this demonstration
it is easier to replace the above defining properties with conditions that are
independent of ε, or put another way, conditions which reflect integrals over
Rn. The following proposition provides a stronger condition to assure 4.33,
but when this condition is satisfied, 4.34 and 4.35 are equivalent to the same
statement with respect to integrals over Rn.

For the proof we require an exercise. Recall that the inner product is
defined x · y =

∑n
i=1 yixi.

Exercise 4.43 Given w = (w1, ..., wn) ∈ Rn, show that for all i :

|wi| ≤ |w| .

Hint: Cauchy-Schwarz inequality (proposition 3.1.2, Reitano (2010)).

Proposition 4.44 Given a transition measure p(·, ·, ·, ·) :

1. If for any t ≥ 0 and x ∈ Rn there exist δ > 0 so that∫
Rn
|y − x|δ p(t, x, t+ h, dy) = o(h), (4.36)

where |y − x|2 ≡
∑n

i=1 (yi − xi)2 , then 4.33 is satisfied.

2. If 4.36 is satisfied with δ ≥ 1, then 4.34 is equivalent to:∫
Rn

(yi − xi) p(t, x, t+ h, dy) = ai(t, x)h+ o(h), (4.37)

and if satisfied with δ ≥ 2, then 4.35 is equivalent to:∫
Rn

(yi − xi) (yj − xj) p(t, x, t+ h, dy) = bij(t, x)h+ o(h). (4.38)

Proof. For part 1, given 4.36:∫
|x−y|>ε

p(t, x, t+ h, dy) ≤ ε−δ
∫
Rn
|y − x|δ p(t, x, t+ h, dy) = o(h),

which is 4.33.
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For 2, note that for f(x, y)integrable:∫
Rn
f(x, y)p(t, x, t+ h, dy)

=

∫
|x−y|≤ε

f(x, y)p(t, x, t+ h, dy) +

∫
|x−y|>ε

f(x, y)p(t, x, t+ h, dy).

If 4.37 is satisfied:

ai(t, x)h+ o(h)

=

∫
|x−y|≤ε

(yi − xi) p(t, x, t+ h, dy) +

∫
|x−y|>ε

(yi − xi) p(t, x, t+ h, dy).((1))

But |yi − xi| ≤ |y − x| by exercise 4.43 and thus by 4.36:∣∣∣∣∣
∫
|x−y|>ε

(yi − xi) p(t, x, t+ h, dy)

∣∣∣∣∣ ≤
∫
|x−y|>ε

|y − x| p(t, x, t+ h, dy)

≤ εδ−1

∫
Rn
|y − x|δ p(t, x, t+ h, dy)

= o(h).

Combining with (1) obtains 4.34.
Conversely, if 4.34 is satisfied:

ai(t, x)h+o(h) =

∫
Rn

(yi − xi) p(t, x, t+h, dy)−
∫
|x−y|>ε

(yi − xi) p(t, x, t+h, dy).

As above the second integral is o(h) by 4.36 and thus 4.37 is satisfied.
The same argument proves the equivalence of 4.35 and 4.38, noting that

|(yi − xi) (yj − xj)| ≤ |y − x|2 by exercise 4.43.

Remark 4.45 Note that the required integrals for Brownian motion in ex-
ample 4.42 are greatly simplified using proposition 4.44 since 4.36 is valid
for all δ > 0, and so ai(t, x) and bij(t, x) can be evaluated explicitly in terms
of 4.37 and 4.38 as expectations. In the case of Brownian motion, there are
no o(h) terms.

The following result generalizes this example.

Proposition 4.46 Let Xt =
(
X

(1)
t , X

(2)
t , ..., X

(n)
t

)
be a diffusion process

with transition measure p(·, ·, ·, ·), and assume that 4.36 is satisfied with
δ ≥ 2. Then:

Et,x

[
X

(i)
t+h − xi

]
= ai(t, x)h+ o(h), (4.39)
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covt,x

[
X

(i)
t+h − xi, X

(j)
t+h − xj

]
= bij(t, x)h+ o(h), (4.40)

where covt,x denotes the covariance of these random variates as in definition
3.19 of book 4:

covt,x

[
X

(i)
t+h − xi, X

(j)
t+h − xj

]
≡ Et,x

[(
X

(i)
t+h − xi

)(
X

(j)
t+h − xj

)]
.

Proof. This result perhaps seems obvious, but it must be proved that the
integrals on the left in 4.37 and 4.38 are indeed the required expectations.
Define χm(Xt+h) = 1 on |Xt+h − x| < m and zero otherwise. Then for any

i, fm(Xt+h) ≡ χm(Xt+h)
(
X

(i)
t+h − xi

)
is Borel measurable and by continuity

bounded, and thus by 4.16 and 4.34:

Et,x [fm (Xt+h)] =

∫
|x−Xt+h|<m

(yi − xi) p(t, x, t+ h, dy) = ai(t, x)h+ o(h).

Now fm(y)→ yi−xi pointwise, and |fm(y)| ≤ |y − x| by exercise 4.43, which
is integrable by 4.36. Thus 4.39 follows by Lebesgue’s dominated convergence
theorem of proposition 2.43 of book 5.

Defining fm(Xt+h) ≡ χm(Xt+h)
(
X

(i)
t+h − xi

)(
X

(j)
t+h − xj

)
similarly jus-

tifies:

Et,x

[(
X

(i)
t+h − xi

)(
X

(j)
t+h − xj

)]
= bij(t, x)h+ o(h),

proving 4.40.





Chapter 5

Stochastic Processes

In this chapter we study measurability of stochastic processes defined on a
filtered probability space (S, σ(S),Σt(S), µ) (see definition 5.4), then
turn to martingales and stopping times, which then leads to the important
concept of a local martingale. In addition, some important tools will be
developed that are needed for the integration theory of book 8, specifically
related to the concept of quadratic variation and covariation.

5.1 Stochastic Processes and Their Measurability

Given a filtered probability space, we will be primarily interested in
studying stochastic processes Xt(ω) ≡ f(t, ω) which are measurable in
some sense, and the following sections provide several important
measurability concepts and related terminology. To set the stage we first
recap the various sample spaces of the Brownian motion constructions, and
formalize the notion of a canonical sample space.

5.1.1 Brownian Motion Sample Spaces: A Recap

In this section we will refine the sigma algebra structure on the sample
space of a 1- or d-dimensional Brownian motion (S, σ(S), µ), the subject of
many of the propositions of the prior chapters. Here we recap what is
meant by this sample space since it has appeared in various guises.
Definition 5.10 provides the key notion, that it is any probability space on
which exists a collection of random variables with the prescribed
properties, leaving only the matter of existence to be addressed.

227
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Existence results were simplified through a series of propositions, which
obtained that the necessary sample spaces could often be iteratively defined.

I. By proposition 1.42, (Bt)t∈I ≡
(
B

(1)
t , B

(2)
t , ..., B

(d)
t

)
t∈I
is a d-dimensional

Brownian motion defined on (S, σ(S), µ), then anyB(j)
t∈I is a 1-dimensional

Brownian motion defined on this same space.

II. Conversely, if B̃t∈I is a 1-dimensional Brownian motion defined on
(S, σ(S), µ), we can define a d-dimensional Brownian motion (Bt)t∈I ≡(
B

(1)
t , B

(2)
t , ..., B

(d)
t

)
t∈I
on (Sn, σ(Sn), µn), the finite dimensional prod-

uct space of book 1’s chapter 7, by:

Bt(ω1, ..., ωn) ≡
(
B̃t(ω1), , ..., B̃t(ωn)

)
.

Independence of {B̃t(ωj)}nj=1 is assured by the definition of µ
n, and

then Bt is a d-dimensional Brownian motion by proposition 1.42.

III. If B̃t∈[0,1] is a 1-dimensional Brownian motion defined on (S, σ(S), µ),

we can similarly define independent {B̃t(ωj)}∞j=1 on (SN, σ(SN), µN),
the infinite dimensional product space of book 1’s chapter 9. Then by
proposition 1.45 we define a 1-dimensional Brownian motion Bt∈[0,∞)

on this space by 1.42, using the change of notation that B(j)
t (ω) ≡

B̃t(ωj).

From the above results it was then only necessary to prove existence of a
1-dimensional Brownian motion Bt∈I defined on a sample space (S, σ(S), µ)
for either I = [0, 1] or I = [0,∞). The constructions developed provided
various models for these sample spaces.

1. Kolmogorov started with RI , the space of all functions ω : I → R,
and the sigma algebra σ(RI) defined in terms of the cylinder sets in
1.61, and first proved that given a consistent collection of finite dimen-
sional distributions, there existed a measure µI on (RI , σ(RI)) which
extended these distributions. Applying this result with the finite di-
mensional distributions of Brownian motion obtained the sample space
(RI , σ(RI), µB) with I = [0,∞). However, it was seen in corollary 1.68
that the collection of continuous functions was not measurable, mean-
ing not an element of σ(RI), and thus any hope that we could prove
that this set had probability 1, as required by definition 1.27, was
dashed.
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But an application of Kolmogorov’s proposition 1.81 proved the exis-
tence of a measurable subset C ⊂ RI with µB (C) = 1, and the fol-
lowing property. For all ω ∈ C, the restriction to the dyadic rationals
Q2 = {m2−n|m,n ≥ 0} was continuous, and in fact Hölder continu-
ous with exponent 0 < γ < 1/2 when further restricted to [0, T ]∩Q2

for any T. The final sample space of the Kolmogorov construction is
(S, σ(S), µ) ≡ (R̄I , σ(R̄I), µB), which is essentially (RI , σ(RI), µI), but
where for all ω ∈ C ⊂ RI , we replace ω with ω̄, the continuous exten-
sion to [0,∞) of the restriction of ω to Q2.

The final 1-dimensional Brownian motion Bt for t ∈ [0,∞) is defined
on ω ∈ S as in 1.71 by Bt (ω) ≡ ω(t).

2. Donsker, using a very different approach than Kolmogorov, working
directly with the space of continuous functions C[0,∞), He proved the
existence of a measure µ∗ on (C [[0,∞)] ,B [C[0,∞)]) which was the
distributional limit (in the sense of definition 2.17) of measures whose
finite dimensional distributions converged to those of Brownian mo-
tion. By corollary 2.16, the sigma algebra B [C[0,∞)] can be specified
either as the smallest sigma algebra that contains the cylinder sets
of C[0,∞) as in definition 2.1, or as the smallest sigma algebra that
contains the open sets of C[0,∞) under the metric d of definition 2.11.

The final 1-dimensional Brownian motion Bt for t ∈ [0,∞) is de-
fined on (S, σ(S), µ) ≡ (C [[0,∞)] ,B [C[0,∞)] , µ∗) and as in the Kol-
mogorov set-up. That is, Bt is defined on ω ∈ C [[0,∞)] as in 1.71 by
Bt (ω) ≡ ω(t).

3. Lévy constructed Bt for t ∈ [0, 1] on the probability space:

(S, σ(S), µ) ≡
∏∞
j=0

(
R,B (R) , µNj

)
,

and is another example of an infinite dimensional product space using
book 1’s chapter 9. Recalling exercise 2.30, µNj denotes the probabil-
ity measure on R induced by a normal distribution with mean 0 and
variance σ2

j where σ
2
0 = 1, and for each j ≥ 1 :

σ2
j = 2−(n+1), for j ∈ In ≡

{
j|2n−1 ≤ j ≤ 2n − 1

}
.

The final 1-dimensional Brownian motion Bt for t ∈ [0, 1] is defined
on (S, σ(S), µ) as an infinite summation, or a limit. For each ω ≡
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(ω0, ω1, ...) ∈ S :

Bt ≡ B
(0)
t +

∑∞
n=1

[
B

(n)
t −B(n−1)

t

]
= B

(0)
t + lim

m→∞

∑m
n=1

[
B

(n)
t −B(n−1)

t

]
.

Here B(n)
t is defined as in 2.29 by interpolating {B(n)

(2k−1)/2n}, defined
for k = 1, ..., 2n−1 as in 2.26 but using ωj for j ∈ In as the needed
normal Z(2k−1)/2n-variates. The associated 1-dimensional Brownian
motion Bt for t ∈ [0,∞) and sample space is then defined as in III.
above.

4. Ciesielski revised the Lévy construction of Bt for t ∈ [0, 1] and so
(S, σ(S), µ) is defined as above but with σ2

j = 1 for all j. Effectively, the
normal variances in the Lévy construction were built into coeffi cient
functions. The final 1-dimensional Brownian motion Bt for t ∈ [0, 1]
is again defined on (S, σ(S), µ) as an infinite summation, or a limit,
exactly as in Lévy’s construction but where B(n)

t is defined in 2.45.
Given ω ≡ (ω0, ω1, ...) ∈ S, we again we identify ωj ≡ Zj in 2.45.
The associated 1-dimensional Brownian motion Bt for t ∈ [0,∞) and
sample space is defined as in III. above.

5. Wiener constructed Bt for t ∈ [0, 1] using the same probability space
(S, σ(S), µ) as in Ciesielski’s construction. Now B

(n)
t is given in 2.59

where we again identify ωj ≡ Zj given ω ≡ (ω0, ω1, ...) ∈ S. Though
true more generally, proposition 2.58 proved that Bt could be defined
by:

Bt ≡ B(0)
t +B

(m1)
t +

∑∞
n=1

[
B

(mn+1)
t −B(mn)

t

]
,

for suitable sequences mn →∞. The associated 1-dimensional Brown-
ian motion Bt for t ∈ [0,∞) and sample space is defined as in III.
above.

5.1.2 A Canonical Sample Space for Brownian Motion

Although for many results above it suffi ced to declare: "Let Bt be a
1-dimensional Brownian motion on a probability space (S, σ(S), µ)," it is
apparent that this sample space has many structures depending on the
construction one implements. But of course, the point of the generality of
the earlier results is that the formal structure of this space did not matter.
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The stated results were independent of the method of construction, and
independent of the particular structure of (S, σ(S), µ).

But there is a so-called canonical sample space for a 1-dimensional
Brownian motion, and that is:

(S, σ(S), µ)Canonical ≡ (C[0,∞),B [C[0,∞)] , µ∗), (5.1)

from the Donsker construction. As noted following definition 2.1, µ∗ the
is called the Wiener measure on (C[0,∞),B [C[0,∞)]) and named for
Norbert Wiener (1894 — 1964). In mathematics, the term "canonical"
is typically applied to the version of a mathematical object that is most
revealing of the properties of interest, and thus most commonly accepted as
the standard version.

Visually, representing Brownian paths as the space of continuous func-
tions is compelling since continuity is a defining property of such paths from
4 of definition 1.27. Second, the structure of B [C[0,∞)] is compelling as the
collection of events, because by corollary 2.16 one can envision this sigma
algebra as that generated by the cylinder sets of C[0,∞). These cylinder
sets are in turn the defining events for Brownian motion by 2-3 of defini-
tion 1.27, and their probabilities are also provided by this definition. These
definitional probabilities then correspond naturally to the measure of such
events by µ∗.

But what about the other structures? Given any such sample space
structure (S, σ(S), µ) above, or others yet, there is a natural link between
these spaces and this canonical sample space. Consider the natural embed-
ding:

T : (S, σ(S), µ)→ (C[0,∞),B [C[0,∞)] , µ∗)

defined by:
T : ω → Bt (ω) ≡ ω (t) .

By any construction of (S, σ(S), µ), the function ω (t) is continuous with
µ-probability 1, and we simple define T : ω → 0 on the exceptional set, so
now T (S) ⊂ C [[0,∞)] .

This embedding is σ(S)/B [C[0,∞)]-measurable in the sense of defini-
tion 3.9 of book 5. That is, if A ∈ B [C[0,∞)] then T−1(A) ∈ σ(S). To prove
this it is suffi cient to prove this when A is a cylinder set in C[0,∞) since
by corollary 2.16 such sets generate B [C[0,∞)] . Let τn = (t1, t2, ..., tn) ∈
[0,∞)n and H ∈ B(Rn) a Borel set, then the cylinder set A ⊂ C[0,∞)
defined by H and τn is by definition 2.1:

A = {ω ∈ C[0,∞)|(ω(t1), ω(t2), ..., ω(tn)) ∈ H}.
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But then:

T−1 (A) = {ω ∈ S|(Bt1(ω), Bt2(ω), ..., Btn(ω)) ∈ H}
≡ B−1

τn (H).

In other words, T−1 (A) ∈ σ(S) because Bτn ≡ (Bt1 , Bt2 , ..., Btn) is a ran-
dom vector defined on S and is thus measurable by definition.

This embedding also induces a measure µT on B [C[0,∞)] as in de-
finition 3.9 of book 5. This induced measure is defined on A ∈ B [C[0,∞)]
by:

µT (A) ≡ µ
[
T−1 (A)

]
,

and thus (C[0,∞),B [C[0,∞)] , µT ) is a measure space. Consistent with
definition 2.8 and 2.15, though with slightly different notation, µT is the
law of the stochastic process B.

But if A is a cylinder set defined by H and τn as above:

µT (A) ≡ µ
[
B−1
τn (H)

]
= µ∗ (A) ,

since the finite dimensional distribution of µ and µ∗ agree with that required
by definition 1.27. Since B [C[0,∞)] is the smallest sigma algebra that con-
tains the cylinder sets by corollary 2.16, proposition 6.14 of book 1 assures
that µT = µ∗ on B [C[0,∞)] .

In summary:

(C[0,∞),B [C[0,∞)] , µT ) = (C[0,∞),B [C[0,∞)] , µ∗).

In other words, independent of how the sample space (S, σ(S), µ) originates,
it is equivalent to the canonical sample space (C[0,∞),B [C[0,∞)] , µ∗) in a
natural way.

In many results below we will continue to resort to the generality of: "Let
Bt be a 1-dimensional Brownian motion on a probability space (S, σ(S), µ),"
because as above, for many results it does not matter which structure is used
for (S, σ(S), µ). But it is useful to know that if we wish to communicate prop-
erties of this space or of Brownian motion, that for any (S, σ(S), µ) we can
unambiguously use the language of the space of continuous functions, the
sigma algebra generated its cylinder sets, and a measure on this sigma alge-
bra that is consistent with the finite dimensional distributions of definition
1.27.

In the d-dimensional case there is again "canonical" sample space for
a Brownian motion. If Bt is a d-dimensional Brownian motion on a proba-

bility space (S, σ(S), µ), then by proposition 1.42, Bt ≡
(
B

(1)
t , B

(2)
t , ..., B

(d)
t

)
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where
{
B

(j)
t

}d
j=1

are independent 1-dimensional Brownian motions on (S, σ(S), µ).

Now the canonical sample space for each B(j)
t is a copy of the space in 5.1,

and thus (S, σ(S), µ)Canonical in this case is a finite product space in the
sense of chapter 7 of book 1. In the notation of that chapter:

(S, σ(S), µ)Canonical ≡
(∏d

j=1Cj [[0,∞)] , σ
[∏d

j=1 B [Cj [0,∞)]
]
,
∏d
j=1 µ

(j)
∗
)
.

(5.2)

Here σ
[∏d

j=1 B [Cj [0,∞)]
]
denotes the smallest sigma algebra that contains

the rectangles
∏d
j=1Aj forAj ∈ B [Cj [0,∞)] (this is denoted σ′

[∏d
j=1 B [Cj [0,∞)]

]
in notation 5.7 of book 5), and not the complete sigma algebra of book 1’s
proposition 7.20. The definition of the product measure

∏d
j=1 µ

(j)
∗ on mea-

surable rectangles (definition 7.1, book 1) assures independence of the above

Aj-sets. Further, for ω ∈ S we have Bt(ω) ≡
(
B

(1)
t (ω), ..., B

(d)
t (ω)

)
, and

the embedding:

T : ω → (ω1 (t) , ..., ωd (t)) ≡
(
B

(1)
t (ω), ..., B

(d)
t (ω)

)
.

Remark 5.1 (Canonical Sample Spaces for Other Stochastic Processes)
If Xt is a 1-dimensional stochastic process on a probability space (S, σ(S), µ),
one can similarly identify as a natural canonical space the space of all real-
valued functions defined on [0,∞). This was the space on which the initial
Kolmogorov construction of Brownian motion took place, and there denoted
RI where I ≡ [0,∞). The associated sigma algebra σ(RI) ≡ σ

[
π−1
t (B(R)), t ∈ I

]
is the smallest sigma algebra that contains the cylinders sets of RI . Such
processes are formally defined below in definition 5.10, but the reader’s in-
tuition on such processes is adequate for the current discussion.

As above we can now define the natural embedding:

T : (S, σ(S), µ)→ (RI , σ(RI))

defined by:
T : ω → Xt (ω) ≡ ω (t) .

This embedding is σ(S)/σ(RI)-measurable. For any Borel set A ∈ B(R)
and t ∈ I, we have by definition:

π−1
t (A) = {ω ∈ RI |ω (t) ∈ A} ∈ σ(RI),

and so:
T−1(π−1

t (A)) ≡ {ω ∈ S|Xt (ω) ∈ A} ∈ σ(S).
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That this last set is in σ(S) will follow from definition 5.10, which requires
each Xt to be σ(S)/B(R)-measurable.

Since T is σ(S)/σ(RI)-measurable, this embedding again induces a
measure µT on σ(RI) as in definition 3.9 of book 5, defined on A ∈ σ(RI)
by:

µT (A) ≡ µ
[
T−1 (A)

]
.

We then say that (RI , σ(RI), µX) is the canonical sample space for Xt, and
that µX ≡ µT is the law of this process.

5.1.3 The Natural and Other Filtrations on (S, σ(S), µ)

If Bt is a d-dimensional Brownian motion on a probability space
(S, σ(S), µ), then for each t, Bt is σ(S)/B

[
Rd
]
-measurable by definition

3.9 of book 5, That is, B−1
t (A) ∈ σ(S) for all Borel sets A ∈ B

[
Rd
]
. In the

notation of definition 4.8 but generalized to d-dimensions, Bt is also
σtt(B)/B

[
Rd
]
-measurable for each t where σtt(B) ≡ B−1

t

[
B
[
Rd
]]
.

Certainly σtt(B) ⊂ σ(S) since σ(S) contains such sigma algebras for all t,
and potentially much more. Thus the statement that given Bt is
σ(S)/B

[
Rd
]
-measurable is a relatively crude interpretation of

measurability that invites further refinement.

For much of the development of the theory of stochastic processes below
and in future books, as was the case for the study of Markov processes above,
we will want to keep track of the measurability of random variables and
stochastic processes in as much detail as possible. Thus, saying that another
d-dimensional stochastic process Xt defined on (S, σ(S), µ) is σtt(B)/B

[
Rd
]
-

measurable for all t provides a great deal more information than simply that
this process is by its definition, σ(S)/B

[
Rd
]
-measurable for all t.

In the case of Markov processes, σtt(B) plays an important role by de-
finition because of the Markov property. For most processes one is more
interested in the sigma algebras related to σ0

t (B) or σ0
t (X) in the notation

of definition 4.8 but generalized to d-dimensions. We thus have a naturally
nested sequence of sigma algebras:

σ0
t (B) ⊂ σ0

t′(B) if t < t′.

These sigma algebras are consistent with the most common intuitive model
for a stochastic process Bt or Xt, that this random variable is subscripted
to express its evolution through time. So at any time t, we can think of Xt

as the value "at present", that Xs for s < t reflects the "past," and Xs for
s > t the "future."
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The collection of sigma subalgebras {σ0
t (B)}t≥0 is the essential idea be-

hind the definition of the natural filtration for a Brownian motion, but
as was the case for Markov processes it is convenient for future calculations
to modify, and then sometimes expand these sigma subalgebras.

Notation 5.2 We will change sigma algebra notation in this chapter. For
Markov processes one is often interested in Xr as defined on the interval
[s, t] and thus the more notationally complicated sigma algebras of definition
4.8, σst (X). For Brownian motion and other general stochastic processes,
one is almost always interest in the interval [0, t], and thus we drop the
superscript. Hence, σt(X) and related notation here will be analogous to
σ0
t (X) in chapter 4.

Remark 5.3 Below one sees what appears to be uncountably many sigma
algebras being unioned or intersected, such as:⋂

s>t
σs(X),

⋃
t≥0

σt(X).

However, when such sigma algebras are nested, with σt(X) ⊂ σt′(X) for
t < t′, any such expression can be evaluated in terms of countably many
operations by restricting t to be rational, for example.

Definition 5.4 (Filtrations ) Let Xt denote a general d-dimensional
stochastic process on (S, σ(S), µ), meaning that for all t, Xt : S → Rd is
σ(S)/B(Rd)-measurable. That is, X−1

t

[
B(Rd)

]
⊂ σ(S) for all t.When Xt =

Bt, a d-dimensional Brownian motion on (S, σ(S), µ), it is conventional
to notationally substitute B for X everywhere below.

1. The sigma subalgebra σt(X) ⊂ σ(S), also denoted σXt (S), is defined as
the smallest sigma algebra that contains X−1

s (B(Rd)) for all s ≤ t.
In other words:

σt(X) ≡ σ
[
X−1
s (B(Rd)), s ∈ [0, t]

]
, (5.3)

where σ denotes the smallest such sigma algebra. Hence:

σs(X) ⊂ σt(X) ⊂ σ(S), 0 ≤ s ≤ t. (5.4)

The collection {σt(X)}t≥0 is called the natural filtration associated
with Xt on (S, σ(S), µ).

More generally, any collection of sigma algebras {Σt(S)}t≥0 that sat-
isfies 5.4 is called a filtration on (S, σ(S), µ), though this general
notion will often be employed when for some X, σt(X) ⊂ Σt(S) for all
t.
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2. A filtration {σt(X)}t≥0 is said to be right continuous if for t ≥ 0,

σt(X) =
⋂

s>t
σs(X). (5.5)

This terminology is similarly applied to the filtration {Σt(S)}t≥0.

3. Given a filtration {σt(X)}t≥0, we define the sigma algebra σ∞(X) by:

σ∞(X) = σ [σt(X), t ≥ 0] . (5.6)

That is, σ∞(X) is the smallest sigma algebra that contains all such
sigma algebras. This sigma algebra can also be defined as:

σ∞(X) = σ
[⋃

t≥0
σt(X)

]
,

where this union can be understood as the countable union of σt(X)
for rational t because of 5.4.

Analogously, Σ∞(S) is defined in terms of {Σt(S)}t≥0.

By 5.4, σ∞(X) ⊂ σ(S) for any X, and similarly Σ∞(S) ⊂ σ(S).

4. We say that σ0(X) contains all negligible sets of σ(S) if A′ ∈
σ0(X) for any set A′ ⊂ A where A ∈ σ(S) with µ [A] = 0. Of course
it is then the case that µ [A′] = 0. Such A′ are call negligible and the
collection of such denoted N in definition 4.22. The same definition
applies when we say Σ0(S) contains all negligible sets. By 5.4, this
then implies that σt(X), respectively Σt(S), contain all negligible sets
for all t ≤ ∞, as does σ(S).

Recalling remark 4.23, a filtration that contains all the negligible sets
of S is sometimes called a complete filtration.

5. Given the above definitions,

(S, σ(S), σt(X), µ) ≡ (S, σ(S), {σt(X)}0≤t≤∞, µ)

is called the natural filtered probability space associated with X.
More generally,

(S, σ(S),Σt(S), µ) ≡ (S, σ(S), {Σt(S)}0≤t≤∞, µ),

is called a filtered probability space.



5.1 STOCHASTIC PROCESSES AND THEIRMEASURABILITY237

6. A filtration {σt(X)}t≥0 that is right continuous and where σ0(X) con-
tains all negligible sets is often referred to as a filtration that satisfies
the usual conditions. The same terminology applies to {Σt(S)}t≥0 if
right continuous and if Σ0(S) contains all negligible sets. To be clear
notationally when necessary, such a filtered probability space or filtra-
tion will be denoted, for example:

(S, σ(S), σt(X), µ)u.c., or, {Σt(S)}u.c.. (5.7)

7. The stochastic process Xt(ω) defined on S is said to be adapted to
the filtration {Σt(S)} if Xt is measurable relative to Σt(S) for each
t. By definition, Xt is always adapted to {σt(X)}, and thus when also
adapted to {Σt(S)} it follows that σt(X) ⊂ Σt(S) for all t.

See the next section for more discussion of measurability properties of
stochastic processes.

Remark 5.5 (The "Usual Conditions") We will almost always assume
that filtrations satisfy the usual conditions when developing results about
general stochastic processes defined on a filtered probability space. But it is
natural to wonder why one imposes these conditions in the first place.

First, by including all negligible sets in σ0(X) we have also included such
sets in all σt(X) by 5.4. While Xt is adapted to this filtration as noted above,
if Yt = Xt, µ-a.e. for each t, then Yt is also adapted to this filtration. This
is proposition 1.7 of book 5. More generally, if Xt is adapted to {Σt(S)}
which includes all negligible sets and Yt = Xt, µ-a.e. for each t, then Yt is
also adapted to this filtration. In definition 5.10 below, such Yt will be called
a modification of Xt, or a version of Xt.

Note that neither conclusion on the adaptedness of Yt would be valid in
general if we merely completed each sigma algebra σt(X) or Σt(S), rather
than include all negligible sets. See remark 4.23 for some background to
verify this claim.

With right continuity, one can prove that Xt is adapted to {Σt(S)} by
demonstrating that Xt is Σt+ε-measurable for all ε > 0. Similarly, if a set
A ∈ Σt+ε for all ε > 0, then A ∈ Σt. An example of this latter derivation
will be seen in proposition 5.6 related to stopping times.

Remark 5.6 (Right Continuous Filtration) It is not diffi cult to con-
struct a right continuous filtration in theory. For example, for Brownian
motion define σt(B) as the sigma algebra in 1 of definition 5.4, then as in
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definition 4.22 define:

σt+(B) =
⋂
s>t σs(B),

σ∞+(B) ≡ σ
[⋃

t≥0
σt+(B)

]
= σ∞(B).

Then σt+(B) is a sigma algebra as a countable (recall remark 5.3) intersec-
tion of sigma algebras, and is right continuous since:⋂

s>t σs+(B) =
⋂
s>t

⋂
r>s σr(B) =

⋂
r>t σr(B) = σt+(B).

Further, {σt+(B)}0≤t<∞ is the smallest right continuous filtration that con-
tains {σt(B)}0≤t<∞. See exercise 5.7 below.

Although outside the scope of our development, it is known that σt+(B)
and σt(B) differ only by sets of measure zero or one. When t = 0 this was
the essence of Blumenthal’s 0-1 law, stated and proved as proposition 4.34.
Put another way, if we add the negligible sets N to all σt(B), as in definition
4.22, defining:

σt(B) ≡ σ [σt(B) ∪N ] ,

then σt(B) is right continuous:

σt+(B) = σt(B).

See Karatzas and Shreve (1988) for details.

Exercise 5.7 Show that given any filtration {Σt} on (S, σ(S), µ), however
defined, that there is a smallest filtration that satisfies the usual con-
ditions. Hint: As in definition 4.22, we can first add negligible sets (there
denoted N) to Σ0 to create the sigma algebra Σ̄t, then define Σ̄t+ in terms
of intersections of the Σ̄s-sigma algebras to obtain right continuity. Alter-
natively, one can first define Σt+ in terms of intersections of the Σs-sigma
algebras for right continuity, and then add N to produce Σt+. Show that

Σ̄t+ = Σt+.

Exercise 5.8 For the natural filtration of a 1-dimensional Brownian motion
on (S, σ(S), µ), show that σs(B) $ σt(B) for s < t. For this, note the 6= in
$, which is the nontrivial conclusion, since inclusion is valid by definition.
Also, what is σ0(B)?
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5.1.4 Measurability of Stochastic Processes

In this section we introduce several notions of measurability for a
stochastic process defined on a probability space, as develop some of their
relationships. These notions reflect the fact that a stochastic process is
actually bivariate function, Xt(ω) ≡ f(t, ω) defined on [0,∞)× S. We
begin with a definition, and repeat the definition of stochastic process and
adaptedness for completeness.

Notation 5.9 Here and throughout this study of stochastic processes a prod-
uct sigma algebra such as σ [B(I)× σ(S)] is defined as above, as the small-
est sigma algebra that contain the semi-algebra A′ of measurable rectan-
gles E × F with E ∈ B(I) and F ∈ σ(S). That A′ so defined is a semi-
algebra, see proposition 7.2 of book 1. This smallest sigma algebra was de-
noted σ′ [B(I)× σ(S)] in chapter 5 of book 5.

Definition 5.10 (Stochastic processes) Given a filtered probability space
(S, σ(S),Σt(S), µ) indexed on t ∈ I = [0,∞) or other interval, a vector-
valued function Xt(ω) ≡ f(t, ω) defined on I×S is said to be a d-dimensional
stochastic process on S if for all t, Xt : S → Rd is σ(S)/B(Rd)-measurable.
In other words, X−1

t

[
B(Rd)

]
⊂ σ(S) for all t. Given such Xt, (S, σ(S)) is

called the sample space, and
(
Rd,B(Rd)

)
is called the state space.

1. A stochastic process Xt(ω) ≡ f(t, ω) is measurable if measurable as a
function from the product space (I × S, σ [B(I)× σ(S)]) to

(
Rd,B(Rd)

)
.

In other words, f−1(A) ∈ σ [B(I)× σ(S)] for all A ∈ B(Rd).

2. A stochastic process is progressively measurable with respect to
the filtration {Σt(S)} if for all s, Xt(ω) ≡ f(t, ω) restricted to [0, s]×
S is measurable as a function from ([0, s]× S, σ [B[0, s]× Σs(S)]) to(
Rd,B(Rd)

)
. In other words, f−1(A) ∩ [0, s] × S ∈ σ [B[0, s]× Σs(S)]

for all A ∈ B(Rd), where:

f−1(A) ∩ [0, s]× S ≡ {(t, ω)|0 ≤ t ≤ s,Xt(ω) ∈ A}.

See also definition 5.65.

3. A stochastic process is adapted to the filtration {Σt(S)} if for all
t, Xt is measurable as a function from (S,Σt(S)) to

(
Rd,B(Rd)

)
.

4. A stochastic process Xt is predictable with respect to the filtra-
tion {Σt(S)}, or simply predictable, if measurable relative to the
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predictable sigma algebra P ≡ P (I × S) . Here P is defined as the
smallest sigma algebra that contains all measurable rectangles:

P = σ [{(s, t]×As} ∪ ({0} ×A0)] , (5.8)

where 0 ≤ s < t, As ∈ Σs(S) and A0 ∈ Σ0(S). Thus, a process is
predictable if measurable as a function from (I × S,P) to

(
Rd,B(Rd)

)
.

See proposition 5.16 for an insight on this terminology. Many authors
use the term previsible in place of predictable.

5. A stochastic process is continuous, right continuous, left contin-
uous, bounded, increasing, etc. if Xt is continuous, right contin-
uous, left continuous, bounded, increasing, etc. as a function of t for
almost all ω ∈ S, which is to say, for all ω outside a set of µ-measure
zero.

6. Given a process Xt(ω) ≡ f(t, ω), the process Yt(ω) ≡ g(t, ω) is said to
be a modification of Xt(ω) if for each t,

Yt(ω) = Xt(ω), µ-a.e.

If Yt(ω) is a modification of Xt(ω), then Yt(ω) is also called a version
of Xt(ω).

The processes Xt(ω) and Yt(ω) are said to be indistinguishable if
for all ω outside a set of µ-measure zero:

Yt(ω) = Xt(ω), all t.

Remark 5.11 As noted in remark 5.5, one benefit of assuming the
"usual conditions" on (S, σ(S),Σt(S), µ) is that the addition of neg-
ligible sets assures that if Xt(ω) ≡ f(t, ω) is adapted to the filtration
{Σt(S)} and Yt(ω) ≡ g(t, ω) is a modification of Xt(ω), then Yt(ω) is
also adapted to {Σt(S)}.
An example of an indistinguishable process often occurs as follows. If
an of the properties in 5 are valid for Xt for almost all ω, one can
always define an indistinguishable Yt by simply redefining Xt to be 0
on the exceptional set. But in reality, having a given property almost
everywhere is the natural state for a stochastic process, and in many
instances where a process has a property "everywhere," the original
process has already been modified by a redefinition on a naturally oc-
curring exceptional set.
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Notation 5.12 As for Brownian motion, it is sometimes convenient to de-
note a process f(t, ω) as ft(ω) or Xt(ω), or use special variables for processes
with special characteristics. For example, Bt(ω) will as above always denote
Brownian motion, while Mt(ω) will virtually always be used to denote a
stochastic process that is martingale, defined in the next section. As is
common in this subject, local martingales, also defined below, are sometimes
denoted Mt(ω) and sometimes Xt(ω).We will use both conventions. As ran-
dom variables, it is also common to denote stochastic processes by capitalized
letters.

Example 5.13 For the natural filtration on the probability space of Brown-
ian motion, (S, σ(S), σt(B), µ), the process f(t, ω) ≡ Bt(ω) is σt(B)-adapted
by definition, as well as Σt(S)-adapted if σt(B) ⊂ Σt(S) for all t. The same
applies to g(t, ω) ≡

∑n
j=1Brjt(ω) where 0 < r1 < · · · < rn ≤ 1. However,

g(t, ω) ≡ B2t(ω) is not σt(B)-adapted, though this latter example defines
another stochastic processes on S. The first two examples are also progres-
sively measurable, and the third is not, as follows from 1 of proposition 5.19
below.

Exercise 5.14 Prove that if Yt(ω) is a modification of Xt(ω), and each is
continuous in t for almost all ω, then Xt(ω) and Yt(ω) are indistinguishable.

The first proposition below provides the intuitive justification for the
term "predictable" in the above definition. The conclusion of this proposi-
tion is that all adapted, left continuous processes are measurable relative to
this sigma algebra. Intuitively, left continuous processes are predictable
into the future in the sense that knowledge ofXt(ω) for t ∈ (s−ε, s) implies
knowledge of Xs(ω). Thus we can "predict" where a left continuous process
will be at time s by watching it closely for t < s. Of course, the same cannot
be said for right continuous processes, or even càdlàg processes, recalling
this notion from chapter 6 of book 2.

Definition 5.15 (càdlàg) A function which is "continuous from the
right and with left limits" is referred to as càdlàg, from the French
"continu à droite, limite à gauche." Such a function is also called
RCLL ("right continuous with left limits").

Analogously, a function which is "continuous from the left and
with right limits" is referred to as càglàd, from the French "continu
à gauche, limite à droite."

As in 5 above, a stochastic process is càdlàg/càglàd if it is càdlàg/càglàd
µ-a.e.
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In the case of right continuity, we will in general have no idea of the value
of Xs(ω) from observing Xt(ω) for t ∈ (s− ε, s). For a càdlàg process, we
will in general be fooled about the value of Xs(ω) since Xt(ω) has a left
limit at s, which need not equal Xs(ω).

Proposition 5.16 The predictable sigma algebra P is equivalently defined
as the smallest sigma algebra on I × S for which every left continuous,
adapted process is measurable as a function from (I × S,P (I × S)) to

(
R,B(Rd)

)
.

Proof. Denote by P ′ the sigma algebra identified in the statement. If P ∈ P
is one of the sets identified in 5.8, so P = (s, t]×As or P = {0}×A0, then
χP (t, ω) is adapted and left continuous. Recall that χP (t, ω) = 1 if (t, ω) ∈ P
and is 0 otherwise. Thus by definition χP (t, ω) is P ′-measurable, and this
requires P ∈ P ′. Hence P ⊂ P ′.

Conversely, if Xt is adapted and left continuous and thus P ′-measurable,
define a sequence of processes:

X
(n)
t (ω) = X0(ω)χ{t=0}(t) +

∑∞

j=1
X(j−1)/n(ω)χ((j−1)/n,j/n](t). ((*))

By left continuity of Xt, X
(n)
t → Xt pointwise, and it is an exercise to check

that X(n)
t is adapted and P-measurable for all n. So by book 5’s corollary

1.10, Xt is adapted and P-measurable and hence P ′ ⊂ P.

Corollary 5.17 If Xt(ω) is adapted and left continuous, then Xt(ω) is pre-
dictable.
Proof. Such processes are measurable relative to P by this proposition.

Remark 5.18 It is interesting to note that there is a fundamental asym-
metry between left continuous and right continuous processes that are also
adapted. If we define O as the smallest sigma algebra on I × S for which
every right continuous, adapted process is measurable, then P $ O. With
the details assigned as an exercise, a left continuous adapted process is also
measurable relative to O because such a process is the pointwise limit of a
sequence of right continuous adapted processes (you need to revise (∗)), and
so P ⊂ O. However, we do not then have O ⊂ P.While it is true that a right
continuous adapted process is the pointwise limit of left continuous processes,
such processes will not in general be adapted.

The sigma algebra O is called the optional sigma algebra, and processes
measurable relative to O are called optional with respect to the filtration
{Σt(S)}, or simply optional.
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Relationships between some of the above notions of measurability are
summarized next.

Proposition 5.19 Let Xt(ω) be a stochastic process defined on the filtered
probability space (S, σ(S),Σt(S), µ).

1. If Xt(ω) is progressively measurable, then Xt(ω) is adapted and mea-
surable.

2. If Xt(ω) is adapted, and any one of continuous, left, or right continu-
ous, then Xt(ω) is progressively measurable.

3. If Xt(ω) is predictable, then Xt(ω) is progressively measurable.

Proof. For 1, fix s and consider the function Xs defined on S. By pro-
gressive measurability, Xt(ω) defined on [0, s] × S is measurable relative to
σ [B[0, s]× Σs(S)] and thus for B ∈ B(Rd),

A ≡ X−1
t (B) ∩ [0, s]× S ∈ σ [B[0, s]× Σs(S)] .

By part 1 of proposition 5.14 of book 5, the cross-section set As ∈ Σs(S),
where:

As ≡ {(s, ω)|Xs(ω) ∈ B} = X−1
s (B).

Thus Xs is Σs-measurable and then by definition adapted. Next, for positive
integer n, define Xn : [0, n] × S → Rd as the restriction of Xt to t ≤
n. Then by definition of progressive measurability, Xn is measurable from
σ [B[0, n]× Σn(S)] to B(Rd), and hence measurable relative to the larger
sigma algebra σ [B(I)× σ(S)] . But Xn = Xχ0≤t≤n → Xt as n → ∞ for
all t ∈ I and ω ∈ S, and so X is measurable relative to σ [B(I)× σ(S)] by
corollary 1.10 of book 5.

For 2, assume Xt is right continuous for all ω ∈ S, and for fixed s > 0

define a sequence of stochastic processes X(n)
t by:

X
(n)
t (ω) = X0 +

∑∞

k=0
X k+1

n
∧s (ω)χ( kn ,

k+1
n ](t),

where k+1
n ∧ s ≡ min{k+1

n , s}. Because Xt is adapted and Σ k+1
n
∧s ⊂ Σs,

X
(n)
t is measurable relative to σ [B([0, s]× Σs(S)] , though X(n)

t need not be

adapted. Corollary 1.10 of book 5 obtains that the pointwise limit of X(n)
t

as n → ∞ is similarly measurable. But for fixed s, X
(n)
t (ω) → Xt(ω)

for all ω and t ≤ s by right continuity. So Xt is measurable relative to
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σ [B[0, s]× Σs(S)] and hence progressively measurable. For left continuity,
define:

X
(n)
t (ω) =

∑∞

k=0
X k

n
∧s (ω)χ[ k

n
, k+1
n

)(t),

and the same argument applies, though here X(n)
t (ω) is adapted.

For 3, proposition 5.16 states that we can alternatively define P by:

P = σ{Y −1(B)|B ∈ B(Rd), Y : [0,∞)×S → Rd is adapted and left continuous}.

For fixed t, define Pt as the sigma subalgebra generated by the restrictions
of such Y to [0, t]× S :

Pt = σ{Y −1(B)∩[0, t]×S|B ∈ B(Rd), Y : [0,∞)×S → R is adapted and left cont.}.

Each such Y is progressively measurable by 2, and hence Y −1(B)∩[0, t]×S ∈
σ [B([0, t])× Σt(S)] . This proves:

Pt ⊂ σ [B[0, t]× Σt(S)] . ((*))

Now if X is predictable and thus measurable relative to P, its restriction
to [0, t] × S is measurable relative to P∩[0, t] × S. So if we can prove that
P∩[0, t]× S = Pt, then progressive measurability of X follows by (∗).

First, Pt ⊂ P∩[0, t]× S because for all Y and B as above, Y −1(B) ∈ P
and so:

Y −1(B) ∩ [0, t]× S ∈ P∩[0, t]× S.

As a sigma algebra, P∩[0, t]×S therefore contains the sigma algebra gener-
ated by such Y −1(B), which is Pt. Conversely, let A ≡ [0, t] × S. To show
that:

P ∩A ⊂ Pt, ((**))

define
P ′ = {(C ∩Ac) ∪D|C ∈ P, D ∈ Pt}.

Then P ′ is a collection of disjoint unions, and it is left as an exercise to
show that P ′ is a sigma algebra. Now if P ′ ∈ P ′, then P ′ ∩ A ∈ Pt and so
P ′ ∩ A ⊂ Pt. The proof of (∗∗) is now completed by showing that P ∩ A ⊂
P ′ ∩ A. Since P = σ{Y −1(B)} with Y and B as above, and P ′ is a sigma
algebra, this will follow by showing that {Y −1(B)} ⊂ P ′. But

Y −1(B) =
(
Y −1(B) ∩Ac

)
∪
(
Y −1(B) ∩A

)
,

and D ≡ Y −1(B) ∩A ∈ Pt by definition, so the proof is complete.
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Remark 5.20 Note that it is no surprise that in order for adapted processes
to be progressively measurable, that an assumption needed to be made that al-
lowed the argument to circumvent the uncountability of [0, t]. In other words,
knowing that Xt(ω) is adapted provides uncountably many measurability con-
ditions on any given interval [0, s]. However, once we impose continuity of
one type or another, the measurability properties of Xt(ω) on countably many
t then determine measurability properties at all t.

A schematic of corollary 5.17 and proposition 5.19 is:

Adapted

+ L-Cont.

=⇒ Predictable

or =⇒ Prog. Meas. =⇒

Adapted

+ R/L/Cont.

Adapted

+ Meas.

Example 5.21 (Brownian motion) A Brownian motion Bt on (S, σ(S), µ)
is continuous, and adapted to the natural filtration {σt(B)} by definition,
and thus is progressively measurable relative to the filtered probability space
(S, σ(S), σt(B), µ). As a Feller process (definition 4.24), Bt is also a Markov
process relative to the augmented filtration {σ0

t+} ≡ {σ0
t+(B)}, in the nota-

tion of definition 4.22. Thus in the notation of this chapter, Brownian mo-
tion is also progressively measurable relative to the filtered probability space
(S, σ(S), σt(B), µ) using remark 5.6, or (S, σ(S), σt(B), µ)u.c. using nota-
tion of 5.7 of definition 5.4.

5.2 Martingales

Brownian motion was seen to be an example of a martingale in remark
3.10. More generally, the notion of a martingale is fundamental to the
development of a pricing theory for financial derivatives. See the section
Martingales and the Pricing of Financial Derivatives below for an
introductory discussion.

We will not assume in this section that {Σt(S)} satisfies the usual condi-
tions. This assumption is not needed to make the following definition mean-
ingful, but will often be important in later sections when deriving properties
of martingales.
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Definition 5.22 (Martingale) A stochastic process f(t, ω) ≡ Mt(ω) de-
fined on a filtered probability space (S, σ(S),Σt(S), µ) is called amartingale
relative to a filtration {Σt(S)}, if:

1. Mt is Σt-adapted, meaning Mt(ω) is measurable relative to Σt for all
t.

2. Mt is µ-integrable, meaning E [|Mt|] <∞ for all t.

3. Mt satisfies the Martingale condition: For t ≥ s :

E [Mt|Σs] = Ms. (5.9)

For 1 ≤ p < ∞, Mt(ω) defined on (S, σ(S),Σt(S), µ) is called an Lp-
martingale relative to a filtration {Σt(S)} if in addition to 1− 3,
we have:

4. Mt ∈ Lp(S, σ(S), µ) for all t. That is, for all t :

‖Mt‖Lp ≡
[∫
|Mt|p dµ

]1/p

<∞,

or more simply, E [|Mt|p] < ∞. For background on Lp-spaces, see
chapter 4 of book 5.

Remark 5.23 Note that by definition 5.19 of book 6, sinceMs is measurable
relative to Σs(S) by 1, andMt is integrable for all t, the martingale condition
is equivalent to the assumption that for all A ∈ Σs(S), and all t ≥ s,∫

A
Mtdµ =

∫
A
Msdµ. (5.10)

Also, the martingale condition assures that:

E [Mt] = M0. (5.11)

In detail, if F ≡ {∅,S} ⊂ Σ0(S), then taking conditional expectations of
M0 = E [Mt|Σ0] with respect to F and applying book 6’s exercise 5.22 and
the tower property of that book’s proposition 5.26:

M0 = E [E [Mt|Σ0] |F ] = E [Mt|F ] = E [Mt] .
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Definition 5.24 A stochastic process f(t, ω) ≡Mt(ω) defined on (S, σ(S),Σt(S), µ)
is called a submartingale relative to a filtration {Σt(S)} if 1 − 2 are
satisfied, and 3 is replaced by:

E [Mt|Σs] ≥Ms (5.12)

for t ≥ s, or as equivalently stated in terms of 5.10.
Such a process is a supermartingale relative to a filtration {Σt(S)}

if 1− 2 are satisfied, and 3 is replaced by

E [Mt|Σs] ≤Ms (5.13)

for t ≥ s, or as equivalently stated in terms of 5.10.
Lp-submartingales and Lp-supermartingales are defined by the ad-

dition of 4.

Notation 5.25 The terminology of submartingale and supermartingale ap-
pear backwards, perhaps, relative to the stated criteria. For example, for
t ≥ s one has E [Mt|Σs] ≥ Ms for a submartingale, and E [Mt|Σs] = Ms

for a martingale. This implies that a submartingale grows faster than a
martingale, and thus shouldn’t it be called a supermartingale? The same
confounding observation applies to supermartingales.

To remember the convention on terminology, it is perhaps best to take
the perspective that today is time s, so Ms is known, and that we are trying
to make conditional predictions about the future value of M at time t. Then:

1. Martingale: Ms equals the conditional prediction for Mt;

2. Submartingale: Ms is a lower bound for the conditional prediction
of Mt;

3. Supermartingale: Ms is an upper bound for the conditional predic-
tion of Mt.

Exercise 5.26 For the following statements, carefully check the needed de-
finitional criteria.

1. If Mt is a martingale relative to a filtration {Σt(S)} on a probability
space (S, σ(S),Σt(S), µ) and h ≥ 0, then M (h)

t ≡ Mt+h and M̃
(h)
t ≡

Mt+h − Mh are martingales relative to the filtration {Σ(h)
t (S)} with

Σ
(h)
t (S) ≡ Σt+h(S).
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2. IfMt andM ′t are martingales relative to a filtration {Σt(S)} on a prob-
ability space (S, σ(S),Σt(S), µ), then aMt for a real and Mt +M ′t are
also martingales relative to {Σt(S)}. This implies that the collection of
martingales relative to the filtration {Σt(S)} form a vector space over
the reals (definition 4.1, book 5),

3. If Mt is a martingale relative to a filtration {Σt(S)} on a probabil-
ity space (S, σ(S),Σt(S), µ), and for each t, Mt = M ′t µ-a.e., then
M ′t is also a martingale relative to {Σt(S)} if this filtration contains
all negligible sets of σ(S) (definition 5.4).

4. Statements 1 and 3 are true for submartingales and supermartingales.
The first sentence in 2 is true with a modification in these cases to
a ≥ 0, and this now makes the second sentence false.

Remark 5.27 Note that while it will be assumed for many results below
that M0 = 0 µ-a.e., the definition of martingale does not assume this, nor
even that M0 is constant. The definition as stated would only require that
M0 be Σ0-measurable, E [|M0|] < ∞, and for all t ≥ 0, E [Mt|Σ0] = M0.
The analogous statement applies for sub- and supermartingales.

To avoid an integrability assumption on M0 in the general case where
M0 is a random variable, many authors define a martingale in terms of
expectation properties of Mt −M0, such as

E [Mt −M0|Σs(S)] = Ms −M0

for t ≥ s. The same applies for sub- and supermartingales, and the "local"
versions discussed below. This then allows martingales and related processes
to be defined without an integrability restriction on the distribution of M0.
When M0 is constant, these notions of martingale are equivalent, and simi-
larly if M0 is integrable.

Also, note that Mt is a submartingale/supermartingale if and only if
−Mt is a supermartingale/submartingale, so most results that apply to one
apply to the other, perhaps with modification. For example, a result on pos-
itive submartingales is a result on negative supermartingales. Most results
below are stated in terms of martingales or submartingales, while some ref-
erences will be seen to prefer supermartingale statements. The terminology
bias of this book is justified by the observation that most asset prices are
submartingales.

Example 5.28 1. Brownian motion Bt is amartingale relative to {σt(B)},
the natural filtration on (S, σ(S), µ). It is adapted by the definition of
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σt(B), integrable with E [|Bt|] = (2t/π)1/2, and satisfies E [Bt|σs(B)] =
Bs, t ≥ s since (proposition 5.26, book 6):

E [Bt|σs(B)] = E [Bs|σs(B)] + E [Bt −Bs|σs(B)] = Bs.

For this, E [Bs|σs(B)] = Bs by definition, while E [Bt −Bs|σs(B)] = 0
because Bt −Bs is independent of σs(B) and so:

E [Bt −Bs|σs(B)] = E [Bt −Bs] = 0.

Now {σt(B)} does not satisfy the usual conditions, but we can enlarge
this filtration to {Σt} ≡ {σ0

t+(B)} in the notation of definition 4.22, or
equivalently {σt(B)} in the notation of remark 5.6, which does satisfy
these conditions. Now Bt is a Markov process relative to {σ0

t+(B)} by
proposition 4.31. Thus by 4.23 with f(x) = x :

E0,0

[
Bt+h|σ0

t+

]
= Et,Bt [Bt+h] = Bt,

where the last step follows since Et,Bt [Bt+h −Bt] = 0.

Hence Bt is also a martingale relative to the enlarged filtration {σt+(B)} which
satisfies the usual conditions.

2. IfMt is a martingale, then by Jensen’s inequality for conditional expec-
tations in 5.27 of book 6, |Mt| is submartingale, as is M2

t if Mt is an
L2-martingale, as is ϕ (Mt) for any convex function ϕ for which ϕ (Mt)
is integrable. Examples of convex functions of interest are ϕ (x) = |x|p
for all p ≥ 1 and ϕ (x) = ex. Similarly, ψ (Mt) is supermartingale
for any concave function ψ for which ψ (Mt) is integrable. Examples
of interest being ψ (x) = |x|p for all 0 < p < 1.

3. If Mt is a submartingale, then again by Jensen’s inequality ϕ(Mt) is a
submartingale if ϕ is convex and nondecreasing, such as ϕ (x) = ex. In
all cases these conclusions require the integrability of the transformed
process.

Exercise 5.29 Demonstrate that relative to {σt(B)}, B2
t −t is a martingale,

as is exp
[
aBt − a2t/2

]
for a real.

Example 5.30 (The Doob Martingale) Named for Joseph Doob (1910
—2004) who was responsible for numerous results on martingales, the Doob
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martingale will reappear in the quantitative finance context of option pric-
ing. Let O be an integrable random variable on a probability space (S, σ(S), µ)
with a given filtration {Σt}. Define:

Ot ≡ E [O|Σt] . (5.14)

Then Ot is well defined for all t by proposition 5.21 of book 6 since O
is µ-integrable, and uniquely defined µ-a.e. Also, Ot is Σt-measurable by
definition and thus Ot is adapted to {Σt}, and is µ-integrable by book 6’s
definition 5.19: ∫

S
E [O|Σt] dµ =

∫
S
Odµ = E[O].

Finally, Ot is a martingale on (S, σ(S), µ) relative to {Σt}, and called a
Doob’s martingale. If t ≥ s, then by the tower property of book 6’s propo-
sition 5.26:

E [Ot|Σs] = E [E [O|Σt] |Σs] = E [O|Σs] ≡ Os,

which is the martingale condition of 5.9.

Remark 5.31 (Quant Finance) For a quantitative finance application (or
a hint of one) for Doob’s martingale, imagine that the integrable random
variable OT denotes the payoff at fixed time T of a European option on
an underlying asset, the price of which depends measurably on a Brownian
motion. In other words, we assume that the price of this asset At is adapted
to a Brownian filtration {σt(B)}. At time T we will know OT by definition,
since then:

OT = P [AT ] ,

where P is the option’s payoff function. At time t for 0 ≤ t ≤ T , define:

Ot = E [OT |σt(B)] .

Adaptedness of Ot suggests that like the asset price process At, Ot also de-
pends only on the Brownian process on [0, t], and not on (t, T ]. Further, the
martingale condition states that at any times s < t :

E [Ot|σs(B)] = Os. ((*))

So the value at time s, Os, is the µ-a.e. uniquely defined σs(B)-measurable
version of any future values.

This has the makings of a market price! But we need a lot more. First,
time value of money is fundamental in finance, and one expects that any
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prices at time t and s will also reflect an appropriate discounting adjustment.
But that is a technicality that is readily fixable. More fundamentally, while
(∗) suggests that that Ot is "fair" as a market price, who said that the market
must trade only fair prices? What is needed is a compelling reason for a price
to prevail, and fairness alone is not compelling.

Recalling chapter 9 of book 6 on the discrete models for option pricing,
option prices were made compelling by also representing the prices of repli-
cating portfolios. Such portfolios contained the underlying asset and a
risk free asset, and if held at any point in time could be rebalanced through
time to replicate the option payoff OT . Thus the price of the portfolio had
to be the price of the option since both had the same payoff at time T, in-
dependent of the value of AT . If these prices were not equal, a risk-free
arbitrage would be possible whereby an investor could sell the higher priced
asset, and buy the lower priced. This spread profit would be risk free since
by assumption the long and short position have the same value at time T.

Thus to finish this discussion we need a continuous time model of a
replicating portfolio, and a demonstration that this price equals something
like the price in (∗). In short, there is much work yet to do.

The next result shows that if a sequence of Lp-martingales converges in
Lp(S) to a given process for each t, this process must be an Lp-martingale.
The proof requires the completeness of all Σt(S), which will follows if we
assume that the filtration satisfies the usual conditions. This is more than
is needed, but this is a convenient way to assure this assumption. Recall the
notation of 5.7.

Proposition 5.32 For 1 ≤ p < ∞, let {M (n)
t }∞n=1 be a sequence of Lp-

martingales defined on (S, σ(S),Σt(S), µ)u.c. that is a Cauchy sequence for
each t. Then there exists a stochastic process Mt defined on (S, σ(S), µ) so
that for each t : ∥∥∥Mt −M (n)

t

∥∥∥
Lp
→ 0, (5.15)

and Mt is an Lp-martingale.

Equivalently, if {M (n)
t }∞n=1 is a sequence of Lp-martingales defined on

(S, σ(S),Σt(S), µ)u.c. and there exists Mt with so that 5.15 is satisfied for
each t, then Mt is an Lp-martingale.
Proof. By completeness of Lp(S) (proposition 4.14, book 5), it follows
that there exists Mt ∈ Lp(S) for all t. Also, Mt is adapted to the filtration

{Σt(S)} by book 5’s corollary 1.10, since Lp-convergence of M (n)
t assures

pointwise convergence µ-a.e., and Σt(S) is complete. Also, Mt has bounded
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expectation by definition for p = 1. For 1 < p < ∞, Hölder’s inequality of
proposition 3.46 of book 4 provides:

E [|Mt|] ≤ ‖Mt‖Lp ‖1‖Lq = ‖Mt‖Lp ,

where 1/p + 1/q = 1, since ‖1‖Lq = 1 for a probability space. Hence condi-
tions 1, 2 and 4 of the above definition of martingale are satisfied, leaving
to check the martingale property of condition 3.

For fixed t ≥ s, E
[
M

(n)
t |Σs

]
= M

(n)
s for all n since each M

(n)
t is

a martingale. Recalling the Lp-convergence property of conditional expec-

tations in proposition 5.26 of book 6, M (n)
t → Mt in Lp(S) implies that

E
[
M

(n)
t |Σs

]
→ E [Mt|Σs] in Lp(S). But M (n)

s →Ms in Lp(S), and so:

E [Mt|Σs] = Ms µ-a.e.

Since Ms is Σs-measurable it follows that Ms is a version of the conditional
expectation E [Mt|Σs] , and so by definition, E [Mt|Σs] = Ms. Hence, Mt is
a martingale.

If the second statement is satisfied, then:∥∥∥M (m)
t −M (n)

t

∥∥∥
Lp
≤
∥∥∥Mt −M (n)

t

∥∥∥
Lp

+
∥∥∥Mt −M (m)

t

∥∥∥
Lp
,

and thus {M (n)
t }∞n=1 is a Cauchy sequence. By the first result there exists a

martingale M ′t ∈ Lp(S) for all t that satisfies 5.15. But for all n :∥∥Mt −M ′t
∥∥
Lp
≤
∥∥∥Mt −M (n)

t

∥∥∥
Lp

+
∥∥∥M ′t −M (n)

t

∥∥∥
Lp
,

and thus ‖Mt −M ′t‖Lp = 0 for each t. Thus for each t, Mt ∈ Lp(S) and
Mt = M ′t µ-a.e., and so by definition 5.10, M

′
t is a version of Mt. Finally,

Mt is an Lp-martingale by 3 of exercise 5.26.

Corollary 5.33 The same result is true with martingale replaced by sub-
martingale or supermartingale.
Proof. Left as an exercise.

5.2.1 Regularization and Continuity Assumptions

There is a regularization theory related to submartingales, which of
course includes martingales, which we do not develop in detail, but
summarize here as background for assumptions made above and in the



5.2 MARTINGALES 253

following. This theory investigates conditions which assure that a given
submartingale has a continuous version. See Revuz and Yor (1999) in
the references for details.

Like so many developments in the theory of martingales, these results
are due to Joseph Doob (1910 — 2004) and rely on an estimate of the
expectation of the number of upcrossings or number of downcross-
ings made by a martingale. These estimates are known as the upcross-
ings/downcrossings inequalities. This same device is instrumental in
the martingale limit theory discussed below in the section, Limits of Lp-
Bounded Martingales, where definitions will be given and this expectations
results derived.

Notation 5.34 In this section we use {Σt(S)} for the notation of the fil-
tration and emphasize that we do not assume the "usual conditions"
of right continuity or completeness, at least initially. The importance
of the usual conditions will evolve in the discussion.

The first important result is the following.

Proposition 5.35 If Xt is a submartingale on a filtered probability space
(S, σ(S),Σt(S), µ), then for almost all ω ∈ S, Xt has left limits X−t for all
t ∈ (0,∞) and right limits X+

t for all t ∈ [0,∞), where limits are defined in
terms of rational times. Specifically, with Q denoting the rationals, define:

X+
t (ω) ≡ lim

r↓t, r∈Q
Xr(ω), X−t (ω) ≡ lim

r↑t, r∈Q
Xr(ω),

where r ↓ t is shorthand for r > t and r → t, and analogously for r ↑ t.

Hence, given such a submartingale, two new processes can be defined by:

Xt+(ω) ≡ lim sup
r↓t, r∈Q

Xr(ω), Xt−(ω) ≡ lim sup
r↑t, r∈Q

Xr(ω).

A limit superior was introduced definition 3.42 of book 1 and elsewhere in
these books, but as the variate sequence here differs from earlier applications
we provide the details. For example:

lim sup
r↑t, r∈Q

Xr(ω) ≡ inf
rn

sup
(rn,t)

Xr(ω), (5.16)

where the supremum is defined over rationals in the interval (rn, t), and the
infimum is taken over all such rn. This infimum will of necessity be achieved
as rn → t since the suprema are nonincreasing in n.
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These processes are defined for all ω ∈ S, and for almost all ω the above
proposition obtains that Xt+(ω) = X+

t (ω) and Xt−(ω) = X−t (ω). In other
words, these one-sided limits superior agree with the ordinary one-sided
limits, with both defined over the rationals.

The next important result is:

Proposition 5.36 If Xt is a submartingale on a filtered probability space
(S, σ(S),Σt(S), µ), then Xt+ is a submartingale relative to the filtration
{Σt+(S)} defined by

Σt+(S) ≡
⋂

s>t
Σs(S),

and Xt− is a submartingale relative to the filtration {Σt−(S)} defined by:

Σt−(S) ≡ σ
[⋃

s<t
Σs(S)

]
,

meaning the smallest such sigma algebra. In addition, if Xt is a martingale,
then so too are Xt+ and Xt−.

Further, if E [Xt] is right continuous in t, then:

Xt = E [Xt+|Σt] , µ-a.e.,

and if E [Xt] is left continuous in t, then:

Xt− = E [Xt|Σt−] , µ-a.e.

In other words, in these cases Xt is a version of E [Xt+|Σt] , and similarly
Xt− is a version of E [Xt|Σt−] .

Without continuity of E [Xt] , these conditional expectations are upper
bounds for Xt and Xt−, respectively.

Example 5.37 (Continuity of E[Xt]) Of course, continuity of E [Xt] as-
sures both statements regarding conditional expectations in proposition 5.36.
This continuity assumption on E [Xt] is by definition valid if Xt is a mar-
tingale. Denote the trivial sigma algebra by Σ ≡ {∅,S}, and recall that
E [Xs|Σ] = E [Xs] for all s by exercise 5.22 of book 6. Then for a martin-
gale Xt = E[Xs|Σt(S)] for s ≥ t, and the tower property (proposition 5.26,
book 6) of conditional expectations then obtains:

E [Xt] = E [E[Xs|Σt(S)]] = E [E[Xs|Σt(S)]|Σ] = E [Xs|Σ] = E [Xs] .

Thus for a martingale, E [Xt] is continuous because it is constant in t.
More generally by propositions 5.6 and 5.8 of book 6, the continuity of

E [Xt] in t is assured if there is weak convergence of the associated distrib-
ution functions: Fs ⇒ Ft for s→ t for all t, and if either:



5.2 MARTINGALES 255

1. {Xs} are uniformly integrable (definition 5.5, book 6), or,

2. supsE [|Xs|p] <∞ for some p > 1.

Exercise 5.38 Complete the details of 1 and 2 of example 5.37. Hint:
E [Xt] is continuous in t if and only if it is sequentially continuous, so it is
enough to prove that E [Xtn ]→ E [Xt] for all sequences tn → t.

An important corollary of the above result is:

Corollary 5.39 If Xt is a right continuous submartingale, respectively mar-
tingale, on a filtered probability space (S, σ(S),Σt(S), µ), then Xt is a sub-
martingale, respectively martingale, relative to the filtration {Σt+(S)}, and
the completion of this filtration.

In addition, Xt has left limits for all t > 0 for almost all ω ∈ S, and
thus Xt is càdlàg µ-a.e.
Proof. (Sketch) If Xt is a right continuous submartingale then Xt =
Xt+, which by the above proposition 5.36 is a submartingale relative to the
filtration {Σt+(S)}. Expressing the submartingale property of 5.12 as in 5.10,
it follows that if t ≥ s, then for all A ∈ Σs+ :∫

A
Xtdµ ≥

∫
A
Xsdµ. ((*))

If A is in the completion of Σs+, say A = A′∪Z with A′ ∈ Σs+ and µ(Z) = 0,
these integrals are well defined. For example, since χA′∪Z = χA′ µ-a.e., it
follows from 3 of book 5’s proposition 2.40:∫

A
Xtdµ ≡

∫
S
χA′∪ZXtdµ =

∫
S
χA′Xtdµ =

∫
A′
Xtdµ.

Thus the inequality in (∗) is preserved for such A, and Xt is a submartingale
relative to the completion of the filtration Σs+.

The same argument applies in the martingale case since then Xt+ is a
martingale.

The final result which justifies the focus on filtrations that satisfy the
usual conditions is stated next. In essence it states that if a filtration sat-
isfies the usual conditions, then a large class of submartingales have càdlàg
modifications, and hence have versions that are càdlàg (definition 5.15). It is
not a direct corollary of the above results, as its proof requires an additional
technical result regarding the variability of submartingales over compact
intervals, called the upcrossings/downcrossings inequalities as noted
above. These will be defined below in the section on Limits of Lp-Bounded
Martingales.
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Proposition 5.40 (Doob’s regularization theorem) Assume that Xt is
a submartingale on a filtered probability space (S, σ(S),Σt(S), µ)u.c., mean-
ing by 6 of definition 5.4 that the filtration {Σt(S)} satisfies the usual con-
ditions of right continuity and containing all negligible sets in σ(S). If
E [Xt] is right continuous in t, then Xt has a càdlàg modification which is
also a submartingale on this space. In other words, there is a version of Xt

which is a càdlàg submartingale.

As noted above, martingales always satisfy the continuity assumption
regarding E [Xt] , and thus in this case the result states:

Corollary 5.41 (Doob’s regularization theorem) If Xt is a martingale
on a filtered probability space (S, σ(S),Σt(S), µ)u.c., then Xt has a càdlàg
modification which is also a martingale on this space. In other words, there
is a version of Xt which is a càdlàg martingale.

Remark 5.42 This corollary provides one of the key implications of reg-
ularization theory. Recall that by exercise 1.77, a version of a stochastic
process has the same finite dimensional distributions as the original process.
Hence this corollary implies that given the usual assumptions on the filtered
space, we can assume that all martingales are càdlàg without restricting the
universe of martingales to which the resulting theory is applicable. Given
any consistent collection of finite dimensional distributions which produce
a stochastic process that is a martingale, there is a càdlàg version of this
process with exactly the same collection of finite dimensional distributions.

The essential point from an applications point of view is that we can make
this càdlàg smoothness assumption without restricting our choice of models,
or our choice of finite dimensional distributions. For the development of
Brownian motion, finite dimensional distributions were defined, and once it
was determined that we could choose a continuous version of this process,
the other versions no longer mattered.

The same is now true of all martingales by the above corollary. Although
we cannot always choose a continuous version as for Brownian motion, at
least we can always choose a version that is right continuous and with left
limits, which is to say, càdlàg. Many results below will initially be stated
in terms of this general non-restrictive assumption. However, for the de-
velopment of an associated integration theory, we will impose the additional
restriction of continuity on martingales to make the development of the the-
ory more tractable.

For applications in finance, the continuity assumption on processes often
imposes no restriction. Since we will use martingales as part of our model for
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a price process, or interest rate process, continuity of the process is generally
and reasonably assumed. That said, there are indeed discontinuous processes
used in finance, for example to model the state of default on a bond or
portfolio of bonds, for which the developed theory must be generalized.

Remark 5.43 (On Regularization) It will be tedious to the reader to
continue to repeat this, but it is worth noting once. For the following re-
sults on martingales for which we need some continuity, there is a choice
on presentation. We can simply assume that Mt(ω) is a µ-a.e. càdlàg
martingale relative to a general filtered probability space (S, σ(S),Σt(S), µ).
This could appear to be of limited applicability as càdlàg is fairly restrictive
assumption. Or, we can assume that Mt(ω) is a martingale relative to a
filtered probability space (S, σ(S),Σt(S), µ)u.c. that satisfies the usual condi-
tions, and then prove the result for the µ-a.e. càdlàg modification of Mt(ω).
This now sounds completely general since requiring the usual conditions on
the filtration is a relatively mild assumption.

For submartingales we can assume that Mt(ω) is a µ-a.e. càdlàg sub-
martingale relative to a filtered probability space (S, σ(S),Σt(S), µ), or that
Mt(ω) is a submartingale relative to a filtered probability space (S, σ(S),Σt(S), µ)u.c.
with E [Mt] right continuous in t.

We will in general use the latter approaches to emphasize the generality
of the stated result, and the importance of Doob’s regularization theorem.

5.2.2 Martingales and the Pricing of Financial Derivatives

We now review some of the material from chapters 8 and 9 of book 6 in
the framework of the current chapter to provide a context for the
theoretical work to come. In book 9 we will generalize the earlier discrete
pricing approach to a continuous time framework using the tools of the
current and next book. Recall proposition 8.36 where the multiplicative
binomial temporal model was defined by:

X
(n)
j = X0 exp

[∑j

i=1
Z

(n)
i

]
,

where Z(n)
i ≡ µ∆t+ σ

√
∆tbi, and {bi} are independent and binomially

distributed to equal 1 or −1 with probability p = 1/2. In addition, T is
assumed fixed and the time-step defined by ∆t = T/n.

This model can be interpreted as a discrete time stochastic process
with X0 given, where each path of the process is generated by the realization
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of n binomial variates:
B = (b1, b2, ..., bn).

Defining the discrete time version of binomial motion with Bj ≡∑j
i=1 bi, it follows that the price process can be expressed:

X
(n)
j = X0 exp

[
µj∆t+ σ

√
∆tBj

]
.

Now define the discrete probability space (RnB, σ(RnB), µB), where:

• RnB ≡ {(b1, b2, ..., bn)|bi = ±1}, so RnB contains 2n points,

• σ(RnB) is the power sigma algebra of all subsets of RnB,

• µB is defined in the natural way, with µB(b1, b2, ..., bn) = 1/2n for all
points.

Correspondingly define the natural filtration of sigma algebras
{σj(RnB)}nj=0. For example, in addition to ∅ and RnB, the sigma algebra
σ1(RnB) contains two subsets of RnB, one containing the collection of points
with b1 = 1, and one with b1 = −1.

Some observations follow. The reader is encouraged to think through
the details of this construction as an exercise.

1. Detail the construction of the natural filtration {σj(RnB)}nj=0. How
should σ0(RnB) be defined?

2. The process Bj is a martingale relative to {σj(RnB)}nj=0.

3. The processX(n)
j is a stochastic process which is adapted to the natural

filtration σj(RnB).

4. The processX(n)
j is not a martingale relative to the natural filtration

σj(RnB) under the real world probability p = 1/2.Measurability and
"integrability" are verifiable, and for 0 < k ≤ n− j :

X
(n)
j+k = X

(n)
j exp

[∑j+k

i=j+1

(
µ∆t+ σ

√
∆tbi

)]
.

But for p = 1/2 :

E
[
X

(n)
j+k|σj(R

n
B)
]

= Xj

(
eu(∆t) + ed(∆t)

)k
/2k,
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where u(∆t) = µ∆t+ σ
√

∆t and d(∆t) = µ∆t− σ
√

∆t as introduced
in 9.1 of book 6.

Hint: Note that E
[
X

(n)
j+k|σj(RnB)

]
so defined is σj(RnB)-measurable,

and that 5.21 of book 6 requires that for C ∈ σj(RnB) :

∑
C pjXj

(
eu(∆t) + ed(∆t)

)k
/2k =

∑
C pj+kX

(n)
j+k.

Generalizing the observation above, there are 2j + 2 sets in σj(RnB),
and other than ∅ and RnB, each is defined by one of the 2j j-tuples of
variates (b1, ..., bj). Thus C uniquely defines Xj , and pj = 1/2j is the
measure of this set. The summation on the right is over all the possible
X

(n)
j+k-values defined by C, meaning that such variates are defined by

paths through the given value of Xj , and with respective probabilities
pj+k = 1/2j+k.

5. The asset price process X(n)
j is nearly a martingale relative to the

natural filtration σj(RnB) under the risk neutral probability q. From
the above expression for X(n)

j+k, it follows that under q, denoting this
conditional expectation EQ :

EQ

[
X

(n)
j+k|σj(R

n
B)
]

= X
(n)
j

(
qeu(∆t) + (1− q)ed(∆t)

)k
.

Recalling 9.8 of book 6:

q(∆t) =
er∆t − ed(∆t)

eu(∆t) − ed(∆t)
,

and a calculation produces

EQ

[
X

(n)
j+k|σj(R

n
B)
]

= X
(n)
j erk∆t.

6. Thus the discounted asset price process, X̂(n)
j ≡ X

(n)
j e−rj∆t, is a

martingale relative to the natural filtration σj(RnB) under the
risk neutral probability q :

EQ

[
X̂

(n)
j+k|σj(R

n
B)
]

= X̂
(n)
j .

This follows from 5 by multiplication by e−r(j+k)∆t.
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7. The risk free security price process is defined by

Fj+1 = Fje
r∆t.

The discounted risk free security price process, F̂j ≡ Fje
−rj∆t,

is constant and equal to F0, and hence (trivially) a martingale rel-
ative to the natural filtration σj(RnB) under the risk neutral
probability q. Indeed, F̂j is a martingale relative to any filtration
and probability.

8. If a European financial derivative with payoff at time T = n∆t can be
replicated by a portfolio of assets and risk free bonds:

C
(n)
0 = a0X

(n)
0 + b0F0,

we define (see remark 5.44) the market price of the derivative to
be C(n)

0 . It then follows that with portfolio rebalancing at each

time-step, that the discounted portfolio price process, Ĉ(n)
j ≡

C
(n)
j e−rj∆t, is a martingale relative to the natural filtration

σj(RnB) under the risk neutral probability q :

EQ

[
Ĉ

(n)
j+k|σj(R

n
B)
]

= Ĉ
(n)
j .

Hint: This is demonstrated by induction. For example, by definition
of "replication" the value of the portfolio C(n)

1 at time ∆t in either the
upstate (i) = (1) or downstate (i) = (−1) is given:

C
(n)
1 (i) = a0X

(n)
1 (i) + b0F0e

r∆t,

and so
C

(n)
1 (i)e−r∆t = a0X

(n)
1 (i)e−r∆t + b0F0.

In other words:
Ĉ

(n)
1 = a0X̂

(n)
1 + b0F̂1.

As a sum of martingales,

EQ

[
Ĉ

(n)
1 |σ0(RnB)

]
= a0X0 + b0F0 = Ĉ

(n)
0 .

Similarly, because we rebalance the portfolio at the beginning of every
period (see proposition 9.4, book 6), for all j :

EQ

[
Ĉ

(n)
j+1|σj(R

n
B)
]

= Ĉ
(n)
j .
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An application of the tower property of conditional expectations of
book 6’s proposition 5.26 produces the general result.

Remark 5.44 The above summary provides some insights:

• IF we can replicate the payoff of a financial derivative with a portfolio
of assets and risk free bonds,

• AND if there exists a probability Q so that under Q, the discounted
price of assets and risk free bonds are martingales relative to the nat-
ural filtration,

• THEN the discounted price of the portfolio will be a martingale under
Q :

Ĉ
(n)
0 = EQ

[
Ĉ(n)
n |σ0(RnB)

]
.

But by definition of replication, Ĉ(n)
n = e−rn∆tOT , where OT ≡ P (XT )

for some payoff function P. Thus we have derived a derivative pric-
ing formula:

O
(n)
0 = e−rn∆tEQ [OT |σ0(RnB)] . (5.17)

This formula must then reflect actual financial market pricing of the
derivative by the law of one price.

• QUESTION: How can this model be generalized and applied in the
continuous time framework? It would seem all but impossible to repeat
the book 6 construction of a replicating portfolio, which fundamentally
reflected the notion of discrete time steps.

• ANSWER: Under fairly mild assumptions we will be able to show in
book 9 that:

· For the continuous time version of the above asset model, there is
a measure Q under which the discounted asset price X̂t is a martingale
relative to the natural filtration, {σt(B)}.
· If OT is a financial derivative payoff function at time T = n∆t
with O2

T integrable, then OT can be replicated by a (continuously re-
balanced) portfolio of X-assets and risk free securities.

· The value at time t of the replicating portfolio Ct is then given
by:

Ct = EQ

[
e−(T−t)rOT |σt(B)

]
.
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· Hence, the price of the derivative:

O0 ≡ e−TrEQ [OT |σ0(B)] , (5.18)

follows by the law of one price.

5.2.3 Doob’s Martingale Maximal Inequality 1

In this section we present an important and deep result on continuous
martingales, one of many by Joseph Doob (1910 —2004) in his 
development of the theory of stochastic processes and in particular,
martingales. This result will be critical in the development of other 
important results on continuous martingales, and later in book 8 in the
development of the Itô integral. We state the result for Lp-martingales Mt

defined on a general filtered probability space, (S, σ(S),Σt(S), µ), though 
some of the most important applications will be to the filtered Brownian
motion probability space (S, σ(S), σt(B), µ), and even more specifically 
with p = 2, which is to say, L2-martingales.

This first result on a martingale maximal inequality provides an upper
bound for Pr

[
sup0≤t≤τ |Mt| ≥ λ

]
. But before turning to this result note

that for fixed τ > 0, it is not apparent that:{
sup

0≤t≤τ
|Mt| ≥ λ

}
≡
{
ω| sup

0≤t≤τ
|Mt(ω)| ≥ λ

}
,

is even measurable. This set reflects uncountably many t-conditions:{
sup

0≤t≤τ
|Mt| ≥ λ

}
=
⋃

0≤t≤τ
{|Mt| ≥ λ} .

However, when Mt is continuous this set is indeed measurable since then:{
sup

0≤t≤τ
|Mt| ≥ λ

}
=
⋃

0≤q≤τ
{|Mq| ≥ λ} ,

where q is restricted to rational numbers. The same conclusion follows for
right continuous or left continuous processes, though for right continuous
processes we must add the set {|Mτ | ≥ λ} to the above union if τ is not
rational.

Also note that for continuous, left or right continuous processes, if Mt is
adapted to a filtration {Σt(S)}, then Nτ ≡ sup0≤t≤τ |Mt| is also adapted to
this filtration. To see this note that if y ∈ [0,∞) :

{Nτ (ω) < y} =
⋂

0≤q≤τ
{−y < Mq(ω) < y} ∩ {−y < Mτ (ω) < y},
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where the last set is only needed in the right continuous case for irrational
τ .

The next proposition is calledDoob’s Martingale Maximal Inequal-
ity 1 because a second part of this result is provided in a later section once
stopping times and related results are developed. For its statement, recall
that functions which are "continuous on the right and with left lim-
its" are referred to as càdlàg, from the French "continu à droite, limite à
gauche." Continuous functions are included in the càdlàg class of course.

Example 5.45 Before stating and proving Doob’s result, it is worth recall-
ing Kolmogorov’s inequality in proposition 3.40 of book 4. Let {Xi}ni=1

be independent random variables with E[Xj ] = 0 and V ar[Xj ] = σ2
j . Then

for t > 0, this result states that:

Pr

[
max

1≤k≤n

∣∣∣∣∑k

j=1
Xj

∣∣∣∣ ≥ t] ≤∑n

j=1

σ2
j

t2
.

Define Mk =
∑k

j=1Xj and Σk = σ(X1, ..., Xk), the sigma algebra gener-
ated by X1, ..., Xk. Then Mk is Σk-measurable, and by the Cauchy-Schwarz
inequality of book 4’s corollary 3.48:

E[|Mk|] ≤
∑k

j=1E [|Xj |] ≤
∑k

j=1E[|1|2]1/2E[|Xj |2]1/2 =
∑k

j=1
σj <∞.

Also, for k ≥ j,

E [Mk|Σj ] = E [Mk −Mj |Σj ] + E [Mj |Σj ] .

But E [Mk −Mj |Σj ] = E [Mk −Mj ] = 0 by the independence property of
conditional expectations in book 6’s proposition 5.26, and E[Xi] = 0 for all
i.

Hence Mk is a discrete martingale relative to the filtration {Σk}, and
Kolmogorov’s inequality can be expressed:

Pr

[
max

1≤k≤n
|Mk| ≥ t

]
≤ 1

t2
E[|Mn|2].

Thus Doob’s martingale maximal inequality in 5.19 can be seen as a gen-
eralization of Kolmogorov’s inequality to càdlàg martingales, with bounds
defined in terms of pth moments for any p ≥ 1. It also reduces these upper
bounds by limiting the expectation to the set Aλ defined below.
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Proposition 5.46 (Doob’s Martingale Maximal Inequality 1) LetMt(ω)
be a martingale relative to a filtered probability space (S, σ(S),Σt(S), µ)u.c..
Then for all p ≥ 1 and fixed τ ≥ 0 :

Pr

[
sup

0≤t≤τ
|Mt| ≥ λ

]
≤ 1

λp
E
[
|Mτ |p χAλ

]
≤ 1

λp
E [|Mτ |p] , (5.19)

where Aλ ≡ {sup0≤t≤τ |Mt| ≥ λ} ∈ σ(S) by the above discussion.
Proof. By Doob’s regularization theorem of corollary 5.41, there exists a µ-
a.e. càdlàg modification of Mt(ω) which is also a martingale on the filtered
measure space (S, σ(S),Σt(S), µ)u.c.. We prove 5.19 for this modification,
noting that none of the terms in these inequalities are affected by sets of µ-
measure 0. For notational simplicity we denote this modification by Mt(ω).

The second inequality in 5.19 needs no proof so consider the first in-
equality. For this inequality there is no loss of generality to assume that
E [|Mτ |p] < ∞, since otherwise there is nothing to prove. Denote by Rn =
{m/2n|0 < m/2n ≤ τ}

⋃
{τ}, the collection of dyadic rationals contained

in (0, τ ] with denominator 2n as well as τ , and let R =
⋃
nRn. The inclusion

of τ in this set may be redundant, but is needed in the case τ 6= m/2n for
any n,m if Mt is not continuous at τ .

The primary challenge is to prove that:

Pr

[
max
t∈Rn

|Mt| ≥ λ
]
≤ 1

λp
E
[
|Mτ |p χAn

]
, ((1))

where An ⊂ σ(S) is defined by An = {ω|maxt∈Rn |Mt(ω)| ≥ λ}. Once done,
then since E [|Mτ |p] < ∞, An ⊂ An+1, and

⋃
nAn = {ω| supt∈R |Mt(ω)| ≥

λ}, it follows from Lebesgue’s dominated convergence theorem of book 5’s
proposition 2.43 that as n→∞ :

E
[
|Mτ |p χAn

]
→ E

[
|Mτ |p χ[supt∈R|Mt(ω)|≥λ]

]
.

Also, by continuity from below of measures (proposition 5.26, book 1):

Pr

[
max
t∈Rn

|Mt| ≥ λ
]
→ Pr

[
sup
t∈R
|Mt| ≥ λ

]
.

Hence the bound in (1) will obtain:

Pr

[
sup
t∈R
|Mt| ≥ λ

]
≤ 1

λp
E
[
|Mτ |p χ[supt∈R|Mt(ω)|≥λ]

]
.
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However Mt is càdlàg outside a set of µ-measure zero, and thus outside this
set supt∈R |Mt| ≥ λ if and only if sup0≤t≤τ |Mt| ≥ λ. Thus

⋃
nAn = Aλ and

the result in 5.19 follows.
To simplify notation in the proof of (1), let Rn = {tj}Nj=1 in increasing

order, and define Cj ∈ Σtj (S) by:

Cj =

{
ω|max

k<j
|Mtk(ω)| < λ,

∣∣Mtj (ω)
∣∣ ≥ λ} .

Then {Cj}Nj=1 are disjoint,
⋃N
j=1Cj = An, and Cj ⊂

{
ω|
∣∣Mtj (ω)

∣∣ ≥ λ} so
Pr[Cj ] = Pr[

{
ω|
∣∣Mtj (ω)

∣∣ ≥ λ}∩Cj ]. By Chebyshev’s inequality in corollary
3.34 and remark 3.35 of book 4, and with n there set equal to p here:

Pr[Cj ] ≤ E
[∣∣Mtj (ω)

∣∣p χCj (ω)
]
/λp. ((2))

Next by Jensen’s inequality for conditional expectations (proposition 5.26,
book 6), using convex ϕ(x) = |x|p for p ≥ 1 :

E
[
|Mτ (ω)|p |Σtj (S)

]
≥
∣∣E [Mτ (ω)|Σtj (S)

]∣∣p . ((3))

Now

E
[
Mτ (ω)|Σtj (S)

]
= E

[
Mtj (ω)|Σtj (S)

]
+ E

[
Mτ (ω)−Mtj (ω)|Σtj (S)

]
,

and by the measurability property of conditional expectations from that same
proposition:

E
[
Mtj (ω)|Σtj (S)

]
= Mtj (ω)E

[
1|Σtj (S)

]
= Mtj (ω)

In addition,

E
[
Mτ (ω)−Mtj (ω)|Σtj (S)

]
= Mtj (ω)−Mtj (ω) = 0,

because Mt is a martingale.
Combining estimates, (3) obtains:

E
[
|Mτ (ω)|p |Σtj (S)

]
≥
∣∣Mtj (ω)

∣∣p .
Using this estimate in the inequality in (2) for Pr[Cj ] :

Pr[Cj ] ≤ E
[
E
[
|Mτ (ω)|p |Σtj (S)

]
χCj (ω)

]
/λp = E

[
|Mτ (ω)|p χCj (ω)

]
/λp.

Here the last equality reflects the defining property of conditional expectations
in 5.21 of book 6 since Cj ∈ Σtj (S).
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Finally, since
⋃N
j=1Cj = An is a disjoint union:

Pr[An] ≤
∑N

j=1
E
[
|Mτ (ω)|p χCj (ω)

]
/λp

= E

[
|Mτ (ω)|p

∑N

j=1
χCj (ω)

]
/λp

≤ E
[
|Mτ (ω)|p χAn

]
/λp.

Except for notation, this last inequality is (1).

Example 5.47 (Brownian motion) Example 5.28 (1) obtained that Brown-
ian motion Bt is a martingale relative to {σt(B)}, the natural filtration on
(S, σ(S), µ). Since continuous µ-a.e., we have by Doob’s martingale maximal
inequality:

Pr

[
sup

0≤t≤τ
|Bt| ≥ λ

]
≤ 1

λp
E [|Bτ |p] .

With p = 1 and E [|Bτ |] = (2τ/π)1/2, this implies:

Pr

[
sup

0≤t≤τ
|Bt| ≥ λ

]
≤
(

2

π

)1/2 τ1/2

λ
,

which produces a useful constraint only for λ > (2τ/π)1/2. However this
implies that this probability is bounded by O[τ1/2] for fixed λ, or by O[λ−1]
for fixed τ .

For even p = 2m, E
[
|Bτ |2m

]
= τm(2m)!/2mm!, and so:

Pr

[
sup

0≤t≤τ
|Bt| ≥ λ

]
≤ τm(2m)!

λ2m2mm!
.

While this estimate implies that this probability is O[λ−2m], it produces a

useful constraint only for λ >
(
τm(2m)!

2mm!

)1/2m
, and an application of Stir-

ling’s formula in (3.91) of book 4 shows that for m large, this constraint is
approximately equivalent to λ > (2τm/e)1/2.

Remark 5.48 While the above proposition provides a result on martingales
Mt, the inequalities in 5.19 are actually inequalities for |Mt| , which is a
nonnegative submartingale. It is natural to therefore wonder if this same
result holds for all nonnegative submartingales.
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Corollary 5.49 (Doob’s Submartingale Maximal Inequality 1) Let Xt

be a nonnegative submartingale on to a filtered probability space (S, σ(S),Σt(S), µ)u.c.,
with E [Xt] right continuous in t. Then for all p ≥ 1 and fixed τ ≥ 0 :

Pr

[
sup

0≤t≤τ
Xt ≥ λ

]
≤ 1

λp
E
[
Xp
τχAλ

]
≤ 1

λp
E [Xp

τ ] , (5.20)

where Aλ ≡ {ω| sup0≤t≤τ Xt ≥ λ}.
Proof. By Doob’s regularization theorem of proposition 5.40, there exists
a µ-a.e. càdlàg modification of Xt(ω) which is also a submartingale on
(S, σ(S),Σt(S), µ)u.c..We prove 5.20 for this modification, again noting that
none of the terms in these inequalities are affected by sets of µ-measure 0.
For notational simplicity we denote this modification by Xt(ω).

Reviewing the above proof, which can now be repeated without absolute
values on Xt, the only place the martingale property was used was in the
derivation of an inequality that was implied by (3). In the current setting of
nonnegative Xt, (3) can be replaced by:

E
[
Xp
τ (ω)|Σtj (S)

]
≥ E

[
Xτ (ω)|Σtj (S)

]p
,

which again follows from Jensen’s inequality and nonnegativity of Xt. In the
estimation of E

[
Xτ (ω)|Σtj (S)

]
, we would now only conclude that

E
[
Xτ (ω)−Xtj (ω)|Σtj (S)

]
≥ 0

since Xt is a submartingale, from which it would be derived that:

E
[
Xτ (ω)|Σtj (S)

]
≥ E

[
Xtj (ω)|Σtj (S)

]
,

and this is enough to complete the proof.

Example 5.50 (Brownian motion) As noted in 1 of example 5.28, if
Mt is a martingale and ϕ(x) is convex, then ϕ(Mt) is a submartingale by
Jensen’s inequality (proposition 5.26, book 6) as long as ϕ(Mt) is integrable.
Given Brownian motion Bt, it therefore follows that |Bt|p is a submartingale
for p ≥ 1, as is exp(αBt) for α > 0.With 5.20 it is now possible to develop a
bound for Brownian motion that is reminiscent of Bernstein’s inequality
in 5.4 of book 2, or the Cramér-Chernoff bounds in 6.13 of book 4. Here
the bound again demonstrates exponential decay, but applies to sup0≤t≤τ Bt.

To this end, note that for α > 0 :

Pr

[
sup

0≤t≤τ
Bt ≥ λ

]
= Pr

[
sup

0≤t≤τ
exp (αBt) ≥ exp (αλ)

]
.
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As Mt ≡ exp (αBt) is a submartingale by 2 of example 5.28, 5.20 yields with
p = 1 :

Pr

[
sup

0≤t≤τ
Bt ≥ λ

]
≤ E [exp (αBτ )]

exp (αλ)
= exp

[
1

2
α2τ − αλ

]
.

The last equality reflects the moment generating function of the normally
distributed Bτ (3.66, book 4). This upper bound can be minimized as a
function of α, and a calculation obtains this minimum at α = λ/τ, and
thus:

Pr

[
sup

0≤t≤τ
Bt ≥ λ

]
≤ exp

[
−λ

2

2τ

]
. (5.21)

This bound can be compared with that in 2.66, and seen to be superior for
all parameter choices, and far superior as λ→∞.

Exercise 5.51 Show that the upper bound in 5.21 can be further improved
using Lévy’s result in 4.29, and 9.43 of book 2.

5.3 Stopping Times

When working with martingales, it is often the case that a given proof will
be greatly simplified by the assumption that the martingale is bounded,
meaning that outside a set of measure zero, |Mt| ≤ K for all t. With such
examples as Bt, B2

t − t or exp
[
aBt − a2t/2

]
for a real in mind, martingales

certainly need not be bounded. An important technical device that is used
to impose boundedness is a stopping time, defined next. In essence,
stopping times are random variables on the filtered probability space
(S, σ(S),Σt(S), µ), which satisfy a key property relative to the given
filtration. Recall that the time index set for stochastic processes is
typically taken as I = [0,∞).

Definition 5.52 (Stopping time) A stopping time T is a random vari-
able defined on a filtered probability space (S, σ(S),Σt(S), µ), taking values
in I ∪ {∞}, so that for all t :

{T ≤ t} ∈ Σt(S), (5.22)

where {T ≤ t} ≡ {ω|T (ω) ≤ t}. In other words, with I = [0,∞), we have
for t ≤ ∞ :

T−1[0, t] ∈ Σt(S).
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A stopping time is said to be finite, if it is finite µ-a.e. That is, if
µ
[
T−1[0,∞)

]
= 1.

A stopping time is bounded, if it is bounded µ-a.e. That is, if there
exists K > 0 so that T ≤ K, µ-a.e.

Associated with a stopping time T is the collection (a sigma algebra by
exercise 5.56) ΣT (S) ⊂ σ(S) defined by:

ΣT (S) = {A ∈ σ(S)|A ∩ {T ≤ t} ∈ Σt(S) for all t}. (5.23)

Notation 5.53 For this chapter it is convenient to denote stopping times
in Roman capital letters, T say, to distinguish these as random variables
with range in the time realm and denoted by lower case t. This is a common
notational convention in the references. In applications such as in book 9
in the study of stochastic differential equations, it will often be convenient
to denote by t and T the beginning and end of a fixed time interval. Then
stopping times, when needed, will be denoted by a Greek letter such as τ ,
another common convention.

Example 5.54 In most cases a stopping time will in fact be defined in terms
of a stochastic process Xt defined on (S, σ(S),Σt(S), µ), where Σt(S) ≡
σt(X) is the natural filtration or more generally σt(X) ⊂ Σt(S). For exam-
ple, define T = min{t| |Bt| ≥ K} for some constant K > 0. We will see that
T is a stopping time, but it is intuitively plausible that {T ≤ t} ∈ σt(B) since
this event only depends on Bs for s ∈ [0, t].

The above definition is abstract and not apparently related to the pur-
pose of bounding martingales noted in the introduction, so below we develop
some useful properties of stopping times to begin to support this application.
But note that a stopping time need not be defined in a complex way, and
can be a very simple function. Indeed, any constant nonnegative function is
a stopping time.

Remark 5.55 1. For T to simply be a random variable on S taking val-
ues in I ∪ {∞}, the definitional requirement would be that {T ≤ t} ∈
σ(S) for all t. In this case, T is called a random time. To be a
stopping time, this measurability requirement is refined to 5.22, so
that such sets are not just σ(S)-measurable, but Σt(S)-measurable. By
complementarity, {T ≤ t} ∈ Σt(S) if and only if {T ≤ t}c = {T > t} ∈
Σt(S).

2. The terminology of stopping time perhaps seems mysterious when first
encountered. But it will soon be seen that T is used to stop a process
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X at t = T. In other words, the stopped process equals Xt(ω) when
t ≤ T (ω), and is then "stopped" and so equals XT (ω)(ω) for t > T (ω).
When T is appropriately specified, such stopped processes can be engi-
neered to be bounded, for example.

3. The sigma algebra (exercise 5.56) ΣT (S) contains any set A in σ(S)
such that every subset of the form A ∩ {T ≤ t} is Σt(S)-measurable.
The set A ∩ {T ≤ t} is the subset of A on which T (ω) ≤ t, and this
requirement states that each such subset can be specified as an event in
the sigma algebra generated by Xs for s ≤ t, and thus specified inde-
pendently of T. That this is possible is often accomplished by defining
T in terms of properties of X.

The common intuition in applications is that a set A is in ΣT (S) if
for any time t, the subset of A for which T ≤ t, referred to as the
set on which T has occurred, is Σt(S)-measurable. A that set is
Σt(S)-measurable is sometimes referred to as being measurable relative
to the information available at time t. This terminology is more
meaningful for natural filtrations, for example when Σt(S) ≡ σt(X).

Finally, it is worth a moment of thought to ensure that the definition
of ΣT (S) is not vacuous, as it implies uncountably many conditions
on a set A to qualify for inclusion. First, S ∈ ΣT (S) by definition of
a stopping time, and clearly ∅ ∈ ΣT (S). In addition, Σ0(S) ⊂ ΣT (S)
since Σ0(S) ⊂ Σt(S) for all t and {T ≤ t} ∈ Σt(S) by 5.22. Thus
ΣT (S) contains at least these sets for any stopping time. See also 2 of
proposition 5.61 below.

Exercise 5.56 Prove that:

1. ΣT (S) is a sigma algebra as the notation implies.

2. If T ≡ t is a constant stopping time, then ΣT (S) = Σt(S).

3. T is measurable relative to ΣT (S). Hint: Given 1, it is enough to prove
that T−1[A] ∈ ΣT (S) for any collection of sets A ∈ B (R) that generate
B (R) , such as A = {(−∞, a]}.

The first result states that any stopping time can be approximated from
above by simple stopping times, defined to be stopping times which
assume only finitely many values. Compare with proposition 1.18 of book 5
which provided an approximation from below.
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Proposition 5.57 If T is a stopping time on a filtered probability space
(S, σ(S),Σt(S), µ)u.c. and so {Σt(S)} satisfies the usual conditions, then
there exists a decreasing sequence of stopping times {Tn} , so Tn ≥ Tn+1

for all n, such that each Tn assumes only finitely many values and Tn → T
pointwise.
Proof. Define Tn as follows, where m is any integer with m < n2n :

Tn =

 ∞, T ≥ n,

m2−n, (m− 1)2−n ≤ T < m2−n.

Then Tn ≥ Tn+1 and Tn → T pointwise. That Tn is a stopping time follows
from:

{Tn ≤ t} =

 {T < t} , t = m2−n for some m < n2n,

{T < (m− 1)2−n} , (m− 1)2−n < t < m2−n.

By part 1 of the next proposition, right continuity of the filtration assures
that {T < t} ∈ Σt(S) for a stopping time, and thus it follows that {Tn ≤ t} ∈
Σt(S) and each Tn is a stopping time.

Remark 5.58 (The Usual Conditions) In the following proposition we
develop some of the key results needed for working with stopping times. For
this we highlight the significance of right continuity of the filtration {Σt(S)}
by identifying the results that explicitly depend on this assumption. Of
course, right continuity is one component of the "usual conditions" which
will generally be assumed below. But this emphasis is done here to highlight
by simple example that the usual conditions are not an easy assumption to
remove without reconsidering even the most basic results of the theory, such
as properties of a stopping time, which will be a critical tool for much of
what follows.

The summary that will emerge is that given right continuity, most manip-
ulations with stopping times yield a stopping time, while without this assump-
tion, many natural manipulations will produce random times called optional
times. An optional time is a random time that satisfies {T < t} ∈ Σt(S)
for all t. Independent of right continuity of the filtration, stopping times are
always optional times, so it is the reverse implication where right continuity
plays a role.

Statement 1 below asserts that when the filtration is right continuous,
stopping times and optional times are equivalent, a very useful result. In
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this case it is also true that {T = t} ∈ Σt(S) for all t. Note however that
{T = t} ∈ Σt(S) for all t does not imply that T is a stopping time since
as an uncountable union, {T ≤ t} =

⋃
s≤t {T = s} need not even be σ(S)-

measurable.
For 3 recall definitions 3.36 and 3.42 of book 1, while for 4 and 5, recall

that by convention inf ∅ ≡ −∞. For 4 and 5, we prove the result for a 1-
dimensional process and G,F ⊂ R, but the proof works equally well for a
d-dimensional process and G,F ⊂ Rd. We simply have to interpret |x− y|
in Rd. Also, TG, respectively, TF , below are sometimes called an entry time
or a hitting time of G, respectively, F.

Notation 5.59 It is common to use the notation in 6 below:

T ∧ T ′ ≡ min{T, T ′}, T ∨ T ′ ≡ max{T, T ′}. (5.24)

The symbols ∧ and ∨ are often referred to as "cap" and "cup," are the sym-
bolic extensions of set intersection ∩ and union ∪, and are also understood
in the sense of "and" and "or."

Proposition 5.60 Let (S, σ(S),Σt(S), µ) be a filtered probability space:

1. If T is a stopping time then {T < t} ∈ Σt(S) for all t, and thus
T is an optional time. Consequently, if T is a stopping time then
{T = t} ∈ Σt(S) for all t. If T is an optional time and {Σt(S)} is
right continuous, then T is a stopping time.

2. If {Tn} is a monotonically increasing or monotonically decreasing se-
quence of stopping times, then T ≡ limn→∞ Tn is a stopping time.

3. More generally, if {Tn} is a sequence of stopping times, then supn≥1 Tn
is a stopping time, while infn≥1 Tn, lim infn→∞ Tn, and lim supn→∞ Tn
are optional times and thus stopping times by 1 given right continuity
of the filtration {Σt(S)}.

4. If Xt is a continuous adapted process and G ⊂ R is open, then TG ≡
inf{t ≥ 0|Xt ∈ G} is an optional time, and thus a stopping time by 1
given right continuity of the filtration {Σt(S)} .

5. If Xt is a continuous adapted process and F ⊂ R is closed, then TF ≡
inf{t ≥ 0|Xt ∈ F} is a stopping time.

6. If T and T ′ are stopping times, then so too are min{T, T ′} and max{T, T ′}.
In addition, T + T ′ is an optional time, and thus a stopping time by 1
given right continuity of the filtration {Σt(S)}.
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Proof. We address these in turn.

1. First, if T is a stopping time then {T ≤ t− 1/n} ∈ Σt−1/n(S) for all
n. Since

{T < t} =
⋃
n {T ≤ t− 1/n}

and all Σt−1/n(S) ⊂ Σt(S), it follows that {T < t} ∈ Σt(S). So T is
an optional time. Then {T ≥ t} ∈ Σt(S) for all t, and

{T = t} = {T ≤ t} ∩ {T ≥ t} ∈ Σt(S).

On the other hand, if T is an optional time, {T < t+ 1/n} ∈ Σt+1/n(S) for
all n. Then since

{T ≤ t} =
⋂
n {T < t+ 1/n} ,

it follows that {T ≤ t} ∈ Σt(S) and T is a stopping time when the
filtration is right continuous.

2. This is a corollary of 3, but directly, if increasing, {T ≤ t} =
⋃
n {Tn ≤ t} ,

and if decreasing, {T ≤ t} =
⋂
n {Tn ≤ t} , so T is a stopping time in

either case.

3. That supn≥1 Tn is a stopping time follows from:{
supn≥1 Tn ≤ t

}
=
⋂

n≥1
{Tn ≤ t} .

For infimum a little care is required. Since infn≥1 Tn = − supn≥1 (−Tn)
by 3.9 of book 1:

{infn≥1 Tn ≥ t} =
{

supn≥1 (−Tn) ≤ −t
}

=
⋂

n≥1
{−Tn ≤ −t}

=
⋂

n≥1
{Tn ≥ t} ,

and thus by De Morgan’s laws (exercise 2.2, book 1):

{infn≥1 Tn < t} =
⋃

n≥1
{Tn < t} .

Thus if {Tn} is a sequence of stopping times, they are optional times
by part 1 and hence infn≥1 Tn an optional time.



274 CHAPTER 5 STOCHASTIC PROCESSES

By definition:

{lim supn→∞ Tn < t} =
⋃

n≥1

⋂
k≥n
{Tk < t} ,

and:
{lim infn→∞ Tn < t} =

⋂
n≥1

⋃
k≥n
{Tk < t} .

Each set on the right is in Σt(S) since {Tn} is also a sequence of
optional times by 1, and the result follows.

4. If Xt is continuous and G ⊂ R is open, then Xt(ω) ∈ G implies that
for some ε(ω) > 0, Xs(ω) ∈ G for |t− s| < ε. Thus XTG(ω) /∈ G, but
Xs(ω) ∈ G for TG(ω) < s < TG(ω) + δ(ω) and some δ(ω) > 0. So if
TG < t, then Xq ∈ G for any q rational and TG < q < t, and hence:

{TG < t} =
⋃

q<t
{Xq ∈ G} =

⋃
q<t

X−1
q (G).

Thus {TG < t} ∈ Σt(S) as a countable union of sets with X−1
q (G) ∈

Σq(S) ⊂ Σt(S), and so TG is an optional time.

5. Define Gn =
⋃
{B(x, 1/n)|x ∈ F} where B(x, 1/n) ≡ {y| |x− y| <

1/n}. Then Gn is open in R and hence Tn ≡ TGn defined as in 4 is
an optional time. Now since F ⊂ Gn+1 ⊂ Gn for all n, it follows
that Tn ≤ Tn+1 ≤ TF for all n. Hence {Tn} is increasing and T ≡
limTn ≤ TF . To prove that T = TF , it suffi ces to show that TF ≤
T on A ≡ {T < ∞} ∩ {TF > 0}, since the conclusion is apparent
outside A. Continuity of the process Xt obtains that XT = limXTn ,
and XTn ∈ ∂Gn ⊂ Gm for n > m, where the boundary of Gn is defined
by ∂Gn = Gn − Gn. Letting n → ∞ it follows that XT ∈ Gm for all
m, and then XT ∈

⋂
Gm = F. This proves that TF ≤ T and thus

TF = limTn. Hence {TF ≤ t} =
⋂
n {Tn < t} ∈ Σt(S), and T is a

stopping time.

6. Note that

{max{T, T ′} ≤ t} = {T ≤ t}
⋂{

T ′ ≤ t
}
∈ Σt(S),

and
{min{T, T} > t} = {T > t}

⋂{
T ′ > t

}
∈ Σt(S),

so both sets are Σt(S)-measurable and max{T, T ′} and min{T, T ′} are
stopping times.
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For the sum, note that if T + T ′ < t, then there are rational numbers
q and q′ with q + q′ < t and both T < q and T ′ < q′. Thus:

{T + T ′ < t} =
⋃

q+q′<t

[
{T < q}

⋂
{T ′ < q′}

]
.

This is an element of Σt(S) as a countable manipulation of Σt(S)-
measurable sets, and so T + T ′ is an optional time.

Properties of ΣT (S) are summarized below, with some proof details left
as exercises. As promised in remark 5.58 above, we now drop any attempt to
identify the effect of the usual conditions, and simply assume them. Recall
the notation of 5.7.

Proposition 5.61 Given a filtered probability space (S, σ(S),Σt(S), µ)u.c. :

1. If T is a stopping time, the definition of ΣT (S) is equivalent to

ΣT (S) = {A|A
⋂
{T < t} ∈ Σt(S) for all t}.

2. For a stopping time T and any fixed t, the sets {T < t} , {T > t} and
{T = t} are in ΣT (S).

3. If T, T ′ are stopping times, then A ∩ {T ≤ T ′} ∈ ΣT ′(S) for all A ∈
ΣT (S).

4. If T ≤ T ′ are stopping times, then ΣT (S) ⊂ ΣT ′(S).

5. If T, T ′ are stopping times, then ΣT (S) ∩ ΣT ′(S) = ΣT∧T ′(S) where
T ∧ T ′ ≡ min{T, T ′} as in 5.24.

6. If Tn, T are stopping times, {Tn} monotonically decreasing and Tn →
T, then ΣT (S) =

⋂
n ΣTn(S).

Proof. For 1, if A ∈ ΣT (S) then A
⋂
{T ≤ t} ∈ Σt(S) for all t but then

{T < t} ∈ Σt(S) for all t by proposition 5.60. Conversely, if A
⋂
{T < s} ∈

Σs(S) for all s, then since A
⋂
{T ≤ t} =

⋂
t<s (A

⋂
{T < s}) , right conti-

nuity obtains that A
⋂
{T ≤ t} ∈ Σt(S).

For 2 consider for example A ≡ {T < s} for some s. Then for any t,
A
⋂
{T < t} equals {T < min(s, t)} ∈ Σt(S). Details for the others are left

as an exercise.
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Given t, both T ∧ t and t∧T ′ are Σt(S)-measurable. For example if s ≥ t
then {min{T, t} > s} = ∅, while if s < t :

{min{T, t} > s} = {T > s}
⋂
{t > s} ∈ Σs(S) ⊂ Σt(S).

Now:

A ∩ {T ≤ T ′} ∩ {T ′ ≤ t} = (A ∩ {T ≤ t}) ∩ {T ′ ≤ t} ∩ {T ∧ t ≤ t ∧ T ′}.

If A ∈ ΣT (S) then the first set on the right is in Σt(S) by definition, the
second since T ′ is a stopping time, and the third because:

{T ∧ t ≤ t ∧ T ′} =
⋃
q

[
{T ∧ t ≤ q} ∩ {q ≤ t ∧ T ′}

]
.

This is an intersection over rational q of Σt(S)-measurable sets by the first
comment, and thus A ∩ {T ≤ T ′} ∈ ΣT ′(S) proving 3.

For 4, since {T ≤ T ′} = S we see from 3 that A ∈ ΣT ′(S) for all
A ∈ ΣT (S).

First, T ∧ T ′ ≤ T, and so 4 obtains that ΣT∧T ′(S) ⊂ ΣT (S). Using the
same argument with T ′ yields ΣT∧T ′(S) ⊂ ΣT (S) ∩ ΣT ′(S). Conversely, if
A ∈ ΣT (S) ∩ ΣT ′(S) then since:

A
⋂{

T ∧ T ′ ≤ t
}

= A
⋂
{T ≤ t} ∪A

⋂{
T ′ ≤ t

}
∈ Σt(S),

it follows that A ∈ ΣT∧T ′(S) proving 5.
Finally, by monotonicity:

{T ≤ t} =
⋂∞

n=1
{Tn ≤ t} .

Hence if A ∈
⋂
n ΣTn(S) :

A
⋂
{T ≤ t} =

⋂∞
n=1

({Tn ≤ t} ∩A) ∈ Σt(S),

and thus A ∈ ΣT (S), so
⋂
n ΣTn(S) ⊂ ΣT (S). Conversely, ΣT (S) ⊂ ΣTn(S)

for all n by 4 since T ≤ Tn for all n, so ΣT (S) ⊂
⋂
n ΣTn(S) proving 6.

Remark 5.62 Given a filtered probability space (S, σ(S),Σt(S), µ)u.c. and
stopping time T, then for any t ≥ 0 we have by 6 of proposition 5.60 that
T ∧ t is a stopping time and so ΣT∧t(S) is well defined by 5.23 of definition
5.52. Then by 4 of proposition 5.61 we conclude that:

1. For all t, ΣT∧t(S) ⊂ Σt(S),
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2. If t ≤ t′ then ΣT∧t(S) ⊂ ΣT∧t′(S).

Hence we have derived the following:

Proposition 5.63 Given a filtered probability space (S, σ(S),Σt(S), µ)u.c.
and stopping time T, then {Σ′t(S)} ≡ {ΣT∧t(S)} is also a filtration on this
space with the property that for all t :

Σ′t(S) ⊂ Σt(S). (5.25)

Further, {Σ′t(S)} = {Σ′t(S)}u.c. satisfies the usual conditions.
Proof. That {Σ′t(S)} is a filtration that satisfies 5.25 is justified in remark
5.62. As for satisfying the usual conditions, when t = 0 it is clear that
T ∧ t = 0 and thus Σ′0(S) ≡ Σ0(S) and completeness is assured. For right
continuity, it must be demonstrated that if A ∈ Σ′s(S) for s > t, then A ∈
Σ′t(S). By definition, A ∈ Σ′s(S) ≡ ΣT∧s(S) implies that for all r :

A
⋂
{T ∧ s ≤ r} ∈ Σr(S). ((*))

Thus we must prove if (∗) is satisfied for all s > t then it is satisfied with
s = t.

Fix t and r. If t < r, then {T ∧ s ≤ r} = S for t ≤ s < r, and (∗) implies
that A ∈ Σr(S) for all t < r. Thus A ∈ Σt(S) by right continuity. But as
Σt(S) ⊂ Σr(S) and {T ∧ t ≤ r} ∈ Σr(S) by the definition of stopping time,
it follows that A

⋂
{T ∧ t ≤ r} ∈ Σr(S). On the other hand, if r ≤ t and

t < s then {T ∧ s ≤ r} = {T ∧ t ≤ r} = {T ≤ r}, and (∗) implies that

A
⋂
{T ≤ r} = A

⋂
{T ∧ t ≤ r} ∈ Σr(S).

Thus for all t and r, if (∗) is satisfied for all s > t then it is satisfied with
s = t, and so {Σ′t(S)} is right continuous.

5.4 Stopped Processes and Local Martingales

We now return to the idea noted in the introduction to the above section,
of using stopping times to create bounds on continuous martingales. The
essence of the idea is that we can "stop" the evolution of a martingale
Mt(ω) at time t = T (ω), and this stopping time can be defined as a hitting
time of the set where M gets big. For example, let

T ≡ inf{t ≥ 0|Xt ∈ A},

where A is the closed set (−∞,−n] ∪ [n,∞) or the associated open set. In
either case T is a stopping time by proposition 5.60, assuming the usual
conditions.
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If this process is stopped at time T, then it is necessarily bounded by
n. Once measurability of such a stopped process is addressed, this idea of
stopping a process will be applied in the context of martingales. A local
martingale will then be defined as a process that is a martingale when
appropriately stopped. Such a process is "martingale-like," and for many
purposes below it is "martingale enough." But such a process may itself
not be a martingale because it fails to be integrable, meaning it may not
satisfy 2 of definition 5.22 that E [|Mt|] <∞ for all t. See the section below,
Martingales vs. Local Martingales, for more on this relationship.

Definition 5.64 Given a stochastic process Xt defined on the filtered proba-
bility space (S, σ(S),Σt(S), µ)u.c. and stopping time T, the stopped process
XT
t is defined by X

T
t ≡ XT∧t where:

XT∧t =

 Xt, t ≤ T,

XT , t > T.
(5.26)

The value of the stopped process at T, denoted XT , is defined point-
wise on {T <∞} by:

XT (ω) = XT (ω)(ω). (5.27)

The definition of stopped process also provides an alternative formulation
for progressive measurability.

Definition 5.65 (Alternate) A stochastic process Xt is progressively
measurable with respect to the filtration {Σt(S)} if for all s ∈ [0,∞)
and stopping time Ts ≡ s, the stopped process XTs

t is a measurable func-
tion relative to σ [B[0, s]× Σs(S)] , the sigma algebra on the product space
[0, s]× S using the Borel sigma algebra for [0, s] and Σs(S) for S.

5.4.1 Measurability Properties of Stopped Processes

Before moving on to the notion of a local martingale, we address the
measurability properties of stopped processes. For this purpose, the
assumption of progressive measurability of the given process Xt will prove
critical, as adaptedness alone is inadequate. Again for notational simplicity
we assume processes are 1-dimensional, but nothing changes in the
d-dimensional case.

To begin this discussion, assume thatXt is adapted to a general filtration
{Σt(S)} and T is a stopping time. The stopped process XT

t ≡ XT∧t is then
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adapted to the same filtration if
(
XT
t

)−1
(B) ∈ Σt(S) for all Borel sets

B ∈ B(R). By 5.26:(
XT
t

)−1
(B) = {T ≤ t}

⋂
{XT ∈ B}

⋃
{T > t}

⋂
{Xt ∈ B}. (5.28)

Of these 4 sets, all but {XT ∈ B} are seen to be Σt(S)-measurable by
adaptedness of Xt and the definition of a stopping time. This decomposition
then provides an insight.

Proposition 5.66 Assume that Xt is adapted to a general filtration {Σt(S)}
and T is a stopping time. Then XT

t is adapted to {Σt(S)} if and only if XT

is ΣT (S)-measurable on {T <∞}.
Proof. If XT

t is adapted to {Σt(S)} then
(
XT
t

)−1
(B) ∈ Σt(S) for all

t and all B ∈ B(R). As a disjoint union in 5.28 with {T > t}
⋂
{Xt ∈

B} ∈ Σt(S), it follows by intersection with the complement of this set that
{T ≤ t}

⋂
{XT ∈ B} ∈ Σt(S) for all t and all B ∈ B(R). Thus by definition

5.52, {XT ∈ B} ∈ ΣT (S) for all B ∈ B(R) and XT is ΣT (S)-measurable.
The reverse implication is similar.

To obtain the respective measurabilities of the stopped process XT
t and

the XT , the assumption of progressive measurability of the original process
is required. By proposition 5.19, we can alternatively require adaptedness
and a continuity assumption.

Proposition 5.67 Given a stochastic process Xt defined on the probability
space (S, σ(S), µ) and stopping time T :

1. If Xt is progressively measurable relative to the filtration {Σt(S)}u.c.,
the value of the stopped process at T, XT , is measurable relative to
ΣT (S) on the set {T <∞}.

2. If Xt is progressively measurable relative to the filtration {Σt(S)}u.c.,
then the stopped process XT

t is progressively measurable relative to the
filtration {Σt(S)}u.c., and also to the filtration {ΣT∧t(S)} ≡ {ΣT∧t(S)}u.c.
(proposition 5.63), and adapted to these filtrations.

Proof.

1. For XT to be measurable relative to ΣT (S) on the set {T <∞} requires
that {XT ∈ B} ∩ {T < ∞} ∈ ΣT (S) for all B ∈ B(R). By definition
this means that for all t ≥ 0,

{XT ∈ B} ∩ {T ≤ t} ∈ Σt(S). ((1))
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By proposition 5.66 this follows by proving that XT
t is Σt(S)-measurable

for all t. Now for any t the mapping ω → XT (ω)∧t (ω) is a composition
of:

φ1 : ω → (T (ω) ∧ t, ω) ,

from S to [0, t]× S, and:

φ2 : (s, ω)→ Xs (ω) ,

from [0, t]× S to R.
To see that φ1 is measurable from (S,Σt(S)) to ([0, t]× S, σ [B[0, t]× Σt(S)]) ,
let J ×A ∈ B[0, t]× Σt(S) be a measurable rectangle. In other words,
J ∈ B[0, t] and A ∈ Σt(S). Now T ′ ≡ T ∧ t is a stopping time by
proposition 5.60, so {T ′ ∈ J} ∈ σ(S), and:

φ−1
1 (J ×A) = A ∩ {T ′ ∈ J}.

Thus φ−1
1 (J ×A) ∈ Σt(S) because A ∈ Σt(S) and {T ′ ∈ J} ⊂

{T ′ ≤ t} ∈ Σt(S). This then implies that φ−1
1 (E) ∈ Σt(S) for any

set E in the sigma algebra generated by these rectangles, which is
σ [B([0, t])× Σt(S)] by definition, and thus φ1 is measurable as stated.
In addition, φ2 is measurable from ([0, t]× S, σ [B([0, t])× Σt(S)]) to
(R,B(R)) by definition that Xt is progressively measurable. As the
composition of measurable functions, for any t the mapping ω →
XT (ω)∧t (ω) is measurable from (S,Σt(S)) to (R,B(R)) . In other words,
XT
t is Σt(S)-measurable and by proposition 5.66, XT is ΣT (S)-measurable

on the set {T <∞}.

2. For progressive measurability of Yt ≡ XT
t relative to {Σt(S)}u.c., we

use definition 5.65 and show that Y Ts
t is a measurable function relative

to σ [B[0, s]× Σs(S)] where Ts ≡ s. Now:

Y Ts
t ≡ (XT∧t)

Ts ≡ XT∧t∧s,

and thus it must be proved that for all B ∈ B(R), and all s, t :

X−1
T∧t∧s (B) ∩ [0, s]× S ∈ σ [B[0, s]× Σs(S)] .

Applying 5.28 for the cases t ≤ s and t > s obtains that this is equiv-
alent to:

{T ≤ s ∧ t} ∩ {XT ∈ B} ∩ [0, s]× S⋃
{T > s ∧ t} ∩ {Xs∧t ∈ B} ∩ [0, s]× S ((2))

∈ σ [B[0, s]× Σs(S)] .
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Let I denote the time index set on which Xt is defined, for example
I = [0,∞). It then follows from 1 that defined on I × S :

{T ≤ s ∧ t} ∩ {XT ∈ B} = I ×As∧t,

with As∧t ∈ Σs∧t(S). As s ∧ t ≤ s and thus Σs∧t(S) ⊂ Σs(S), the
expression on the left of (2) is an element of σ [B[0, s]× Σs(S)] . For
the expression on the right, by measurability of T and X :

{T > s ∧ t} ∩ {Xs∧t ∈ B} = I ×Bs∧t

with Bs∧t ∈ Σs∧t(S). Thus the expression on the right of (2) is an ele-
ment of σ [B[0, s]× Σs(S)] and progressive measurability of XT

t relative
to {Σt(S)}u.c. follows.
For progressive measurability of Yt ≡ XT

t relative to {ΣT∧t(S)}u.c., it
must be shown that for all B ∈ B(R), all s, t :

X−1
T∧t∧s (B) ∩ [0, s]× S ∈ σ [B[0, s]× ΣT∧s(S)] .

By 5.23, this is to prove that for all r :

X−1
T∧t∧s (B) ∩ [0, s]× S ∩ {T ∧ s ≤ r} ∈ σ [B[0, s]× Σr(S)] .

Now
{T ∧ s ≤ r} = {T ≤ r} ∪ {s ≤ r} ,

so it is enough to show that both:

X−1
T∧t∧s (B) ∩ [0, s]× S ∩ {s ≤ r} ∈ σ [B[0, s]× Σr(S)] ,

X−1
T∧t∧s (B) ∩ [0, s]× S ∩ {T ≤ r} ∈ σ [B[0, s]× Σr(S)] .

Since {s ≤ r} is either I×∅ or I×S, the first result follows from part
1, specifically that:

X−1
T∧t∧s (B) ∩ [0, s]× S ∈ σ [B[0, s]× Σs(S)] ,

either because the intersection with {s ≤ r} is A×∅ for A ∈ B[0, s], or
because this intersection is X−1

T∧t∧s (B)∩ [0, s]×S and Σs(S) ⊂ Σr(S).
For the second result, intersecting {T ≤ r} with the sets in (2) obtains
the same result. For example, applying (1) to the expression on the
left as sets in S for notational simplicity:

{T ≤ r} ∩ {T ≤ s ∧ t} ∩ {XT ∈ B}
= {T ≤ r ∧ s ∧ t} ∩ {XT ∈ B}
∈ Σr∧s∧t(S) ⊂ Σr(S).
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For the expression on the right, consider:

{T ≤ r} ∩ {T > s ∧ t} ∩ {Xs∧t ∈ B}

This set is empty unless s∧ t < r, and in this case this set is again in
Σr(S) by measurability of Xt and T. Combining, progressive measura-
bility of XT

t relative to {ΣT∧t(S)}u.c. follows.
Finally, the stopped process XT

t is adapted to both these filtrations by
progressive measurability and proposition 5.19, though Σt(S)-measurability
was already proved directly in part 1.

Corollary 5.68 If Xt is adapted to the filtration {Σt(S)}u.c., and continu-
ous, left continuous or right continuous, then:

1. The value of the stopped process at T, XT , is measurable relative to
ΣT (S) on the set {T <∞}.

2. The stopped process XT
t is progressively measurable relative to the fil-

tration {Σt(S)}u.c., and also to the filtration {ΣT∧t(S)}u.c., and thus
adapted to these filtrations.

Proof. Immediate by proposition 5.67, because such a process is progres-
sively measurable by proposition 5.19.

Remark 5.69 Note that the above measurability conclusions on XT implies
that if µ [{T <∞}] = 1, then XT is a random variable on the probability
space (S,ΣT (S), µ), since then XT can be arbitrarily defined on {T = ∞}.
The condition µ [{T <∞}] = 1 is by definition 5.52 equivalent to stating
that T is finite µ-a.e.

5.4.2 Local Martingales

We are now ready to introduce the notion of a local martingale. A local
martingale is a process for which there is an increasing and unbounded
sequence of stopping times for which the associated stopped processes are
martingales. As noted in the introduction to this section, such a process is
"martingale-like" and for many purposes below "martingale enough," but
may not itself be a martingale because it fails to be integrable as required
in 2 of definition 5.22, that E [|Mt|] <∞ for all t. But the relationship
between martingales and local martingales can be more subtle. As
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illustrated in Durrett (1996), there are examples of local martingales that
satisfy this integrability requirement, and yet fail to be martingales. See
the section below, Martingales vs. Local Martingales, for more on this
relationship.

Definition 5.70 A stochastic process Xt defined on the filtered probability
space (S, σ(S),Σt(S), µ)u.c. is a local martingale with respect to Σt(S)
if there exists an almost surely increasing and unbounded sequence of stop-
ping times {Tn}, so that the stopped process χTn>0X

Tn
t ≡ χTn>0Xt∧Tn is

a martingale with respect to Σt(S) for all n. By almost surely increasing
and unbounded means that for almost all ω ∈ S, Tn ≤ Tn+1 for all n and
Tn →∞.

The sequence {Tn} is called a localizing sequence for Xt, and it is
also said that {Tn} reduces Xt.

Remark 5.71 Recall that χTn>0 is the indicator function on {ω|Tn (ω) > 0}
and defined to be 1 on this set and 0 otherwise. By the definition of a
stopping time, {ω|Tn (ω) > 0} ∈ Σ0(S) and thus these sets are in Σt(S) for
all t. Without this modification of the stopped process XTn

t , one would have
XTn

0 ≡ X0 for all n and X
Tn
t ≡ X0 for all t on the set {ω|Tn (ω) = 0}. As

integrability of a process for all t is required in the definition of martingale,
this modification reduces the integrability requirement of X0 to be integrable
only on {ω|Tn (ω) > 0} for all n. This modification is unnecessary when X0

is a constant, but useful in other cases.
Also, the requirement that {Tn ≤ Tn+1} has probability 1 for each n is

equivalent to requiring the set {Tn ≤ Tn+1, all n} to have probability 1,
since the latter set is the intersection of the former sets. So the notion
of almost surely increasing can be stated either way. Many authors require
that Tn < Tn+1 for all n, though this causes a definitional ambiguity in
cases where Tn = ∞ on a subset of S for some n. Some authors such as
Karatzas and Shreve (1988) simply require that Tn → ∞ for almost all
ω ∈ S, without an explicit assumption on Tn versus Tn+1. But see the section
below, Choosing the Localizing Sequence, which shows that one has some
flexibility in choosing a sequence that reduces a given local martingale.

Setting Tn =∞ for all n and noting that χTn>0X
Tn
t ≡ Xt for all n proves

that by definition, every martingale is a local martingale. But there is more
to explore in the relationship between martingales and local martingales. For
example, we will see below that for a general stopping time T that a stopped
martingale is a martingale (proposition 5.84), and that a stopped local mar-
tingale is a local martingale (proposition 5.87). In addition, martingales are
local martingales using a nontrivial localizing sequence (corollary 5.85).
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And note that while it is customary to omit the explicit requirement
that a local martingale be adapted, all local martingales are adapted
to Σt(S). This follows because each χTn>0X

Tn
t is a martingale with re-

spect to Σt(S). By definition then, each χTn>0X
Tn
t is adapted and so Σt(S)-

measurable, and the requirement that Tn →∞ µ-a.e. assures that χTn>0X
Tn
t →

Xt, µ-a.e. Now Σt(S) is complete by the usual conditions, and thus corollary
1.10 of book 5 assures each Xt is Σt(S)-measurable, and thus Xt is adapted
to Σt(S).

On the other hand, unlike martingales, local martingales need not be in-
tegrable for each (or any) t. As above, χTn>0X

Tn
t is a martingale for each n,

and thus for each n is integrable for all t. But unlike the case for adaptedness,
that χTn>0X

Tn
t → Xt, µ-a.e. does not imply integrability of Xt without addi-

tional restrictions that would allow the application of one of the "integration
to the limit" results of book 5’s section 2.4.

Exercise 5.72 If Xt and X ′t are stochastic processes defined on the filtered
probability space (S, σ(S),Σt(S), µ)u.c. and are local martingales relative to
a filtration {Σt(S)} with the same localizing sequence {Tn}, then Xt+X

′
t

is also a local martingale relative to {Σt(S)}. Also, aXt is a local martingale
relative to {Σt(S)} for a real. Note: This does not imply that the collection
of local martingales relative to the filtration {Σt(S)} form a vector space
over the reals (definition 4.1, book 5), because of the restriction on localizing
sequences. But see exercise 5.78.

The reader may wonder: What is the motivation for introducing the
notion of a local martingale? First and foremost, in developing results on
martingales it will be seen that the assumption of boundedness greatly sim-
plifies proofs, though even then proofs can be challenging. Unfortunately,
as observed in the case for Brownian motion Bt, we cannot assume that
martingales are bounded, even over compact intervals [a, b], even if it is ad-
ditionally assumed that they are continuous. Pathwise continuity implies
pathwise boundedness, but not uniform boundedness on S as will often be
convenient to assume.

To circumvent the unboundedness problem, the idea is to stop the mar-
tingale Mt with a stopping time T so that the stopped process MT

t is a
bounded martingale. For example, define T = inf{t| |Mt| ≥ N}, which is
a stopping time when Mt is continuous by proposition 5.60. We will then
prove a result withMT

t and see if we can maintain the conclusion as N →∞.
So a first question becomes: Is a stopped martingale a martingale? Some
work is needed here.
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With the definition of a local martingale we start with an apparently
more general notion, since this definition does not assume we are stopping
a martingale, nor does it assume that the localizing sequence for Xt pro-
duces bounded martingales when stopped. But we will see that continuous
local martingales can always be reduced with stopping times that produce
bounded stopped processes. And in the section Martingales vs. Local Mar-
tingales it will be seen that martingales that have at least one-sided conti-
nuity can be arbitrarily stopped to produce martingales. Thus we can stop
a martingale with stopping times that bound it as noted in in the Brownian
motion example.

Conclusion: The machinery we need to handle continuous martingales
like Brownian motion more or less handles many local martingales "for free."

Remark 5.73 For the definition of local martingale, some authors require
that the stopped process χTn>0X

Tn
t be a martingale with respect to {ΣTn∧t(S)}u.c.

for all n, recalling proposition 5.63. Though seemingly different, we have the
following result which shows these are equivalent definitions at least for pro-
gressively measurable processes.

A careful review of the proof will show that the proposition’s requirement
that "Xt be progressively measurable relative to {Σt(S)}, or adapted relative
to {Σt(S)} and continuous, left or right continuous" is not needed for the
martingale property of the proof, but only for one of the measurability results.
Adaptedness of XT

t relative to ΣT∧t(S) automatically implies the same for
Σt(S) since ΣT∧t(S) ⊂ Σt(S). But the reverse implication required the stated
criteria in order to apply proposition 5.67 and corollary 5.68.

Proposition 5.74 Let Xt be a stochastic process defined on the filtered
probability space (S, σ(S),Σt(S), µ)u.c. that is progressively measurable rela-
tive to {Σt(S)}, or adapted relative to {Σt(S)} and continuous, left or right
continuous. Then for any stopping time T, the stopped process χT>0X

T
t is

a martingale with respect to Σt(S) if and only if it is a martingale with re-
spect to ΣT∧t(S). The same statement is true if Xt is a submartingale or
supermartingale.
Proof. We prove the martingale result for Xt and leave the other cases as
an exercise. But note that the first paragraph of the proof below is perfectly
general, and it is only the martingale-like conditions that need attention.

Recalling the definition of martingale, the integrability of
∣∣χT>0X

T
t

∣∣ for
all t is independent of the filtration, and so we only have to check adaptedness
and the martingale condition in 5.10 relative to the given filtrations. Now if
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B ∈ B(R) then:

{χT>0X
T
t ∈ B} = {T > 0} ∩ {XT

t ∈ B}
⋃
{T = 0} ∩ {0 ∈ B}.

By part 2 of proposition 5.67 and corollary 5.68, any of the assumptions on
Xt assure that XT

t is adapted to both Σt(S) and ΣT∧t(S), and so {XT
t ∈ B}

is in both sigma algebras. Also {T > 0} and {T = 0} are Σ0(S)-measurable
since T is a stopping time, and {0 ∈ B} equals ∅ or S. Thus χT>0X

T
t is

always adapted to both Σt(S) and ΣT∧t(S).

For the martingale condition, if 5.10 holds for all A ∈ Σs(S), then it
holds for all A ∈ ΣT∧s(S) by inclusion. For the other implication, assume
that for t ≥ s and for all A ∈ ΣT∧s(S), that∫

A
χT>0X

T
t dµ =

∫
A
χT>0X

T
s dµ. ((1))

Let A ∈ Σs(S) be given, then:

A = (A
⋂
{T = 0})

⋃
(A
⋂
{0 < T ≤ s})

⋃
(A
⋂
{T > s}) ,

a disjoint union of Σs(S)-sets since T is a stopping time. We show that
5.10 is true for each component set, then by disjointness the result applies
to A (proposition 2.40, book 5).

Both integrals in (1) are 0 when defined over the first set by definition,
so consider the second set. Since t ≥ s it follows that on A ∩ {0 < T ≤ s}
that XT

t = XT
s = XT and so:∫

A∩{0<T≤s}
XT
t dµ =

∫
A∩{0<T≤s}

XT
s dµ =

∫
A∩{0<T≤s}

XT .

Finally, the identity in (1) over the third component set will be proved true
by the hypothesis by proving that A

⋂
{T > s} ∈ ΣT∧s(S).

To prove this, recall that this inclusion requires that for all t′ ≥ 0 :

A
⋂
{T > s}

⋂{
T ∧ s ≤ t′

}
∈ Σt′(S). ((2))

Now the constraint {T > s} ∩ {T ∧ s ≤ t′} = {s ≤ t′} , and this last set is
empty if s > t′ and equal to S if s ≤ t′. So if s > t′ the intersection set in
(2) is empty and an element of Σt′(S), while for s ≤ t′, this intersection set
equals A ∈ Σs(S) ⊂ Σt′(S). Thus A

⋂
{T > s} ∈ ΣT∧s(S) and the proof is

complete.
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5.4.3 Choosing the Localizing Sequence

Given the introductory remarks about local martingales, one important
question that needs investigation is: When is it possible to choose the
localizing sequence to be a sequence of stopping times for which the
stopped processes will be bounded martingales? If this can be done, it will
allow proofs of results below to initially focus on bounded martingales,
then turn to a final derivation of the local martingale result using such
bounding localizations.

It turns out that right continuity is adequate to assure an affi rmative
answer to the above question. The key tool used in this proof and others
below is Doob’s optional stopping theorem, the topic of the next sec-
tion. The claims in this section’s proofs which are based on Doob’s optional
stopping theorem will be justified in remark 5.83, following the proof of that
theorem. Note that Hn defined next is a stopping time by 5 of proposition
5.60 above, with closed Fn = (−∞, n] ∪ [n,∞).

Proposition 5.75 If a stochastic process Xt is a right continuous local mar-
tingale on the filtered probability space (S, σ(S),Σt(S), µ)u.c., then the se-
quence of stopping times that reduce Xt can be taken to be the hitting times,
Hn = inf{t| |Xt| ≥ n}.
Proof. Let {Tk} be a sequence of stopping times which reduce Xt as given
in the definition of local martingale. Fix n and consider the conditional
expectation with fixed t ≥ s, E

[
χTk>0Xt∧Tk∧Hn |Σs(S)

]
. It will follow from

Doob’s optional stopping theorem and remark 5.83 that since χTk>0Xt∧Tk is
a right continuous martingale:

E
[
χTk>0Xt∧Tk∧Hn |Σs(S)

]
= χTk>0Xs∧Tk∧Hn . ((1))

We assume this now. Multiplying this identity by χHn>0 obtains:

χHn>0χTk>0Xs∧Tk∧Hn = χHn>0E
[
χTk>0Xt∧Tk∧Hn |Σs(S)

]
= E

[
χHn>0χTk>0Xt∧Tk∧Hn |Σs(S)

]
. ((2))

The second step follows from 6 of book 6’s proposition 5.26 and the Σs(S)-
measurability of χHn>0. This measurability is justified by the definition of a
stopping time that {Hn > 0} ∈ Σ0(S) ⊂ Σs(S).

Now Tk →∞ for almost all ω ∈ S, and so for each n the expression on
the left of (2) converges for almost all ω ∈ S :

χHn>0χTk>0Xs∧Tk∧Hn → χHn>0Xs∧Hn .
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For the expression on the right, by definition of Hn,∣∣χHn>0χTk>0Xt∧Tk∧Hn
∣∣ ≤ n,

and this then assures the integrability of χHn>0χTk>0Xt∧Tk∧Hn for all k.
Applying the monotone convergence property for conditional expectations
(proposition 5.26, book 6) as k →∞ :

E
[
χHn>0χTk>0Xt∧Tk∧Hn |Σs(S)

]
→ E

[
χHn>0Xt∧Hn |Σs(S)

]
.

Combining into (2) obtains that for almost all ω ∈ S :

E
[
χHn>0Xt∧Hn |Σs(S)

]
= χHn>0Xs∧Hn .

Since Xs∧Hn is Σs(S)-measurable by corollary 5.68, it is a version of this
conditional expectation. Thus χHn>0Xt∧Hn is a martingale for every n, and
{Hn} reduces Xt.

To reduce the right continuous local martingale Xt by the specific se-
quence of hitting times {Hn} required some additional analysis after the
application of Doob’s optional stopping theorem proved in the next section.
However, if all that is required is a sequence of stopping times for which
each stopped process is bounded, this follows directly from Doob’s optional
stopping theorem.

Corollary 5.76 If a stochastic process Xt is a right continuous local mar-
tingale on the filtered probability space (S, σ(S),Σt(S), µ)u.c., then the se-

quence of stopping times that reduce Xt can be assumed to satisfy
∣∣∣χTn>0X

Tn
t

∣∣∣ ≤
n for all n.
Proof. From (1) in the above proof with k = n :

E
[
χTn>0Xt∧Tn∧Hn |Σs(S)

]
= χTn>0Xs∧Tn∧Hn .

Multiplying by χHn>0 obtains with the above justification of book 6’s propo-
sition 5.26 that:

E
[
χTn∧Hn>0Xt∧Tn∧Hn |Σs(S)

]
= χTn∧Hn>0Xs∧Tn∧Hn ,

noting that χHn>0χTn>0 = χTn∧Hn>0 since both are 1 if and only if both
Hn > 0 and Tn > 0.

Hence by replacing the localizing sequence {Tn} with {T ′n} ≡ {Tn ∧
Hn}, which are stopping times by proposition 5.60, produces martingales
χT ′n>0Xt∧T ′n with

∣∣∣χT ′n>0X
T ′n
t

∣∣∣ ≤ n for all n.
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Even more generally, and with the same derivation, it follows that there
is an easy test to ensure that {T ′n} is another localizing sequence for Xt.

Proposition 5.77 If a stochastic process Xt is a right continuous local mar-
tingale on the filtered probability space (S, σ(S),Σt(S), µ)u.c. with localizing
sequence {Tn}, then if {T ′n} is an almost surely increasing and unbounded
sequence of stopping times with T ′n ≤ Tn for all n, then {T ′n} is also a local-
izing sequence for Xt.
Proof. Doob’s optional stopping theorem and remark 5.83 will justify that
since χTn>0Xt∧Tn is a right continuous martingale:

E
[
χTn>0Xt∧Tn∧T ′n |Σs(S)

]
= χTn>0Xs∧Tn∧T ′n . ((1))

Now since T ′n ≤ Tn it follows that

χTn>0χT ′n>0 = χT ′n>0.

Multiplying the above identity by χT ′n>0 obtains with the above justification
of book 6’s proposition 5.26:

χT ′n>0Xs∧Tn∧T ′n = E
[
χT ′n>0Xt∧Tn∧T ′n |Σs(S)

]
.

But t ∧ Tn ∧ T ′n = t ∧ T ′n since T ′n ≤ Tn, and thus E
[
χT ′n>0Xt∧T ′n |Σs(S)

]
=

χT ′n>0Xs∧T ′n .
In other words, χT ′n>0Xt∧T ′n is a martingale for every n, and so {T

′
n}

reduces Xt.

Exercise 5.78 (Exercise 5.72 continued) If Xt and X ′t are right contin-
uous stochastic processes defined on the filtered probability space (S, σ(S),Σt(S), µ)u.c.
and are local martingales relative to a filtration {Σt(S)}, then Xt + X ′t is
also a local martingale relative to {Σt(S)}. Hint: Given {Tn} and {T ′n} , use
proposition 5.77 and 6 of proposition 5.60 to identify a common localizing
sequence. With exercise 5.72, this implies that the collection of right contin-
uous local martingales relative to the filtration {Σt(S)} form a vector space
over the reals (definition 4.1, book 5).

5.4.4 Doob’s Optional Stopping Theorem 1

In this section we present another important and deep result on right
continuous martingales by Joseph Doob (1910 —2004). This result has
already been applied in the previous section, and will be critical in the
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development of the Itô integral in book 8. Doob’s results are also
applicable to positive submartingales and negative supermartingales. In 
effect his results state that the respective definitional relationships in
defi
times

nition
′
5.22
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time
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A second version of this result appears in a later section where this
boundedness assumption is replaced by the assumption that Mt is 
uniformly integrable.

Remark 5.79 In some books, results of the type in 5.29 below are referred 
to as Doob’s optional sampling theorem. The idea behind this termi-
nology is that MT (ω) is a "sampling" from the right continuous martingale 
Mt (ω) at the random (or optional) time T (ω) . Recall that by proposition
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martingale property for Mt transfers to these variates.
A closely related result is 5.34 of proposition 5.84, which is considered 

Part 2 of the following result. It has a simple statement, that a stopped right 
continuous martingale remains a martingale.

It should be noted that 5.32 below is actually true for all submartingales 
and not just nonnegative submartingales, and hence 5.33 extends to all su-
permartingales, but to prove these extensions requires tools outsides those 
needed in this book.

Proposition 5.80 (Doob’s Optional Stopping theorem 1, Part 1) Let
Mt be a martingale defined on the filtered probability space (S, σ(S),Σt(S), µ)u.c. 
and T ≤ T ′ stopping times that are bounded µ-a.e. Then E [|MT |] < ∞, 
E [|MT ′ |] < ∞, and:

E [MT ′ |ΣT (S)] = MT . (5.29)

In addition,
E [MT ′ ] = E [MT ] , (5.30)

and thus if M0 = 0 :
E [MT ′ ] = 0. (5.31)

Assume E [Xt] is right continuous in t. If Xt is a nonnegative submartin-
gale:

E [XT ′ |ΣT (S)] ≥ XT , E [XT ′ ] ≥ E [XT ] , (5.32)

if Xt is a nonpositive supermartingale:

E [XT ′ |ΣT (S)] ≤ XT , E [XT ′ ] ≤ E [XT ] . (5.33)



5.4 STOPPED PROCESSES AND LOCAL MARTINGALES 291

Proof. By Doob’s regularization theorem of corollary 5.41 there exists a µ-
a.e. càdlàg modification ofMt(ω) which is also a martingale on (S, σ(S),Σt(S), µ)u.c..
By proposition 5.40 the same applies in the nonnegative submartingale and
nonpositive supermartingale cases, noting that in the latter case we first
apply this result to the nonnegative submartingale −Xt. We prove results
for this modification, noting that none of the terms in these statements are
affected by sets of µ-measure 0. For notational simplicity we denote these
modifications by Mt or Xt.

Note that 5.31 follows directly from 5.30 by choosing the stopping time
T ≡ 0. Also, Xt is a nonnegative submartingale if and only if −Xt is a
nonpositive supermartingale, so 5.33 follows from 5.32 and we will therefore
prove the martingale and nonnegative submartingale results.

Assume first that T and T ′ obtain only finitely many values, say {ti}ni=1

and {t′i}mi=1, on partitions of S of {Ai}ni=1 and {A′i}mi=1 :

T =
∑n

i=1
tiχAi , T ′ =

∑m

j=1
t′jχA′j .

Since T ≤ T ′, then for each i, j, either Ai∩A′j = ∅, or ti ≤ t′j on Ai∩A′j 6= ∅.
So

E [MT ′ |ΣT (S)] =
∑n

i=1

∑m

j=1

[
Mt′j

χAi∩A′j |ΣT (S)
]
,

and
MT =

∑n

i=1

∑m

j=1
MtiχAi∩A′j .

We verify the martingale condition in 5.10 for each i, j.
If A ∈ ΣT (S), then by definition:∫

A
Mt′j

χAi∩A′jdµ =

∫
A∩Ai∩A′j

Mt′j
dµ,

and ∫
A
MtiχAi∩A′jdµ =

∫
A∩Ai∩A′j

Mtidµ.

BecauseMt is a martingale and ti ≤ t′j , it follows that E
[
Mt′j
|Σti(S)

]
= Mti

and so these integrals over A∩Ai ∩A′j will be equal by 5.10 if A∩Ai ∩A′j ∈
Σti(S). This will then verify 5.29 in this special case of finite valued stopping
times. For positive submartingales, this argument similarly verifies the first
identity in 5.32 in this special case.

Returning to the proof that A ∩ Ai ∩ A′j ∈ Σti(S), this is certainly true
when Ai ∩ A′j = ∅ so assume otherwise. Now A ∈ ΣT (S), Ai ≡ {T = ti} ∈
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Σti(S) by proposition 5.60, and similarly A′j ≡ {T ′ = t′j} ∈ Σt′j
(S), and this

yields:

A
⋂
Ai
⋂
A′j ∈ ΣT (S)

⋂
Σti(S)

⋂
Σt′j

(S)

= Σti(S)
⋂

ΣT (S)

= Σti∧T (S)

⊂ Σti(S).

In this derivation the second line follows from Σti(S) ⊂ Σt′j
(S) since ti ≤ t′j ,

while the next two are 5 and then 4 of proposition 5.61.
To generalize this special case result of finite valued stopping times to gen-

eral bounded stopping times, a limiting argument is required. While propo-
sition 5.57 approximates T and T ′ from above by sequences of decreasing
stopping times Tn and T ′n, given the almost sure boundedness of T and T ′

we adapt that construction as follows. With m an integer, 1 ≤ m ≤ 2n + 1,
and K from the definition of boundedness, define:

Tn = mK2−n, (m− 1)K2−n ≤ T < mK2−n,

and define T ′n analogously. Then Tn → T and T ′n → T ′ for all ω ∈ S,
and both sequences are decreasing. Also by 6 of proposition 5.61, ΣT (S) =⋂
n ΣTn(S). Hence if A ∈ ΣT (S), then because A ∈ ΣTn(S) for all n the

above result applies to prove that for a martingale:∫
A
MT ′ndµ =

∫
A
MTndµ,

which is equivalent to:

E
[
MT ′nχA

]
= E [MTnχA] . ((*))

Inequalities in the submartingale case are similarly derived.
Now MTnχA → MTχA and MT ′nχA → MT ′χA pointwise µ-a.e. by right

continuity, and thus this convergence is also in distribution by book 2’s propo-
sition 5.21. But we require more of these sequences, such as uniformly in-
tegrability, which by book 6’s proposition 5.6 will obtain that MTχA and
MT ′χA are integrable, and that E [MTnχA]→ E [MTχA] and E

[
MT ′nχA

]
→

E [MT ′χA] . This then implies from (∗) that:∫
A
MT ′dµ =

∫
A
MTdµ,
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for all A ∈ ΣT (S), which is 5.29.
We prove uniform integrability of {MTn} and note that the result for

{MT ′n} is identical. This then implies the same result for uniform integra-
bility of MTnχA and MT ′nχA since these are majorized by MTn and MT ′n . For
the uniform integrability proof we separate the martingale and submartingale
cases.

Martingale: By boundedness of T, choose a fixed stopping time K+1 ≥
Tn. Then by the special case result for a martingale Mt, E [MK+1|ΣTn(S)] =
MTn , and the triangle inequality for conditional expectations in book 6’s
proposition 5.26 then implies that |MTn | ≤ E [|MK+1| |ΣTn(S)] for all n.
Now for any N we have {|MTn | ≥ N} ∈ ΣTn(S) since Mt is progres-
sively measurable by proposition 5.19, and thus MTn is ΣTn(S)-measurable
by proposition 5.67. Hence from the triangle inequality is obtained:∫

|MTn |≥N
|MTn | dµ ≤

∫
|MTn |≥N

|MK+1| dµ.

Now {|MTn | ≥ N} ⊂ {supt≤K+1 |Mt| ≥ N}, and so Doob’s martingale
maximal inequality in 5.19 applies to derive that:

µ [|MTn | ≥ N ] ≤ µ
[

sup
0≤t≤K+1

|Mt| ≥ N
]
≤ 1

N
E [|MK+1|] .

Uniform integrability of {MTn} now follows because Mt is a martingale and
thus MK+1 is integrable. So µ

[
sup0≤t≤K+1 |Mt| ≥ N

]
→ 0 as N →∞ and

hence:

sup
n

∫
|MTn |≥N

|MTn | dµ ≤
∫{

sup
t≤K+1

|Mt|≥N
} |MK+1| dµ→ 0.

This proves that E [|MT |] <∞, as well as E [MTn ]→ E [MT ] . which obtains
5.29 as noted above.

Nonnegative Submartingale: By the first part of the proof, E [XK+1|ΣTn(S)] ≥
XTn , and since Xt is nonnegative, absolute values can be inserted and then
the martingale steps work with only one other modification, and that is the
use of Doob’s submartingale maximal inequality.

Final Steps: To derive 5.30 from 5.29, evaluate conditional expecta-
tions relative to the trivial sigma algebra Σ ≡ {∅,S} :

E [E [MT ′ |ΣT (S)] |Σ] = E [MT |Σ] .
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Since Σ ⊂ ΣT (S), the tower property of conditional expectations in book 6’s
proposition 5.26 applies on the left to obtain that E [MT ′ |Σ] = E [MT |Σ] .
This is 5.30 since for any integrable random variable X, E [X|Σ] = E[X] by
exercise 5.22 of book 6. The proof of the second inequality in 5.32 is identical.

Remark 5.81 (On T, T ′ boundedness) We prove another version of Doob’s
result in the section below, Doob’s Optional Stopping Theorem 2. That
result applies to uniformly integrable right continuous martingales, for which
the boundedness conditions on the stopping times can be eliminated. In gen-
eral, this boundedness condition cannot simply be eliminated as a condition
above as can be appreciated by letting T ′ ≡ ∞, which is a stopping time.
Then 5.29 and 5.30 would conclude that:

E [M∞|ΣT (S)] = MT ,

and
E [M∞] = E [MT ] .

But this makes no sense since these statements require the existence and
integrability of a limiting random variable M∞.

That such a random variable need not exist is exemplified with Brownian
motion Bt, which is a continuous martingale with E [|Bt|] = (2t/π)1/2 for
all t. This implies that such B∞ would have an unbounded absolute first
moment if it existed. Now we need not have convergence of moments of
course, but even convergence in probability Bt →p B∞ requires for any ε > 0
that Pr [|Bt −B∞| > ε] → 0 as t → ∞. By book 2’s proposition 5.21 such
convergence in probability implies convergence in distribution, Ft ⇒ F∞. In
other words, Ft(x)→ F∞(x) for every point of continuity of F∞. But for all
x, Ft(x) → 1/2 as t → ∞, so no such nondegenerate random variable B∞
exists.

Exercise 5.82 Prove the following statements.

1. Given the assumptions of the above proposition, not only do MT and
MT ′ have the same expectation as in 5.30, but that they have the same
conditional expectation relative to the sigma algebra Σ0(S) :

E [MT ′ |Σ0(S)] = E [MT |Σ0(S)] .

Hint: Tower property of proposition 5.26, book 6.
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2. If Mt is a martingale that is continuous, left or right continuous,
and {Tn} any collection of stopping times that are uniformly bounded,
meaning Tn ≤ K for all n, then the collection of random variables,
{MTn}, is uniformly integrable (book 6, definition 5.5).

Remark 5.83 (On Localizing Sequences) In proposition 5.75 of the
prior section, the above results were claimed to apply to a right continuous
local martingale Xt to conclude that with t ≥ s, {Tk} the localizing sequence
for Xt, and Hn ≡ inf{t| |Xt| ≥ n}, that:

E
[
χTk>0Xt∧Tk∧Hn |Σs(S)

]
= χTk>0Xs∧Tk∧Hn . ((1))

To justify this claim by Doob’s optional stopping theorem 1, part 1 above,
note that by definition of localizing sequence that Yt ≡ χTk>0Xt∧Tk is a right
continuous martingale relative to the filtration {Σt(S)}. Defining T ≡ s∧Hn

and T ′ ≡ t ∧Hn, then T ≤ T ′ and these are bounded by t. Hence by Doob’s
optional stopping theorem above:

E [Yt∧Hn |Σs∧Hn(S)] = Ys∧Hn .

In other words, Yt∧Hn is a martingale with respect to the filtration {Σt∧Hn(S)},
and by right continuity and proposition 5.74, this is true if and only if
Yt∧Hn is a martingale with respect to the filtration {Σt(S)}. Consequently,
E [Yt∧Hn |Σs(S)] = Ys∧Hn , which is equivalent to the claimed identity in (1).

For corollary 5.77, the above results were claimed to apply to a right
continuous local martingale Xt to conclude that with {Tn} the localizing se-
quence for Xt, and {T ′n} is an almost surely increasing and unbounded se-
quence of stopping times with T ′n ≤ Tn for all n, that with t ≥ s :

E
[
χTn>0Xt∧Tn∧T ′n |Σs(S)

]
= χTn>0Xs∧Tn∧T ′n . ((2))

To justify this claim, note that Yt ≡ χTn>0Xt∧Tn is a right continuous mar-
tingale relative to the filtration {Σt(S)} since {Tn} is a localizing sequence.
Let T = s ∧ T ′n, and T ′ = t ∧ T ′n with t ≥ s. Then from T ≤ T ′ and
boundedness by t we derive from Doob’s optional stopping theorem that:

E
[
Yt∧T ′n |Σs∧T ′n(S)

]
= Ys∧T ′n .

In other words, Yt∧T ′n is a martingale with respect to the filtration {Σt∧T ′n(S)},
and by right continuity and proposition 5.74, this is true if and only if Yt∧T ′n
is a martingale with respect to the filtration {Σt(S)}. Consequently,

E
[
Yt∧T ′n |Σs(S)

]
= Ys∧T ′n ,

which is equivalent to the claimed identity in (2).
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5.5 Martingales vs. Local Martingales

With the aid of Doob’s optional stopping theorem above, this section
develops results relating martingales and local martingales. See the section
below, Identifying Martingales, for an application of these results.

5.5.1 All Martingales are Local Martingales

The first result is that every martingale is a local martingale. Of course
this is transparently true by definition since one only need choose the
localizing sequence Tn =∞ for all n. The point of this section is to prove
that a martingale is a local martingale using a nontrivial localizing
sequence. To prove this we use Doob’s optional stopping theorem to show
that stopped martingales are martingales. That such martingales are then
local martingales is a corollary.

Proposition 5.84 (Doob’s Optional Stopping theorem 1, Part 2) Let
Mt be a martingale defined on the filtered probability space (S, σ(S),Σt(S), µ)u.c.,
and T a stopping time. Then the stopped process, MT

t , is a martingale with
respect to the same filtration. Specifically, for t ≥ s :

E
[
MT
t |Σs(S)

]
= MT

s . (5.34)

Hence, for all t ≥ s :
E
[
MT
t

]
= E

[
MT
s

]
, (5.35)

and thus if M0 = 0 :
E
[
MT
t

]
= 0. (5.36)

for all t.
Further, χT>0M

T
t is also a martingale with respect to the same filtration.

Proof. By Doob’s regularization theorem of corollary 5.41 there exists a µ-
a.e. càdlàg modification ofMt which is also a martingale on (S, σ(S),Σt(S), µ)u.c..
We prove results for this modification, noting that none of the terms in these
statements are affected by sets of µ-measure 0. For notational simplicity we
denote this modification by Mt.

Applying part 1 of Doob’s optional stopping theorem to the bounded stop-
ping times T ∧ t and T ∧ s with T ∧ s ≤ T ∧ t, it follows from 5.29 that:

E [MT∧t|ΣT∧s(S)] = MT∧s. ((*))

Hence MT
t ≡MT∧t is a martingale with respect to the filtration {ΣT∧t(S)}.

By right continuity and proposition 5.74, this is true if and only if MT
t is a

martingale with respect to {Σt(S)}, which is 5.34
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The derivation of 5.35 follows by the tower property of conditional expec-
tations (proposition 5.26, book 6), recalling the derivation of 5.30. Letting
s = 0 obtains 5.36 since for any T, MT

0 = M0.
For the last statement, χT>0 is Σ0(S)-measurable and Σ0(S) ⊂ ΣT∧s(S)

by 3 of remark 5.55. So multiplying the identity in (∗) by χT>0 and applying
the ΣT∧s(S)-measurability property of conditional expectations from book 6’s
proposition 5.26 obtains:

E [χT>0MT∧t|ΣT∧s(S)] = χT>0MT∧s.

By definition this can be stated:

E
[
χT>0M

T
t |ΣT∧s(S)

]
= χT>0M

T
s .

Hence χT>0M
T
t is a martingale with respect to the filtration {ΣT∧t(S)}. By

right continuity and proposition 5.74, this is true if and only if χT>0M
T
t is

a martingale with respect to {Σt(S)}.

Corollary 5.85 (All Ms are LMs) LetMt be a martingale defined on the
filtered probability space (S, σ(S),Σt(S), µ)u.c.. Then Mt is a local martin-
gale.
Proof. Let Tn be any sequence of stopping times so that Tn →∞ for almost
all ω ∈ S. For example if Mt is continuous, define Tn = inf{t| |Mt| ≥ n}, a
stopping time by proposition 5.60, and Tn →∞ even if Mt is bounded since
if |Mt| ≤ K then Tn = ∞ for n > K. Thus χTn>0M

Tn
t is a martingale for

all n, and the result follows.

Remark 5.86 (Doob’s Optional Stopping theorem 1, Part 2) If Xt

is a nonnegative submartingale defined on (S, σ(S),Σt(S), µ)u.c. with E [Xt]
right continuous in t, then the above result applies with all ” = ” replaced
by ” ≥ ” since Doob’s optional stopping theorem again applies. A simi-
lar statement hold for nonpositive supermartingales, again with E [Xt] right
continuous in t.

5.5.2 Stopped Local Martingales are Local Martingales

A local martingale is by definition a process which becomes a martingale
when stopped by certain stopping times Tn which are increasing an
unbounded with probability 1. This raises a question: What if a local
martingale is stopped by an arbitrary stopping time? As noted in remark
5.71, it turns out that in this general case the stopped process remains a
local martingale.
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Proposition 5.87 If Xt is a local martingale on the filtered probability
space (S, σ(S),Σt(S), µ)u.c. and T is a stopping time, then the stopped processes
XT
t ≡ Xt∧T and χT>0X

T
t are local martingales, with the same localizing se-

quences.
Proof. Let {Tn} denote a localizing sequence for Xt, and thus Y

(n)
t ≡

χTn>0X
Tn
t is a martingale for all n. Then from Doob’s Optional Stopping

theorem 1, Part 2, both Y (n)
t∧T and χT>0Y

(n)
t∧T are martingales for all n. But:

Y
(n)
t∧T ≡ χTn>0X

Tn
t∧T = χTn>0Xt∧T∧Tn = χTn>0

(
XT
t

)Tn
.

Similarly,
χT>0Y

(n)
t∧T = χTn>0

(
χT>0X

T
t

)Tn
.

Thus both Xt∧T and χT>0X
T
t are local martingales with respect to the local-

izing sequence {Tn}.

5.5.3 When Local Martingales are Martingales

Next we address the question of when a local martingale is a martingale.
See also the section below: Identifying Martingales, for a related
investigation into general right continuous stochastic processes. Here we
assume the given process is a local martingale. For this analysis, no
continuity assumption is required since we will rely only on the integration
theory on (S, σ(S), µ) from chapter 2 of book 5. If {Tn} is a localizing
sequence for a local martingale Xt defined on (S, σ(S),Σt(S), µ)u.c., then
for each t the stopped process XTn

t converges pointwise almost everywhere
to Xt since Tn →∞ for almost all ω ∈ S.

Recalling proposition 5.32, if for each t the associated sequence of mar-

tingales
{
XTn
t

}
is in Lp (S) with p ≥ 1, and

∥∥∥Xt −XTn
t

∥∥∥
Lp(S)

→ 0 for each

t, then the local martingale Xt is in fact an Lp-martingale. Since all mar-
tingales are L1-martingales by definition, the simplest and least demanding
application of this result that would assure that Xt is a martingale would
appear to be that for all t :∥∥∥Xt −XTn

t

∥∥∥
L1(S)

→ 0.

Now pointwise convergence of L1 (S)-martingales XTn
t → Xt for given t

does not assure L1 (S)-convergence, which by completeness of L1 (S) would
then assure that Xt is an L1 (S)-martingale. Uniform convergence of XTn

t →
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Xt for given t would also fall short of this desired conclusion. See example
1.10 of book 3 for some examples. Additional assumptions are needed on
the sequence to justify an affi rmative result.

For example, Lebesgue’s dominated convergence theorem of book 5’s
corollary 2.45 (with remark 2.44) provides a criterion that assures L1-convergence.
Needed is the assumption that there exists a stochastic process Yt so that
E [|Yt|] <∞ for all t, and: ∣∣∣XTn

t

∣∣∣ ≤ |Yt| all n.
For this application we do not need Yt to be adapted to Σt(S), only that it
is σ(S)-measurable for all t.

Another result reflects the uniform convergence integrability theorem of
that book’s proposition 2.52.

Proposition 5.88 Let Xt be a local martingale defined on (S, σ(S),Σt(S), µ)u.c.
with localizing sequence {Tn}. Then Xt is a martingale if either of the fol-
lowing conditions are satisfied:

1. For each t, E
[
supn

∣∣∣XTn
t

∣∣∣] <∞.
2. Xt is càdlàg and for each t, E

[
sups≤t |Xs|

]
<∞.

3. For each t, {XTn
t } is uniformly integrable (book 5, definition 2.50).

Proof. For cases 1 and 2 define Yt = supn

∣∣∣XTn
t

∣∣∣ or Yt = sups≤t |Xs| . Then
Yt is σ(S)-measurable in both cases. In case 1 measurability follows from
book 5’s proposition 1.9, while in case 2 this follows from the introductory
discussion in the section on Doob’s Martingale Maximal Inequality 1. In
fact Yt is adapted to Σt(S) by the same arguments, though this is not needed

here. In addition, Yt is an upper bound to
∣∣∣XTn

t

∣∣∣ for all n, and integrable
by assumption 1 or 2. Thus pointwise convergence XTn

t → Xt µ-a.e. and
an application of Lebesgue’s dominated convergence theorem noted above ob-
tains that Xt is integrable for all t. In case 3, book 5’s uniform convergence
integrability theorem of proposition 2.52 obtains the same conclusion on in-
tegrability of Xt for all t. Since Xt is adapted as a local martingale (remark
5.71), left to prove is that Xt satisfies the martingale property.

Given t ≥ s, since XTn
t is a martingale this assures that E

[
XTn
t |Σs

]
=

XTn
s , and thus by definition:∫

A
XTn
t dµ =

∫
A
XTn
s dµ, ((*))
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for all A ∈ Σs. But another application of either Lebesgue’s dominated con-
vergence theorem or uniform convergence integrability theorem obtains that
for all r : ∫

A
XTn
r dµ→

∫
A
Xrdµ.

Thus (∗) obtains that for all A ∈ Σs :∫
A
Xtdµ =

∫
A
Xsdµ.

By definition, E [Xt|Σs] = Xs and so Xt is a martingale.

Corollary 5.89 Let Xt be a bounded local martingale defined on (S, σ(S),Σt(S), µ)u.c.,
meaning |Xt| ≤ C. Then Xt is a martingale.
Proof. Boundedness of Xt implies all conditions of the above proposition.

Remark 5.90 Perhaps surprisingly, the condition sups≤tE [|Xs|] < ∞ for
all t is not adequate to assure that Xt is a martingale, though examples
are outside the scope of our developed results. See Durrett (1996). A
characterization of when a local martingale is a martingale can be found in
Revuz and Yor (1999).

5.6 Doob’s Martingale Maximal Inequality 2

In this section, we develop another of Joseph Doob’s results related to
maximal inequalities of continuous and related martingales, and do so with
the aid of Doob’s optional stopping theorem above. This maximal
inequality extends the inequality in 5.19 and follows from that result and
the optional stopping theorem. This inequality bounds the expectation of
pth moments of sup0≤t≤τ |Mt| when p > 1, and will be instrumental in a
later section, Quadratic Variation of Martingales, for which the case of
p = 2 is applied.

Proposition 5.91 (Doob’s Martingale Maximal Inequality 2) LetMt

be a martingale defined on a filtered probability space (S, σ(S),Σt(S), µ)u.c..
Then for fixed τ ≥ 0 and all p > 1 :

E

[(
sup

0≤t≤τ
|Mt|

)p]
≤
(

p

p− 1

)p
E [|Mτ |p] . (5.37)
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Denoting M∗τ ≡ sup0≤t≤τ |Mt| , 5.37 is often expressed in terms of the
Lp-norms of book 5:

‖M∗τ ‖p ≤
p

p− 1
‖Mτ‖p . (5.38)

Proof. By Doob’s regularization theorem of corollary 5.41 we can assume
that Mt is the version of this martingale that is càdlàg outside a set of µ-
measure zero, noting that the statement in 5.37 is unaffected by such redef-
initions on such sets. Also, recall that sup0≤t≤τ |Mt| is σ(S)-measurable by
the discussion preceding proposition 5.46.

Assume that E
[(

sup0≤t≤τ |Mt|
)p]

< ∞. From 5.19, denoting M∗τ ≡
sup0≤t≤τ |Mt| :

Pr [M∗τ ≥ λ] ≤ 1

λ
E
[
|Mτ |χ(M∗τ≥λ)

]
.

Multiplying by λp−1 and integrating obtains:

∫ ∞
0

λp−1 Pr [M∗τ ≥ λ] dλ ≤
∫ ∞

0
λp−2E

[
|Mτ |χ(M∗τ≥λ)

]
dλ.

Since these integrands are nonnegative, Tonelli’s theorem of book 5’s propo-
sition 5.22 can be applied to manipulate iterated integrals.

Substituting

Pr [M∗τ ≥ λ] =

∫
χ(M∗τ≥λ)dµ

into the first integral obtains:

∫ ∞
0

λp−1 Pr [M∗τ ≥ λ] dλ =

∫ ∞
0

λp−1

∫
χ(M∗τ≥λ)dµdλ

=

∫ [∫ M∗τ

0
λp−1dλ

]
dµ

=
1

p
E [(M∗τ )p] .

By assumption, the last expression E [(M∗τ )p] is finite.
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Similarly,

∫ ∞
0

λp−2E
[
|Mτ |χ(M∗τ≥λ)

]
dλ =

∫ ∞
0

λp−2

∫
|Mτ |χ(M∗τ≥λ)dµdλ

=

∫
|Mτ |

[∫ M∗τ

0
λp−2dλ

]
dµ

=
1

p− 1
E
[
|Mτ | (M∗τ )p−1

]
≤ 1

p− 1
E [|Mτ |p]1/pE [(M∗τ )p](p−1)/p ,

where the last inequality follows from Hölder’s inequality of book 4’s propo-
sition 3.46.

Hence,

E [(M∗τ )p] ≤ p

p− 1
E [|Mτ |p]1/pE [(M∗τ )p](p−1)/p ,

and 5.37 follows in the special case of E
[(

sup0≤t≤τ |Mt|
)p]

<∞ by raising
to the pth power and simplifying.

In the general case, introduce the stopping time TN = inf{t| |Mt| ≥ N}
for integer N, noting that TN →∞. The stopped process MTn

t ≡Mt∧TN is a
martingale by 5.34 of Doob’s optional stopping theorem. Further, the above

special case result is applicable to MTn
t since E

[(
sup0≤t≤τ

∣∣∣MTn
t

∣∣∣)p] ≤ Np,

and obtains:

E

[(
sup

0≤t≤τ
|Mt∧TN |

)p]
≤
(

p

p− 1

)p
E [|Mτ∧TN |

p] . ((*))

Letting N →∞, the càdlàg assumption assures that sup0≤t≤τ |Mt∧TN | →
sup0≤t≤τ |Mt| , and, Mτ∧TN →Mτ , with both limits valid pointwise µ-a.e. If
|Mτ |p is not integrable, there is nothing to prove as the upper bound in 5.37
is infinite and hence the inequality is satisfied. Otherwise, since |Mτ∧TN |

p ≤
|Mτ |p , Lebesgue’s dominated convergence theorem of book 5’s proposition
2.43 applies to limit of the upper bound in (∗), obtaining the upper bound
in 5.37 . Similarly, Fatou’s lemma of that book’s proposition 2.18 applies to
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the limit of the lower bound in (∗) to obtain:

E

[(
sup

0≤t≤τ
|Mt|

)p]
≤ lim inf

N→∞
E

[(
sup

0≤t≤τ
|Mt∧TN |

)p]
≤
(

p

p− 1

)p
lim inf
N→∞

E [|Mτ∧TN |
p]

=

(
p

p− 1

)p
E [|Mτ |p] .

Remark 5.92 In the case p = 1, the above result is false and not simply
because of the coeffi cient p/(p− 1). While this appears to be a problem for-
mally, it should be noted that we did not prove that this coeffi cient is optimal,
or "sharp" in the standard language of mathematics. That 5.38 fails when
p = 1 means that there is no coeffi cient C such that

‖M∗τ ‖1 ≤ C ‖Mτ‖1 ,

and this follows from an example below.
But there is indeed a maximal inequality also discovered by Doob that has

a slightly different structure than that above. Specifically, 5.38 becomes:

‖M∗τ ‖1 ≤
(

e

e− 1

)(
1 +

∥∥Mτ ln+Mτ

∥∥
1

)
, (5.39)

where ln+ x = max(0, lnx), and e is the base of the natural logarithm. As
our primary need is for the case p = 2, already covered by the above result,
we do not develop this exceptional case but refer the reader to Revuz and
Yor (1999).

Example 5.93 Let (S, σ(S), µ) = ([0, 1],B([0, 1]),mL), Lebesgue space on
the interval [0, 1], and define an integer-indexed filtration:

Σn([0, 1]) = σ ([j/2n, (j + 1)/2n]) .

In other words, Σn([0, 1]) is the sigma algebra generated by subintervals of the
form [j/2n, (j+1)/2n] for integer 0 ≤ j ≤ 2n−1. For n ≥ 0 define Mn = 2n

on [0, 2−n] and 0 elsewhere. This process is adapted by this construction,
and integrable with

∫
Mndx = 1.

Also, for m > 0 :
E [Mn+m|Σn] = Mn.
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This follows because for A ∈ Σn, either A = [0, 2−n] or A
⋂

[0, 2−n] = ∅, and
this obtains: ∫

A
Mndx =

∫
A
Mn+mdx

since in every case both integrals are 1 or both are 0. Hence Mn(ω) is a
martingale.

Now defining M∗n ≡ max0≤j≤nMn :

M∗n =

 2n, x ∈ [0, 2−n],

2n−j , x ∈ [2−(n−j+1), 2−(n−j)), j = 1, ..., n,

and so: ∫ 1

0
M∗ndx = 1 +

n

2
.

Thus, ‖M∗n‖1 cannot be bounded by any constant multiple of ‖Mn‖1 = 1.

Exercise 5.94 Investigate that the martingale in example 5.93 satisfies 5.38
for p > 1. Hint: Confirm that

∫ 1
0 M

p
ndx = 2n(p−1), and that

∫ 1
0 [M∗n]p dx is

a multiple of this, where this multiplier depends on p and n. That this mul-

tiplier is bounded by
(

p
p−1

)p
is a challenge for which one might be satisfied

with numerical exploration.

Corollary 5.95 (Doob’s Submartingale Maximal Inequality 2) Let Xt

be a nonnegative submartingale defined on a probability space (S, σ(S),Σt(S), µ)u.c.,
and assume that E [Xt] is right continuous in t. Then for fixed τ ≥ 0 and
all p > 1, 5.37 applies.
Proof. Following the above proof, Doob’s regularization theorem of proposi-
tion 5.40 obtains that we can assume Xt is the version of this submartingale
that is càdlàg outside a set of µ-measure zero, again noting that the state-
ment in 5.37 is unaffected by redefinitions on such sets. Now substitute 5.20
for 5.19 in the first step, then proceed with Tonelli’s theorem as above in
the case where E

[(
sup0≤t≤τ |Xt|

)p]
<∞. The second part of the proof then

requires that Xt∧TN is a submartingale, and this is again assured by 5.32 of
Doob’s optional stopping theorem.

Example 5.96 Continuing with example 5.47 from Doob’s Martingale Max-
imal Inequality 1, Brownian motion Bt is a martingale relative to {σt(B)},
the natural filtration on (S, σ(S), µ). As B2

t is a nonnegative submartingale
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by example 5.28, and Bt is continuous µ-a.e., 5.20 applies with p = 1 to
yield:

Pr

[
sup

0≤t≤τ
B2
t ≥ λ

]
≤ τ

λ
.

Applying 5.37 with p = 2 produces

E

[(
sup

0≤t≤τ
|Bt|

)2
]
≡ E

[
sup

0≤t≤τ
B2
t

]
≤ 4E

[
B2
τ

]
≤ 4τ .

We end this section with an application of Doob’s inequality to Lp-
bounded martingales, which are the subject of the next section.

Corollary 5.97 Let Mt be a martingale defined on a filtered probability
space (S, σ(S),Σt(S), µ)u.c.. If for some p > 1 and all t ≥ 0 :

‖Mt‖Lp ≡ E [|Mt|p]1/p ≤ K <∞,

then:

E [(M∗∞)p] ≤
(
Kp

p− 1

)p
, (5.40)

where:

M∗∞ ≡ lim
τ→∞

M∗τ = sup
t≥0
|Mt| .

Proof. Applying Doob’s regularization theorem of corollary 5.41 obtains that
we can assume Mt is the version of this martingale that is càdlàg outside a
set of µ-measure zero. Define M∗τ (ω) = sup0≤t≤τ |Mt (ω)| , then M∗τ (ω) is
an increasing function of τ for all ω. By 5.37 and the assumed boundedness of

‖Mt‖Lp , it follows that E [(M∗τ )p] ≤
(
Kp
p−1

)p
for all τ ≥ 0. Thus {E [(M∗τ )p]}

is increasing in τ and bounded, and it follows that M∗∞ ≡ limτ→∞M∗τ exists
and is bounded µ-a.e. By Lebesgue’s monotone convergence theorem of book
5’s proposition 2.21:

E [(M∗∞)p] = lim
τ→∞

E [(M∗τ )p] .

Hence E [(M∗∞)p] ≤
(
Kp
p−1

)p
, which is 5.40.
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5.7 Upcrossings and Limits of Sub/Martingales

It will be important for the integration theory of book 8 to have a Hilbert
space structure for L2-bounded martingales. For background on Lp-spaces,
see chapter 4 of book 5. In this section we will develop somewhat more
general results than those actually needed later, since it requires no extra
effort. The ultimate goal is to develop a convergence theory for certain
martingales as t→∞, results which are again attributable to to Joseph
Doob (1910 —2004). These results rely on an estimate of the expectation
of the number of upcrossings or number of downcrossings made by
a martingale. This results in the upcrossings/downcrossings
inequalities, the same device used for the regularization theory as noted
in that section.

We begin with a definition of an Lp-bounded martingale, and recall the
notion of uniform integrability from books 4, 5 and 6, applied in the current
context. Note that by Lp here is meant Lp(S, σ(S), µ) in the notation of
book 5.

Definition 5.98 A stochastic process Xt defined on a probability space (S, σ(S), µ)
is Lp-bounded for some p ≥ 1 if for all t ≥ 0 :

‖Xt‖Lp ≡
[∫
|Xt|p dµ

]1/p

≤ K <∞. (5.41)

The stochastic process Xt is said to be uniformly integrable if {Xt}t≥0

are uniformly integrable in the sense of book 5’s definition 2.50:

lim
N→∞

sup
t

∫
|Xt|≥N

|Xt| dµ = 0. (5.42)

The first result is that Lp-boundedness for any p > 1 implies uniform
integrability, and uniform integrability implies L1-boundedness. Taken to-
gether this obtains that Lp-boundedness for any p > 1 implies L1-boundedness,
but this is not new. An application of Hölder’s inequality of book 4’s propo-
sition 3.46 obtains:

‖Xt‖L1 ≤ ‖Xt‖Lp ‖1‖Lq = ‖Xt‖Lp ,

where q is conjugate to p, meaning that 1/p + 1/q = 1. What’s new in the
following is the connection between Lp-boundedness and uniform integra-
bility.
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Proposition 5.99 If Xt is Lp-bounded for any p > 1, then it is uniformly
integrable. If Xt is uniformly integrable, then it is L1-bounded.
Proof. For p > 1 let q be conjugate to p as above. Then by Hölder’s
inequality, and then Chebyshev’s inequality in book 4’s proposition 3.32, it
follows that for any t :∫

|Xt|≥N
|Xt| dµ =

∫
|Xt|χ|Xt|≥Ndµ

≤
[∫
|Xt|p dµ

]1/p
[∫
|Xt|≥N

dµ

]1/q

≤ K

[∫
|Xt|p /Npdµ

]1/q

≤ Kp/Np/q.

The same bound applies to the supremum in t, and thus Xt is uniformly
integrable.

If Xt is uniformly integrable, choose N so that supt
∫
|Xt|≥N |Xt| dµ < 1.

Then for all t,∫
|Xt| dµ =

∫
|Xt|≥N

|Xt| dµ+

∫
|Xt|<N

|Xt| dµ ≤ 1 +N,

which is L1-boundedness.

Example 5.100 (The Doob Martingale, cont’d) A stochastic process
was introduced in 5.14 of example 5.30:

Ot ≡ E [O|Σt] ,

where O is an integrable random variable on a probability space (S, σ(S), µ)
with a given general filtration {Σt}, meaning we did not assume the usual
conditions on this filtration. In the earlier example it was shown that Ot was
a martingale on (S, σ(S), µ) relative to {Σt}, called a Doob’s martingale,
and named for Joseph Doob (1910 —2004). We now show that if O is in
Lp(S) for some p > 1, then Ot is in fact a uniformly integrable martingale.

To this end, recall Jensen’s inequality for conditional expectations from
book 6’s proposition 5.26 with convex ϕ(x) = |x|p . Since Ot ≡ E [O|Σt] ,
where as always this is uniquely defined only µ-a.e., Jensen’s inequality ob-
tains:

|Ot|p = |E [O|Σt]|p ≤ E [|O|p |Σt] .
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By definition of conditional expectation, this implies that for all A ∈ Σt that:∫
A
|Ot|p dµ ≤

∫
A
|O|p dµ.

Choosing A = S proves that Ot is Lp-bounded and thus uniformly integrable
by the previous proposition.

Now Doob’s martingale is actually well defined for integrable O, meaning
O in L1(S), and it is natural to wonder if Ot is again uniformly integrable
in this case. The answer is in the affi rmative, and this is a direct result
of Doob’s Martingale Convergence theorem of proposition 5.112. See
example 5.114.

Remark 5.101 Note that the result and proof above apply equally well to
any indexed family of random variables {Xα}α∈I defined on a probability
space (S, σ(S), µ). In this context, the first part of this proposition states that

if E
[
|Xα|1+ε

]
≤ K ′ for all α and some ε > 0, then {Xα}α∈I are uniformly

integrable. This result can now be compared to that obtained in the proof of
book 6’s proposition 5.8. There it was proved that if E

[
|Xn|m+ε] ≤ K ′ for

all n and some integer m and ε > 0, then {Xm
n } are uniformly integrable.

Taking m = 1 obtains the current formulation.
The goal of the book 6 proposition was a convergence of moments re-

sult on these random variables, a topic discussed below. But in both re-
sults, to earlier have {Xn} uniformly integrable, or here Xt uniformly inte-
grable, seems to require uniform Lp-bounds on these variables with p > 1.
There is an obvious omission in these results regarding the implication of
L1-boundedness for uniform integrability.

It turns out that uniform integrability is not implied by a uniform L1-
bound on an infinite collection of random variables. A simple example is
{Xn} defined on ([0, 1],B ([0, 1]) ,mL) with Xn = n on [n, n + 1/n] and 0
otherwise. This sequence is L1-bounded with respect to Lebesgue measure
mL, but not uniformly integrable. As expected, this sequence is not Lp-
bounded for p > 1, with details left as an exercise.

But this example leaves open the question for L1-bounded martingales,
the topic of this section, and so a better example is needed.

Example 5.102 Recall example 5.93 of the previous section with (S, σ(S), µ) =
([0, 1],B([0, 1]),mL), an integer-indexed filtration for n ≥ 0 :

Σn([0, 1]) = σ ([j/2n, (j + 1)/2n]) ,
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and process Mn(ω) = 2n on [0, 2−n] and 0 elsewhere. It was shown there
that Mn(ω) is a martingale, and since

∫
Mndx = 1 it follows that Mn(ω) is

an L1-bounded martingale.
But Mn is not uniformly integrable. For N = 2m, and for any n ≥ m :∫

Mn≥N
Mndx = 1.

By proposition 5.99, Mn cannot be Lp-bounded for p > 1, and this is readily
verified directly.

For the results on convergence ofMt(ω) as t→∞,Doob’s upcrossings
inequality is needed. We begin with the following definition.

Definition 5.103 Let Xt be a stochastic process defined on a filtered prob-
ability space (S, σ(S),Σt(S), µ), F ⊂ [0,∞) a finite set for example F =
{t1, ..., tN} for some N, and α < β real numbers. Define sequentially for
j = 1, 2, ... :

d1(ω) = min{t ∈ F |Xt(ω) < α},
uj(ω) = min{t ∈ F |t > dj(ω) and Xt(ω) > β},

dj+1(ω) = min{t ∈ F |t > uj(ω) and Xt(ω) < α},

where by convention min ∅ = ∞. Define UF (α, β,Xt(ω)) , the number of
upcrossings of the interval [α, β] by the restricted path {Xt|t ∈ F}
by:

UF (α, β,Xt(ω)) = max{k|uk(ω) <∞}.

For a general set I ⊂ [0,∞), define

UI (α, β,Xt(ω)) = sup{UF (α, β,Xt(ω)) |F ⊂ I, F finite}.

Remark 5.104 (On Measurability) Note that the first downcrossing d1(ω)
is a stopping time, in fact a hitting time for the set G = (−∞, α). Then
u1(ω) is the time of the first upcrossing of β, and dj/uj are the respective
times of the jth downcrossing/upcrossing of the interval [α, β], restricting
observations of Xt(ω) to times t ∈ F.

Given F ≡ {tk}Nk=1, each dj(ω) and uj(ω) is in fact a stopping time. For
example, if tk ≤ t < tk+1 :

{d2(ω) ≤ t} =
⋃k
j=3{d2(ω) = tj},
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since by definition {d2(ω) = t1} = {d2(ω) = t2} = ∅. This follows because
d1(ω) and u1(ω) precede d2(ω). Now each set {d2(ω) = tj} is a union of
intersected sets, the definition of which demonstrates Σt(S)-measurability.
For example, with k = 3 :

{d2(ω) = t3} = X−1
t1

((−∞, α))
⋂
X−1
t2

((β,∞))
⋂
X−1
t3

((−∞, α)) ,

while for j > 3, {d2(ω) = tj} is a finite union of such sets reflecting the
feasible combinations of the times up to time tk when d1(ω) and u1(ω) occur.
All such sets are Σtk(S)-measurable and thus Σt(S)-measurable.

By book 5’s proposition 1.9 it follows that UF (α, β,Xt(ω)) is measur-
able and thus a random variable on (S, σ(S), µ), and if I is a countable
set such as the rationals, then UI (α, β,Xt(ω)) is again a random variable.
But for uncountable I such as I = [0, b), we cannot infer measurability
of UI (α, β,Xt(ω)) as a supremum of an uncountable collection. The as-
sumption below of right continuity of Xt assures that UI (α, β,Xt(ω))
is measurable for such intervals since we can obtain this supremum with a
countable dense subset.

Indeed, given right continuous Xt and F = {tk}Nk=1 ⊂ [0, b) an arbitrary
finite set, there is a finite set of rationals F ′ = {t′k}Nk=1 ⊂ [0, b) with:

UF (α, β,Xt(ω)) = UF ′ (α, β,Xt(ω)) .

This follows because for the definition of dj and uj , if Xtk(ω) < α then
Xt′k

(ω) < α for infinitely many rationals t′k ≥ tk, and similarly if Xtk(ω) > β
then Xt′k

(ω) > β for infinitely many rationals t′k ≥ tk. Further, since tk < b
then so too we can choose t′k < b. Thus in the definition of UI (α, β,Xt(ω))
for I = [0, b) the supremum may be calculated over all finite F or all finite
rational F ′.

Thus as a supremum of a countable collection of measurable functions,
UI (α, β,Xt(ω)) is measurable for I = [0, b) when Xt is right continuous
as will be assumed below. In addition, E [UI (α, β,Xt(ω))] is well defined,
though not necessarily finite.

Although we make no further use of it, DF (α, β,Xt(ω)) , the number
of downcrossings of the interval [α, β] by the restricted path {Xt|t ∈
F}, is defined analogously by starting with:

u1(ω) = min{t ∈ F |Xt(ω) > β},

and proceeding iteratively as above, defining dj , then uj+1, and finally:

DF (α, β,Xt(ω)) = max{k|dk(ω) <∞}.



5.7 UPCROSSINGS AND LIMITS OF SUB/MARTINGALES311

It then follows that for any ω,

|UF (α, β,Xt(ω))−DF (α, β,Xt(ω))| ≤ 1.

The following result is called Doob’s Upcrossings Inequality, and its
proof will rely on his general optional stopping theorem for submartingales.
This result is applicable due to the prior remark, that all uj(ω) are stopping
times, and bounded if F is bounded. There is an analogousDowncrossings
Inequality, whereby |α| in the numerator of 5.43 is replaced by |β| .

Note that since E
[
X+
b

]
≤ E [|Xb|] in 5.43, that Doob’s upcrossings

inequality can be stated in terms of the L1-norm of Xb, though the upper
bound will be somewhat weaker. See the remark below for more details on
this substitution.

Remark 5.105 (Regularization) For the next result we explicitly assume
right continuity of Xt. It is natural to wonder if we could as above prove a
more general statement on Xt, but with E [Xt] right continuous in t, by using
Doob’s regularization theorem of proposition 5.40 to obtain a càdlàg modifi-
cation. If this were done, 5.43 would only then have been proved for this mod-
ification and not the original submartingale since without right continuity,
U[0,b) (α, β,Xt(ω)) need not be measurable and thus E

[
U[0,b) (α, β,Xt(ω))

]
need not even be defined. We continue to assume that the filtered space is
(S, σ(S),Σt(S), µ)u.c., since this result requires stopping times and the usual
conditions facilitates the analysis as noted in the statements of proposition
5.60.

We will follow this approach of explicitly assume right continuity through-
out the remainder of this section.

Proposition 5.106 (Doob’s Upcrossings Inequality) Let Xt be right
continuous submartingale on a filtered probability space (S, σ(S),Σt(S), µ)u.c.
and [0, b] ⊂ [0,∞). Then for real α < β :

E
[
U[0,b) (α, β,Xt(ω))

]
≤
E
[
X+
b

]
+ |α|

β − α , (5.43)

where X+
b (ω) ≡ max(0, Xb(ω)) denotes positive part of the function Xb as

in book 5’s definition 2.36.
Proof. The first step may initially appear odd, but the goal is to produce a
final estimate that reflects E

[
X+
b

]
. Define Y (n)

t ≡ (Xt − α+ 1/n)+ − 1/n

and note that f(x) = (x− α+ 1/n)+ − 1/n is a convex function. So by
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Jensen’s inequality for conditional expectations of book 6’s proposition 5.26,
Y

(n)
t is again a submartingale. Specifically by 5.27 of that result, if t > s :

E
[
(Xt − α+ 1/n)+ − 1/n|Σs(S)

]
≥ (E [Xt|Σs(S)]− α+ 1/n)+ − 1/n

≥ (Xs − α+ 1/n)+ − 1/n.

In addition, for every finite set F and for all n :

UF

(
0, β − α, Y (n)

t (ω)
)

= UF (α, β,Xt(ω)) . ((1))

This follows because Y (n)
t (ω) < 0 if and only if Xt(ω) < α, and Y (n)

t (ω) >

β − α if and only if Xt(ω) > β. So we derive 5.43 by working with Y (n)
t ,

redefining dj and uj relative to 0 and β − α, respectively.
Let F ⊂ [0, b) be finite, say F = {tk}Nk=1. Define u0(ω) ≡ 0, then:

Y
(n)
b (ω) = Y

(n)
0 (ω) +

∑∞

j=1

[
Y

(n)
uj∧b(ω)− Y (n)

uj−1∧b(ω)
]
.

This is a finite summation since there is a first j ≤ N/2 for which uj∧b = b,
then all further terms in the summation are 0. This can then be rewritten:

Y
(n)
b (ω) = Y

(n)
0 (ω) +

∑∞

j=1

[
Y

(n)
uj∧b(ω)− Y (n)

dj∧b(ω)
]

+
∑∞

j=0

[
Y

(n)
dj+1∧b(ω)− Y (n)

uj∧b(ω)
]
.

As dj+1∧b ≥ uj∧b are bounded stopping times and Y (n)
t is a submartingale,

Doob’s optional stopping result in 5.32 applies to yield that

E
[
Y

(n)
dj+1∧b(ω)− Y (n)

uj∧b(ω)
]
≥ 0.

Also, since Y (n)
uj∧b(ω)− Y (n)

dj∧b(ω) ≥ β − α when uj ≤ b :∑∞

j=1

[
Y

(n)
uj∧b(ω)− Y (n)

dj∧b(ω)
]
≥ (β − α)UF

(
0, β − α, Y (n)

t (ω)
)
.

Thus:

E
[
Y

(n)
b

]
≥ E

[
Y

(n)
0

]
+ (β − α)E

[
UF

(
0, β − α, Y (n)

t (ω)
)]
,

and by rearranging and substituting for Y (n)
t :

E
[
UF

(
0, β − α, Y (n)

t (ω)
)]

≤
E
[
(Xb − α+ 1/n)+]− E [(X0 − α+ 1/n)+]

β − α ((2))

≤
E
[
X+
b

]
+ |α|+ 1/n

β − α .
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The last step follows since E
[
(X0 − α+ 1/n)+] ≥ 0 and (Xb − α+ 1/n)+ ≤

X+
b + |α|+ 1/n.

Substituting (1) this obtains that for all n :

E [UF (α, β,Xt(ω))] ≤
E
[
X+
b

]
+ |α|+ 1/n

β − α ,

and thus for any finite set F :

E [UF (α, β,Xt(ω))] ≤
E
[
X+
b

]
+ |α|

β − α . ((3))

Next let I ⊂ [0, b) denote the set of rational numbers, say I = {tk}∞k=1,
and define FN = {tk}Nk=1. Then:

UI (α, β,Xt(ω)) = supN UFN (α, β,Xt(ω)) . ((4))

To prove this, note that UI (α, β,Xt(ω)) ≥ supN UFN (α, β,Xt(ω)) since the
upcrossings number is the supremum over all finite subsets of I, not just
over the given collections {FN}. On the other hand, if F ⊂ I is finite then
F ⊂ FN for some N, and thus UFN (α, β,Xt(ω)) ≥ UF (α, β,Xt(ω)) , and so
too for the supremum over all such F.

Given (3) and FN ⊂ FN+1, it follows that

UI (α, β,Xt(ω)) = limN→∞ UFN (α, β,Xt(ω)) .

As an increasing limit of nonnegative measurable functions, Lebesgue’s Monotone
Convergence theorem of book 5’s proposition 2.21 provides that:

E [UI (α, β,Xt(ω))] = limN→∞E [UFN (α, β,Xt(ω))] .

Thus:

E [UI (α, β,Xt(ω))] ≤
E
[
X+
b

]
+ |α|

β − α

since this bound is satisfied for all FN by (3).

Finally, as noted in remark 5.104 above,

U[0,b) (α, β,Xt(ω)) = UI (α, β,Xt(ω)) ,

and the theorem is proved.
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Remark 5.107 Beginning with (2) but without the simplification of the next
line presented, and then proceeding as in the remainder of the above proof
produces another commonly stated version of Doob’s upcrossing inequality:

E
[
U[0,b) (α, β,Xt(ω))

]
≤
E
[
(Xb − α)+]− E [(X0 − α)+]

β − α . (5.44)

With the aid of this result, we can now present the first convergence
result, addressing the question of a limiting random variable X∞ when Xt

is right continuous martingale with bounded positive part. This result will
be the basis of Doob’s submartingale and martingale convergence theorems
below.

Recall that as noted above, X+
t ≡ max(0, Xt) is analogous to the posi-

tive part of the function Xt as in book 5’s definition 2.36.

Proposition 5.108 Let Xt be right continuous submartingale on a proba-
bility space (S, σ(S),Σt(S), µ)u.c. with

sup
t≥0

E
[
X+
t

]
= K <∞.

Then
X∞(ω) ≡ lim

t→∞
Xt(ω)

exists for almost all ω ∈ S, and

E [|X∞|] <∞.

Proof. From 5.43 it follows that for any N ≥ 1 and real α < β that:

E
[
U[0,N) (α, β,Xt(ω))

]
≤
E
[
X+
N

]
+ |α|

β − α .

Lebesgue’s monotone convergence theorem of book 5’s proposition 2.21 ap-
plies since U[0,N) (α, β,Xt(ω)) is nonnegative and increasing with N, and
because E

[
X+
N

]
≤ K <∞ this obtains:

E
[
U[0,∞) (α, β,Xt(ω))

]
≤ K + |α|

β − α .

Hence for any α, β, the event Aα,β ≡ {ω|U[0,∞) (α, β,Xt(ω)) = ∞} has
µ-measure zero. This implies that A ≡

⋃
α,β Aα,β has µ-measure zero where

this union is over all rational α < β. But:

{ω| lim supt→∞Xt(ω) > lim inft→∞Xt(ω)} ⊂ A,
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and so X∞(ω) exists for almost all ω since:

lim supt→∞Xt(ω) = lim inft→∞Xt(ω) ≡ X∞(ω).

For the integrability of X∞, note that

E [|Xt|] = 2E
[
X+
t

]
− E [Xt] ≤ 2K − E [X0] .

This follows by assumption that E
[
X+
t

]
≤ K, and as a submartingale,

E [Xt] ≥ E [X0] . Hence since |Xt| → |X∞| µ-a.e., Fatou’s lemma of book
5’s proposition 2.18 applies:

E [|X∞|] ≤ lim inft→∞E [|Xt|] ≤ 2K − E [X0] .

Remark 5.109 (On boundedness) If Xt is an L1-bounded submartin-
gale, then it automatically satisfies the integrability requirement of this the-
orem because E

[
X+
t

]
≤ E [|Xt|] . On the other hand, the last steps of the

proof show that this implication is reversible. If Xt is a submartingale:

E [|Xt|] ≤ 2 supt≥0E
[
X+
t

]
− E [X0] ,

and so submartingales addressed by this theorem must be L1-bounded. So
while apparently stated in a more general way, this result requires L1-boundedness,
and many books state this version just that way.

Proposition 5.110 (Doob’s Submartingale Convergence theorem)
Let Xt be an Lp-bounded, right continuous submartingale on (S, σ(S),Σt(S), µ)u.c.
for p ≥ 1. Then X∞(ω) ≡ limt→∞Xt(ω) exists for almost all ω ∈ S and
E [|X∞|p] <∞.
Proof. In light of the above remark, the case p = 1 is addressed by propo-
sition 5.108. Since Lp-boundedness for p > 1 implies L1-boundedness by
proposition 5.99, there exists X∞ with E [|X∞|] < ∞ and Xt → X∞ µ-a.e.
Hence |Xt|p → |X∞|p µ-a.e., and so by Fatou’s lemma of book 5’s proposi-
tion 2.18 and Lp-boundedness:

E [|X∞|p] ≤ lim inft→∞E [|Xt|p] ≤ K <∞.
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Example 5.111 (On Lp-convergence) The above result proves that given
an Lp-bounded, right continuous submartingale Xt, that X∞ exists µ-a.e.,
and this X∞ has bounded pth moment and thus bounded Lp-norm. In other
words, with apparent notation:

Xt ∈ LBndp (S)⇒ X∞ ∈ Lp (S) .

But it is not necessarily the case that Xt → X∞ in Lp (S) , or even that
‖Xt‖Lp(S) → ‖X∞‖Lp(S) .

To see this, recall example 5.93 developed above with probability space
(S, σ(S), µ) = ([0, 1],B([0, 1]),mL), the integer-indexed filtration for n ≥ 0 :

Σn([0, 1]) = σ ([j/2n, (j + 1)/2n]) ,

and Mn(ω) = 2n on [0, 2−n] and 0 elsewhere. It was shown there that Mn(ω)
is a martingale, and since

∫
Mndx = 1, Mn(ω) is an L1-bounded martingale.

For this example, Mt → M∞ ≡ 0 for all ω ∈ (0, 1], which implies mL-a.e.,
and E [M∞] = 0 is bounded. But Mt 9 M∞ in L1([0, 1],B([0, 1]),mL),
since:

E [|Mn −M∞|] = E[Mn] = 1.

Further, it is apparent that ‖Mt‖Lp 9 ‖M∞‖Lp .

Looked at from the perspective of the above remark and corollary,Doob’s
submartingale convergence theorem states that an Lp-bounded, right
continuous submartingale Xt converges almost everywhere as t → ∞ to an
Lp-integrable random variable X∞. The above example shows that it need
not be the case that Xt → X∞ in Lp(S, σ(S), µ), which would require that
E [|Xt −X∞|p]→ 0.

The next result by Doob addresses L1(S, σ(S), µ) convergence for right
continuous martingales. It shows that L1-convergence is assured by uniform
integrability ofXt, and in this case, the processXt can be recovered from the
limiting variable X∞. In fact, these three properties are equivalent. Corol-
lary 1.116 then generalizes the convergence result to Lp(S, σ(S), µ) with
p > 1.

Proposition 5.112 (Doob’s Martingale Convergence theorem) LetMt

be right continuous martingale on (S, σ(S),Σt(S), µ)u.c.. Then the following
are equivalent:

1. There exists a random variable M∞ so that E [|Mt −M∞|] → 0 as
t→∞. In other words, Mt →M∞ in L1(S, σ(S), µ).
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2. There exists a random variable M∞ in L1(S, σ(S), µ) so that Mt =
E [M∞|Σt(S)] .

3. Mt is uniformly integrable.

Proof. 1 ⇒ 2 : For t ≥ 0, Mt is Σt(S)-measurable and also integrable as
a martingale, so left to prove for 2 is that E [MtχA] = E [M∞χA] for all
A ∈ Σt(S) (recall definition 5.19, book 6). Let s ≥ t, then since M is a
martingale this obtains Mt = E [Ms|Σt(S)] , and it follows by definition that
E [MtχA] = E [MsχA] for all A ∈ Σt(S). For such A, using this and 1:

E [(Mt −M∞)χA] = E [(Mt −Ms)χA] + E [(Ms −M∞)χA]

= E [(Ms −M∞)χA]

≤ E [|Ms −M∞|]
→ 0,

proving 2.
2⇒ 3 : We first show that given any L1 random variable, including M∞,

that for any ε > 0 there is a δ so that µ(A) < δ implies E [|M∞|χA] < ε. To
prove this let An ≡ A ∩ {|M∞| > n}, then:

E [|M∞|χA] ≤ E
[
|M∞|χAn

]
+ nµ(A)

≤ E
[
|M∞|χ{|M∞|>n}

]
+ nµ(A).

Choose n so that E
[
|M∞|χ{|M∞|>n}

]
< ε/2, which exists since M∞ is in-

tegrable. Then E [|M∞|χA] < ε for µ(A) < δ ≡ ε/2n.
Next, 2 and the triangle inequality for conditional expectations in book

6’s proposition 5.26 obtain that for any N :

E
[
|Mt|χ{|Mt|>N}

]
= E

[
|E [M∞|Σt(S)]|χ{|Mt|>N}

]
≤ E

[
E [|M∞| |Σt(S)]χ{|Mt|>N}

]
.

Since χ{|Mt|>n} is Σt(S)-measurable, the measurability and tower properties
of conditional expectations from that same proposition produce:

E
[
|Mt|χ{|Mt|>N}

]
≤ E

[
E
[
|M∞|χ{|Mt|>N}|Σt(S)

]]
= E

[
|M∞|χ{|Mt|>N}

]
.

Letting N = −1 say, so that {|Mt| > N} = S, obtains:

E [|Mt|] ≤ E [|M∞|] ((1))
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Given ε > 0, let δ be given by the first result for M∞. If there is a
N so that µ [{|Mt| > N}] < δ for all t, then the first result shows that

E
[
|Mt|χ{|Mt|>N}

]
< ε for all t, proving uniform integrability. That such a

N exists, first:

E [|Mt|] = E
[
|Mt|χ{|Mt|>N}

]
+ E

[
|Mt|χ{|Mt|≤N}

]
≥ Nµ [{|Mt| > N}] .

Thus from (∗) :

Nµ [{|Mt| > N}] ≤ E [|Mt|] ≤ E [|M∞|] .

Thus choose N so that E [|M∞|] /N ≤ δ.
3 ⇒ 1 : If Mt is uniformly integrable then it is L1-bounded by proposi-

tion 5.99, and hence by Doob’s submartingale convergence theorem there is
integrable M∞ with Mt →M∞ µ-a.e. For given N, define:

fN (x) =


N, x ≥ N,

X, |x| < N,

−N, x ≤ −N,

and note that:
|x− fN (x)| ≤ |x|χ{|x|≥N}. ((2))

Now

|Mt −M∞| ≤ |Mt − fN (Mt)|+ |fN (Mt)− fN (M∞)|+ |fN (M∞)−M∞| ,

and so by (2) :

E [|Mt −M∞|]

≤ E
[
|Mt|χ{|Mt|≥N}

]
+ E [|fN (Mt)− fN (M∞)|] + E

[
|M∞|χ{|M∞|≥N}

]
.

By uniform integrability of Mt, the first term can be made arbitrarily small
for all t by choosing N large enough, and the same is true of the third term
by integrability of M∞. For any fixed N, |fN (Mt)− fN (M∞)| → 0 µ-a.e.
follows from Mt →M∞ µ-a.e. The bounded convergence theorem of book 5’s
proposition 2.46 then obtains that E [|fN (Mt)− fN (M∞)|]→ 0. Combining
proves that E [|Mt −M∞|]→ 0.
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Exercise 5.113 By a modification of the 2⇒ 3 proof, show that if X ∈ L1,
then {E[X|G]} is uniformly integrable where {G} is any collection of sigma
algebras with G ⊂ F for fixed sigma algebra F . Hint: {E [M∞|Σt(S)]} is
such a collection.

Example 5.114 (The Doob Martingale, cont’d) A stochastic process
was introduced in 5.14 of example 5.30:

Ot ≡ E [O|Σt] ,

where O is an integrable random variable on a probability space (S, σ(S), µ)
with a given filtration {Σt}. It was there proved to be a martingale, called
Doob’s martingale. In example 5.100 this investigation was continued and
it was seen that in fact Ot was uniformly integrable if O is in Lp(S) for any
p > 1. But the case p = 1 could not be addressed with the approach taken
there.

Now with the aid of Doob’s Martingale Convergence theorem more is
possible. For integrable O, the martingale Ot is defined as in 2 of that result,
and thus by 3 it follows that Ot is uniformly integrable. Further, 1 obtains
that O = O∞ and E [|Ot −O∞|]→ 0 as t→∞.

In other words, for Doob’s martingale Ot → O∞ in L1(S, σ(S), µ).

Remark 5.115 By the triangle inequality in book 5’s proposition 2.40, and
because for a, b real:

||a| − |b|| ≤ |a− b| ,

it follows that:

|E [|Mt|]− E [|M∞|]| ≤ E [||Mt| − |M∞||] ≤ E [|Mt −M∞|] .

Hence E [|Mt −M∞|] → 0 in the above proposition implies that E [|Mt|] →
E [|M∞|] .

The following corollary generalizes the above result of proposition 5.112
and this observation for p > 1. See corollary 5.119 below for an additional
observation between Mt and M∞ which generalizes 2 of proposition 5.112.

Corollary 5.116 (Doob’s Martingale Convergence theorem) For p ≥
1 letMt be a right continuous, Lp-bounded martingale on (S, σ(S),Σt(S), µ)u.c.,
and if p = 1 also uniformly integrable. Then there exists an random variable
M∞ ∈ Lp so that:

1. Mt →M∞ µ-a.e. and in Lp,
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2. supt≥0E [|Mt|p] = limt→∞E [|Mt|p] = E [|M∞|p] .

Proof. By Doob’s submartingale convergence theorem of proposition 5.110
above, Lp-bounded implies the existence of M∞ so that Mt → M∞ µ-a.e.
Since the case of L1-convergence is proved by proposition 5.112, assume
p > 1. Now by the triangle inequality:

|Mt −M∞|p ≤
[
2 sup

0≤t
|Mt|

]p
,

and
[
2 sup0≤t |Mt|

]p is integrable by 5.40. Lebesgue’s dominated convergence
theorem of book 5’s proposition 2.43 now obtains that E [|Mt −M∞|p]→ 0,
proving 1 for p > 1.

For 2, first note that E [|Mt|p] is increasing in t. For letting t ≥ s applying
the tower property of conditional expectations and Jensen’s inequality (both
from proposition 5.26, book 6) yields:

E [|Ms|p] = E [|E [Mt|Σs(S)]|p]
≤ E [E [|Mt|p |Σs(S)]]

= E [|Mt|p] .

So the supremum and limit in 2 agree.
The second equality in 2 follows from proposition 4.20 of book 5, that

convergence in Lp for 1 ≤ p <∞ implies convergence of norms.

5.8 Doob’s Optional Stopping Theorem 2

As noted in remark 5.86 following the first version of Doob’s optional
stopping theorem above, Doob’s martingale convergence theory can be
applied to yield a broader statement. The following version eliminates the
requirement of almost certain boundedness of T and T ′, and achieves the
desired result with the assumption of uniform integrability. As seen above,
uniform integrability assures the existence and integrability of M∞ by
proposition 5.112.

Proposition 5.117 (Doob’s Optional Stopping theorem 2) LetMt be
a uniformly integrable, right continuous martingale on (S, σ(S),Σt(S), µ)u.c.,
and T, T ′ stopping times with T ≤ T ′. Then with M∞ defined in Doob’s
martingale convergence theorem,

MT = E [MT ′ |ΣT (S)] = E [M∞|ΣT (S)] , µ-a.e. (5.45)
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Proof. We prove that

MT = E [M∞|ΣT (S)] µ-a.e. ((*))

The other identity in 5.45 then follows by the tower property of conditional
expectations (proposition 5.26, book 6). Specifically, by 4 of proposition 5.61,
T ≤ T ′ implies that ΣT ⊂ ΣT ′ , and thus:

E [MT ′ |ΣT ] = E [E [M∞|ΣT ′ ] |ΣT ] = E [M∞|ΣT ] = MT .

Starting with a special case of (∗), assume that T is finite valued with
values 0 = t0 < t1 < · · · < tn ≤ ∞. Then with B0 ≡ {0} and Bj ≡
T−1([tj−1, tj)) for j ≥ 1, note that Bj ∈ Σtj by 1 of proposition 5.60 and:

MT =
∑n

j=0
MtjχBj .

By definition of ΣT , if A ∈ ΣT then χBjχA = χBj∩A ∈ Σtj . Since Mtj =

E
[
M∞|Σtj

]
by Doob’s martingale convergence theorem, the measurability

and tower properties if conditional expectations obtain for A ∈ ΣT :∫
A
MTdµ = E

[(∑n

j=0
MtjχBj

)
χA

]
=
∑n

j=0
E
[
E
[
M∞|Σtj

]
χBj∩A

]
=
∑n

j=0
E
[
E
[
χBj∩AM∞|Σtj

]]
=
∑n

j=0
E
[
M∞χBj∩A

]
=

∫
A
M∞dµ.

As MT is ΣT -measurable on the set {T < ∞} by proposition 5.67, (∗) is
true for finite valued T.

In the general case, let Tn be the decreasing sequence of finite valued
stopping times defined in proposition 5.57 by:

Tn =

 ∞, T ≥ n,

m2−n, (m− 1)2−n ≤ T < m2−n,

where m is any integer with m < n2n. By the above special case result,
MTn = E [M∞|ΣTn ] µ-a.e. for each n. Since T ≤ Tn implies that ΣT ⊂
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ΣTn by 4 of proposition 5.61, this identity can be conditioned on ΣT and
with the tower property it is derived that E [MTn |ΣT ] = E [M∞|ΣT ] . Hence:∫

A
MTndµ =

∫
A
M∞dµ,

for all A ∈ ΣT , and so for such A :∣∣∣∣∫
A
MTdµ−

∫
A
M∞dµ

∣∣∣∣ =

∣∣∣∣∫
A
MTdµ−

∫
A
MTndµ

∣∣∣∣ ≤ ‖MT −MTn‖L1 .

By right continuity of M, MTn → MT for almost all ω, and by exercise
5.113, {MTn} = {E [M∞|ΣTn ]} is uniformly integrable.

The following exercise then assures that ‖MT −MTn‖L1 → 0, and com-
pletes the proof.

Exercise 5.118 Show that if fn → f pointwise almost everywhere with
f ∈ L1, and {fn} is uniformly integrable, then fn → f in L1, meaning that
‖fn − f‖L1 → 0. Hint: Recall fN (x) in the proof of proposition 5.112 and
its application.

Corollary 5.119 (Doob’s Martingale Convergence theorem) For p ≥
1 letMt be a right continuous, Lp-bounded martingale on (S, σ(S),Σt(S), µ)u.c.,
and if p = 1 also uniformly integrable. Then there exists a random variable
M∞ ∈ Lp so that for all t :

Mt = E [M∞|Σt(S)] , µ-a.e. (5.46)

Proof. By Doob’s martingale convergence theorem of corollary 5.116, there
exists M∞ ∈ Lp(S) so that Mt → M∞ µ-a.e. and in Lp(S). Because Mt is
uniformly integrable by assumption for p = 1 or by proposition 5.99 other-
wise, Doob’s optional stopping theorem 2 applies with stopping time T ≡ t
to obtain 5.46, recalling that ΣT (S) = Σt(S) by exercise 5.56.

5.8.1 An L2-Bounded Result

While the results of this section are quite interesting independently, there
is a specific application of these results that will be made in book 8 in the
section Stochastic Integrals w.r.t. Continuous L2-Bounded Martingales.
For background, review the book 5 introduction to Hilbert spaces,
named for David Hilbert (1862 —1943).
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Definition 5.120 M2 denotes the space of continuous, L2-bounded martin-
gales on (S, σ(S),Σt(S), µ)u.c. with M0 = 0, where we identify martingales
Mt and M ′t if M∞ = M ′∞ µ-a.e.

Remark 5.121 Recalling the remark 4.12 in book 5 section, M2 is not
actually a space of martingales but rather a space of equivalence classes
of martingales. The statement that we "identify" martingales Mt and M ′t
if M∞ = M ′∞ µ-a.e. means that in this case, Mt and M ′t are in the same
equivalence class.

In book 5, these equivalence classes appear to be defined a bit differ-
ently. There we said that f and f ′ defined on a measure space X are in
the same equivalence class if f = f ′ µ-a.e. Now if Mt is a continuous, L2-
bounded martingale on (S, σ(S),Σt(S), µ)u.c., then by corollary 5.119 there
exists M∞ ∈ L2(S) so that Mt = E [M∞|Σt(S)] µ-a.e. Thus if M∞ = M ′∞
µ-a.e., it is an exercise to show that for each t that Mt = M ′t µ-a.e. Because
there are uncountable many such t, in general one cannot simply union these
exceptional sets to justify that Mt = M ′t for all t, µ-a.e.

In this case, there is a single exceptional set of µ-measure 0, and that
is the exceptional set that distinguishes M∞ and M ′∞. Thus if M∞ = M ′∞
µ-a.e., then µ-a.e., Mt = M ′t for all t. Recalling definition 5.10, Mt and M ′t
are in the same equivalence class if they are indistinguishable.

Proposition 5.122 M2 is a Hilbert space under the norm defined on M ∈
M2 by:

‖M‖2 ≡ ‖M∞‖L2 =
(
E
[
|M∞|2

])1/2
. (5.47)

Proof. ForM2 to be a Hilbert space requires several demonstrations. First,
that it is a vector space over R by book 5’s definition 4.1, and that ‖M‖2
defined in 5.47 is a norm by that book’s definition 4.3. That there exists an
inner product on this space by that book’s definition 4.23 that is compatible
with this norm follows by defining for M, M ′ ∈M2 :(

M,M ′
)

= E
[
M∞M

′
∞
]
.

This definition satisfies the various linear properties of an inner product, as
well as the norm connection: (M,M) = ‖M‖22 . Details of these derivations
are left as an exercise.

The remaining detail for this result is to prove that M2 is complete
under the above norm. That is, it must be proved that if {M (n)} ⊂ M2 is
a Cauchy sequence of continuous L2-bounded martingales under the norm
defined on M2 in 5.47, that there exists M ∈ M2 with

∥∥M (n) −M
∥∥

2
→ 0.
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To this end, let H2(µ) denote the Hilbert space of square integrable random
variables defined on (S, σ(S), µ), denoted {M∞}, with the usual L2-norm as
defined on the right in 5.47.

If {M (n)} ⊂ M2 is a Cauchy sequence, then by definition of M2 it
follows that the associated limiting variables {M (n)

∞ } is a Cauchy sequence.
As such {M (n)

∞ } ⊂ H2(µ) and H2(µ) is complete, there exists M∞ ∈ H2(µ)

so that
∥∥∥M (n)
∞ −M∞

∥∥∥
L2
→ 0. The proof is complete if it can be shown that

for anyM∞ ∈ H2(µ), thatM defined byMt ≡ E [M∞|Σt(S)] is a continuous
(µ-a.e.), L2-bounded martingale, and thus Mt ∈ M2. This then will prove
that M (n) →M inM2 by definition, and thusM2 is complete.

First, E [|Mt|] < ∞ for all t by an application of the triangle inequality
and tower property of conditional expectations (proposition 5.26, book 6),
and then Hölder’s inequality (proposition 3.46, book 4):

E [|Mt|] ≤ E [E [|M∞| |Σt(S)]]

= E [|M∞|]
≤ ‖M∞‖L2 .

Also, Mt is a martingale by the tower property, since for t ≥ s :

E [Mt|Σs] = E [E [M∞|Σt(S)] |Σs] = E [M∞|Σs] = Ms.

and is L2-bounded by Jensen’s inequality and the tower property:

E
[
|Mt|2

]
≤ E

[
E
[
|M∞|2 |Σt(S)

]]
= E

[
|M∞|2

]
.

Finally, Mt is continuous in t, µ-a.e. First, M
(n)
t −Mt is L2-bounded for

each n by Minkowski’s inequality (proposition 4.15, book 5). So 2 of Doob’s
martingale convergence theorem of corollary 5.116 yields:

sup
t≥0

E

[∣∣∣M (n)
t −Mt

∣∣∣2] = E

[∣∣∣M (n)
∞ −M∞

∣∣∣2] .
Since M (n)

∞ →M∞ in H2(µ), this supremum converges to 0 as n→∞. But
then by 5.40:

E

[(
sup
t≥0

∣∣∣M (n)
t −Mt

∣∣∣)2
]
≤ 4 sup

t≥0
E

[∣∣∣M (n)
t −Mt

∣∣∣2]→ 0.

Thus it follows that supt≥0

∣∣∣M (n)
t −Mt

∣∣∣→ 0 µ-a.e. as n→∞.
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Finally, choose {nk}∞k=1 so that supt≥0

∣∣∣M (nk)
t −Mt

∣∣∣ ≤ 1/k µ-a.e. This
shows that Mt is the uniform limit of continuous functions for almost all ω,
and is hence continuous µ-a.e.

5.9 Identifying Martingales

While it is important to know the properties that martingales satisfy
beyond those specified in definition 5.22, often it is also important to be
able to verify that a given process is a martingale. Of course such
verification is sometimes possible using the definitional criteria directly,
but in this section we identify alternative suffi cient conditions for the same
conclusion. These suffi cient conditions can be seen as converses to Doob’s
optional stopping theorem 1 of propositions 5.80 and 5.84.

These propositions assume thatMt is a martingale defined on the filtered
probability space (S, σ(S),Σt(S), µ)u.c., and thus has a µ-a.e. càdlàg mod-
ification by Doob’s regularization theorem of corollary 5.41, that M0 = 0,
and that T is stopping time that is bounded µ-a.e. Then by 5.36:

E
[
MT
t

]
= 0, for all t,

and by 5.31:
E [MT ] = 0.

Thus the following result states that these criteria are also suffi cient to
confirm that a given right continuous, adapted process Xt is a martingale,
assuming integrability of Xt in the first case.

Remark 5.123 The following result is also applicable when the assumption
that X0 = 0 is not satisfied. Whether a constant or random variable, we can
apply this result to X ′t ≡ Xt − X0. Then if either of the following criteria
are satisfied with X ′t, it follows that Xt equals a martingale plus the random
variable X0, and this may be adequate for the application in hand.

In the case where X0 is an integrable random variable, this is equivalent
to demonstrating that E

[
XT
t

]
= E [X0] in part 1, and E [XT ] = E [X0] in

part 2.

Proposition 5.124 Let Xt be a right continuous process adapted to the
filtered probability space (S, σ(S),Σt(S), µ)u.c. with X0 = 0. Then Xt is a
martingale if either of the following conditions are satisfied:
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1. If Xt is integrable for all t and for any bounded stopping time T :

E
[
XT
t

]
= 0,

for all t.

2. If XT is integrable for any bounded stopping time T and:

E [XT ] = 0.

Proof.

1. Since Xt is adapted and assumed integrable for all t, only the mar-
tingale property need be addressed. This property will be proved using
5.10, that for t ≥ s, E [XtχA] = E [XsχA] for all A ∈ Σs(S). To this
end, given such A define T = tχA′ + sχA, where A

′ ≡ Ã. That T is
a stopping time is left as an exercise, while it is apparent that T is
bounded by t. By assumption, for all r :

0 = E[XT
r ] = E[Xr∧tχA′ ] + E[Xr∧sχA].

But T ′ = tχA′ + tχA is also a bounded stopping time, so again:

0 = E[XT ′
r ] = E[Xr∧tχA′ ] + E[Xr∧tχA].

Now Xr∧t ≡ Xmin[r,t] is integrable since:

E [|Xr∧t|] ≤ E [|Xr|] + E [|Xt|] .

Thus comparing results, subtraction is justified and it follows that
E [Xr∧tχA] = E [Xr∧sχA] for all r. Taking r > max[s, t] completes
the proof.

2. By assumption Xt is adapted, and defining T ≡ t it is integrable for
all t, so again only the martingale property need be addressed. This
property will be proved as in part 1, that for t ≥ s and A ∈ Σs(S), that
E [XtχA] = E [XsχA] . To this end, defining T and T ′ as above:

0 = E[XT ] = E[XtχA′ ] + E[XsχA],

and
0 = E[XT ′ ] = E[XtχÃ] + E[XtχA].

Again from the integrability of Xt, E [XtχA] = E [XsχA] by subtrac-
tion.



Chapter 6

Variation of Stochastic
Processes

The next investigation into local martingales that will be needed for the
integration theory of book 8 relates to the notion of quadratic variation,
which was introduced in definition 2.84. One key result that will be
developed is that like Brownian motion, continuous local martingales do
not have bounded variation over compact intervals, but do have finite
quadratic variation for almost all ω ∈ S. As will be seen in book 8, this will
be enough to develop an integration theory with local martingales as
integrators that circumvents the limitation of book 3’s proposition 4.52.
We will also investigate variation of semimartingales, to be defined below,
and covariation of processes.

In this chapter, we will again use the restriction seen in section 2.2.4
results that the mesh size δn of 2.87 satisfies δn → 0. By definition 2.84, we
are therefore investigating weak absolute variation and weak quadratic
variation of stochastic processes.

6.1 Absolute Variation of Continuous Local Mar-
tingales

The first result demonstrates that proposition 2.87 generalizes
substantially. That Brownian motion has unbounded weak absolute
variation on every compact interval with probability 1 is not the exception
among martingales, but in fact the rule for any continuous local martingale
that is "interesting." Here we informally define a local martingale as
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"interesting" on an interval if it is not pathwise constant on this interval
with probability 1. This is admittedly a very low bar for interest.

Proposition 6.1 Let Mt be a continuous local martingale defined on a fil-
tered probability space (S, σ(S),Σt(S), µ)u.c.. Then Mt has bounded weak
absolute variation on a compact interval [a, b] with probability 1 if and only
if Mt is constant on this interval with probability 1.
Proof. It is apparent that a local martingale that is constant on [a, b] with
probability 1 has bounded weak absolute variation on this interval, in fact
v1(M) = 0 with probability 1, so we need only address the "only if" state-
ment. As is often the case, it is the martingale result that requires most of
the work, so we defer that momentarily, assume that the proposition is true
in this case, and prove the local martingale statement first.

To this end, assume that v1(M) <∞ on [a, b] for a continuous local mar-
tingale Mt. Let {Tm} be a localizing sequence for Mt, and thus χTm>0M

Tm
t

is a continuous martingale for each m. Given partitions of [a, b], where
a = t0 < t1... < tn = b (see notation 6.4):

v1(χTm>0M
Tm
t ) ≡ lim

δn→0

∑n

i=1

∣∣∣χTm>0M
Tm
ti
− χTm>0M

Tm
ti−1

∣∣∣
≤ lim

δn→0

∑n

i=1

∣∣∣MTm
ti
−MTm

ti−1

∣∣∣ .
Now for any ω ∈ S, each of these summations is 0 if Tm(ω) ≤ a, while if
Tm(ω) ≥ b then:

lim
δn→0

∑n

i=1

∣∣∣MTm
ti
−MTm

ti−1

∣∣∣ = lim
δn→0

∑n

i=1

∣∣Mti −Mti−1

∣∣ .
If a < Tm(ω) < b, then for each n there exists jm so that tjm < Tm(ω) <
tjm+1, and so:

lim
δn→0

∑n

i=1

∣∣∣MTm
ti
−MTm

ti−1

∣∣∣ = lim
δn→0

∑jm+1

i=1

∣∣Mti −Mti−1

∣∣
≤ lim

δn→0

∑n

i=1

∣∣Mti −Mti−1

∣∣ .
Thus v1(M) <∞ on [a, b] implies that v1(χTm>0M

Tm
t ) <∞ for each m. By

our assumption that the proposition is valid for continuous martingales, it
follows that for each m, χTm>0M

Tm
t is constant on [a, b] with probability 1.

Intersecting sets obtains that with probability 1, χTm>0M
Tm
t is constant on

[a, b] for all m. But Tm →∞ with probability 1, and since χTm>0M
Tm
t = Mt

on [a, b] with probability 1 once Tm(ω) ≥ b, this completes the proof.
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In the general case of a continuous martingale M̃t on (S, σ(S), Σ̃t(S), µ)u.c.
with M̃a not identically 0, define Mt = M̃t+a −M̃a and note that by exer-
cise 5.26 that Mt is a continuous martingale on the filtered probability space
(S, σ(S),Σt(S), µ)u.c. with Σt(S) ≡ Σ̃t+a(S). That is, Mt is adapted by def-
inition and integrable by the triangle inequality, and for t > s :

E [Mt|Σs(S)] = E
[
M̃t+a − M̃a|Σ̃s+a(S)

]
= M̃s+a − M̃a = Ms.

Here E
[
M̃a|Σ̃s+a(S)

]
= M̃a follows by book 6’s proposition 5.26 and the

observation that M̃a is Σ̃s+a(S)-measurable.
By definition, the weak absolute variation of M̃t on [a, b] equals the weak

absolute variation of Mt on [0, b − a]. Further, M̃t is constant µ-a.e. on
[a, b] if and only if Mt is constant µ-a.e. on [0, b − a]. Thus for the only if
statement it is enough to prove that if a continuous martingale with M0 =
0 has bounded weak absolute variation on a compact interval [0, b] µ-a.e.,
then Mt = 0 for all t in an interval [0, b] with probability 1.

Given such a continuous martingale Mt, let vt1[ω] denote the weak ab-
solute variation of Mt (ω) on [0, t]. Then µ-a.e., vt1[ω] ≡ vt1[M(ω)] is finite
for all t ≤ b since vt1[ω] ≤ vb1[ω] for all ω. Also µ-a.e., vt1[ω] is continuous in
t since on such a set both Mt is continuous and vt1[ω] is finite. Finally, vt1 is
an adapted process on (S, σ(S),Σt(S), µ)u.c.. To prove Σt(S)-measurability,
recall definition 2.84:

vt1(ω) ≡ lim
δn→0

∑n

i=1

∣∣Mti(ω)−Mti−1(ω)
∣∣ ,

where 0 = t0 < t1 · · · < tn = t and δn ≡ max1≤i≤n{ti − ti−1}. Now each
term

∣∣Mti(ω)−Mti−1(ω)
∣∣ is Σti(S)-measurable by definition, and thus each

summation is Σt(S)-measurable since Σti(S) ⊂ Σt(S). Measurability of the
limit, which exists µ-a.e., is book 5’s corollary 1.10 recalling that Σt(S) is
complete.

For N ∈ N define TN = inf{t ≤ b|vt1[ω] ≥ N} and note that TN is
a stopping time by 5 of proposition 5.60. Hence Mt∧TN is a continuous
martingale relative to the filtration {Σt(S)} by proposition 5.84 and bounded
with |Mt∧TN | ≤ N. Given the partition 0 = t0 < t1 · · · < tn = b, then:

E
[
M2
b∧TN

]
=
∑n−1

j=0
E
[
M2
tj+1∧TN −M

2
tj∧TN

]
.

Using that Mt∧TN is a martingale, and the linearity and measurability prop-



330 CHAPTER 6 VARIATION OF STOCHASTIC PROCESSES

erties of conditional expectations (proposition 5.26, book 6) yields:

E
[(
Mtj+1∧TN −Mtj∧TN

)2 |Σtj (S)
]

= E
[
M2
tj+1∧TN |Σtj (S)

]
− 2Mtj∧TNE

[
Mtj+1∧TN |Σtj (S)

]
+M2

tj∧TNE
[
1|Σtj (S)

]
= E

[
M2
tj+1∧TN |Σtj (S)

]
−M2

tj∧TN

= E
[(
M2
tj+1∧TN −M

2
tj∧TN

)
|Σtj (S)

]
.

Taking conditional expectations relative to F ≡ {∅,S}, the tower property of
conditional expectations and book 6’s exercise 5.22 obtains:

E
[(
Mtj+1∧TN −Mtj∧TN

)2]
= E

[
M2
tj+1∧TN −M

2
tj∧TN

]
,

and by summation:

E
[
M2
b∧TN

]
= E

[∑n−1

j=0

(
Mtj+1∧TN −Mtj∧TN

)2]
.

Now ∑n−1

j=0

(
Mtj+1∧TN −Mtj∧TN

)2
≤ supj

∣∣Mtj+1∧TN −Mtj∧TN
∣∣∑n−1

j=0

∣∣Mtj+1∧TN −Mtj∧TN
∣∣

≤ vb1[Mt∧TN (ω)] supj
∣∣Mtj+1∧TN −Mtj∧TN

∣∣ .
Now vb1[Mt∧TN (ω)] ≤ N on [0, b] by definition of TN , so follows that:

E
[
M2
b∧TN

]
≤ NE

[
supj

∣∣Mtj+1∧TN −Mtj∧TN
∣∣] .

By continuity, supj
∣∣Mtj+1∧TN −Mtj∧TN

∣∣ → 0 pointwise µ-a.e. as δn → 0.
Also supj

∣∣Mtj+1∧TN −Mtj∧TN
∣∣ ≤ 2N, so the bounded convergence theorem

of book 5’s proposition 2.46 obtains that E
[
supj

∣∣Mtj+1∧TN −Mtj∧TN
∣∣]→ 0.

Consequently, E
[
M2
b∧TN

]
= 0 and thus Mb∧TN = 0 with probability 1.

By the same argument, E
[
M2
q∧TN

]
= 0 and thus Mq∧TN = 0 with proba-

bility 1 for any rational q ∈ [0, b]. HenceMq∧TN = 0 for all rationals q ∈ [0, b]
with probability 1, and so by continuity,Mt∧TN = 0 for all t ∈ [0, b] with prob-
ability 1. Finally, for any ω in the probability 1 set with both Mt∧TN (ω) = 0
for all t ∈ [0, b] and vb1 (ω) < ∞, choose N > vb1 (ω) so that Mt∧TN = Mt,
and the result follows.
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6.2 Quadratic Variation of Bounded Continuous
Martingales

The first result below on quadratic variation is a special case of a very
general result called the Doob-Meyer decomposition theorem, named
for J. L. Doob (1910 —2004) who proved this result in 1953 for discrete
time martingales (the Doob Decomposition theorem), and
Paul-André Meyer (1934 —2003) who generalized the result to
continuous time martingales in 1962-3. The following proposition is a
limited statement of this result, but adequate for our purposes.

The more general statement applies to local submartingales (local
supermartingales) defined on the probability space (S, σ(S),Σt(S), µ)u.c..
Such processes are defined as are local martingales except that if {Tn} is the
given localizing sequence for Xt, we require that X

Tn
t is a submartingale

(supermartingale) with respect to Σt(S) for all n. In other words, for t ≥
s, E

[
XTn
t |Σs

]
≥ XTn

s , respectively, E
[
XTn
t |Σs

]
≤ XTn

s , rather than the

martingale condition of equality.
Recalling that càdlàg means "right continuous with left limits,"

this general decomposition theorem states that a càdlàg local submartingale
Xt with X0 = 0 has a unique decomposition Xt = Mt + At, where At is a
unique, almost surely increasing, predictable process with A0 = 0, andMt is
a local martingale. For a càdlàg local supermartingale Xt with X0 = 0, the
same theorem applies but where At is a unique, almost surely decreasing,
predictable process with A0 = 0. When Xt is continuous, so too are the
component parts.

The special case of this general result that we study is the case ofM2
t for

a continuous local martingaleMt. ThatM2
t is a continuous local submartin-

gale is a result of Jensen’s inequality as noted in example 5.28, from which

we conclude that if integrable,
(
MTn
t

)2
is a submartingale for all n. Integra-

bility can be assured by choosing the localizing sequence with proposition

5.75, to bound MTn
t . But

(
MTn
t

)2
=
(
M2
t

)Tn , and so if Mt is a continuous

local martingale, thenM2
t is a continuous local submartingale with the same

localizing sequence.
We develop this special case in two parts, the first focusing on bounded

continuous martingales, and even in this special case the proof requires many
steps. The second part will extend the result to continuous local martingales.
This proof is a good example of the point made earlier that results for local
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martingales can often be achieved with nearly the same approach and effort
as those for martingales. In the current context, the first step would be the
same, namely restricting the result to bounded continuous martingales. To
prove the second step we would then need to stop the martingale to bound
it so that the first step applied. But it is then the case that we could have
equally well stopped a local martingale to achieve a bounded martingale.
Hence, the second step gives the local martingale result almost for free.

For the statement of these results we need to introduce an approximating
sequence for the quadratic variation, v2(M), defined as a process on S. Note
that as in the above proof for vt1[ω], that as a quadratic expression in a finite
number of Xt variables for t ≤ s, that the process Q∆n

s (M) below is adapted
to {Σs(S)}, and also is a continuous function of s for any ω ∈ S for which
Xt (ω) is continuous.

Definition 6.2 (Quadratic variation process) Let Xt be a process adapted
to the filtered probability space (S, σ(S),Σt(S), µ)u.c.. Given a finite or infi-
nite partition ∆n ≡ {tn}∞n=0 of [0,∞) with no accumulation points:

0 = t0 < t1 · · · < tn < · · ·

let δn ≡ maxi{ti − ti−1} and i(t) ≡ max{i| ti ≤ t}. Define the finite
quadratic variation process Q∆n

t (X) by:

Q∆n
t (X) =

∑i(t)

i=1

(
Xti −Xti−1

)2
+
(
Xt −Xti(t)

)2
. (6.1)

When tracking i(t) is unimportant, this can be more effi ciently denoted:

Q∆n
t (X) ≡

∑∞

i=1

(
Xti∧t −Xti−1∧t

)2
.

When it exists, the quadratic variation process associated with
Mt, denoted 〈M〉t , is a process defined on (S, σ(S),Σt(S), µ)u.c. such that
as δn → 0 :

Q∆n
t (X)→P 〈M〉t (6.2)

for every t.

Remark 6.3 Note that if we fix t and consider partitions ∆n of [0, t], that
Q∆n
t (X) as defined above is identical to the summation in 2.88, and thus

limits of Q∆n
t (X) as δn → 0 produce v2(X), the weak quadratic variation

of X. The generalization contemplated here is that we do not fix t, and
instead consider this summation as a process evolving with t, and then study
properties of the limiting process as δn → 0.
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As noted above, Q∆n
t (M) is a continuous function of t for any ω ∈ S for

which Xt (ω) is continuous. Thus if Xt is continuous with probability 1, then
Q∆n
t (X) is continuous with probability 1.

The notion of convergence in probability noted in 6.2 was originally intro-
duced in definition 5.11 of book 2, though has reappeared often. The process
〈M〉t introduced there is also called the variance process associated with
Mt, or the increasing process associated with Mt, and commonly de-
noted 〈M〉t , [M ]t , or 〈M,M〉t , among others.

Most of the hard work required to prove the special case of the Doob-
Meyer decomposition theorem for continuous local martingales is in fact
needed for the even more special case of bounded continuous martingales
as seen in the following proof. But note that an immediate and important
corollary of this result is a recipe for calculating 〈M〉t , as an L2-limit of
Q∆n
t (M) using any sequence of partitions with δn → 0.

Notation 6.4 To avoid overly cumbersome notation, we allow some nota-
tional ambiguity that partitions are defined based only on subscripts. More
formally, for each n a partition of [0,∞) is defined as an increasing collec-

tion
{
t
(n)
m

}∞
m=0

with t(n)
0 = 0, and with mesh size defined:

δn = sup
m

{
t(n)
m − t

(n)
m−1

}
.

Given t, any such partition can be modified by the addition of t and then
notationally, this becomes a partition of [0, t] as in definition 2.84. That the
addition of such a point is harmless follows by continuity and the fact that

with probability 1,
(
Mt −Mt

(n)
m

)2
→ 0 as δn → 0.

To avoid this notational complexity, we will often just say that the parti-
tion is given for [0, t] as in definition 2.84, using only subscripts, and noting
that {ti}ni=0 and {ti}

n+1
i=0 will be successive partitions with t0 = 0 and the

last ti equal to t, but otherwise with no implication that these are the same
points. Indeed, the requirement that δn ≡ maxi{ti − ti−1} → 0 assures that
these points must vary with n.

The first result shows that a bounded continuous martingale has a well
defined quadratic variation process.

Proposition 6.5 (Doob-Meyer Decomposition theorem 1) LetMt be
a bounded continuous martingale defined relative to the filtered probability
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space (S, σ(S),Σt(S), µ)u.c., where by bounded is meant that |Mt| ≤ C <∞
for all t. Then there is a unique continuous, increasing, adapted process 〈M〉t
with 〈M〉0 = 0, so that M2

t − 〈M〉t is a continuous martingale . In other
words:

M2
t = 〈M〉t +M ′t , (6.3)

where M ′t is a continuous martingale (Note: with M
′
0 = M2

0 ).
For every t and sequence of subdivisions of [0,∞) with δn → 0, 〈M〉t is

the limit in L2(S, σ(S), µ) of {Q∆n
t (M)} :∥∥∥Q∆n

t (M)− 〈M〉t
∥∥∥
L2
→ 0, (6.4)

and thus:
Q∆n
t (M)→P 〈M〉t . (6.5)

Proof. The proof will be split into a series of steps. Before turning to the
details, the reader is encouraged to first review the substatements to get a
sense of the logic flow of the proof.

1. If there exists 〈M〉t with 〈M〉0 = 0 such that M2
t − 〈M〉t is a

continuous martingale, then 〈M〉t is unique with probability 1.
Arguing by contradiction, if there exists two such processes 〈M〉t and

〈M〉′t , then by subtraction 〈M〉t − 〈M〉
′
t is a continuous martingale that

vanishes at t = 0. Further, as a difference of increasing functions it has
bounded strong absolute variation over any compact interval by book 3’s
proposition 3.27. As bounded strong absolute variation implies bounded weak
absolute variation, 〈M〉t − 〈M〉

′
t is pathwise constant over any compact in-

terval [n, n + 1] with probability 1 by proposition 6.1. Thus by intersection
of such probability 1 sets, 〈M〉t−〈M〉

′
t is pathwise constant over [0,∞) with

probability 1. In other words, 〈M〉t − 〈M〉
′
t = 0 for all t with probability 1.

2. For any partition, 0 = t0 < t1 · · · < tm < · · · with tm → ∞,
M2
t −Q∆n

t (M) is a continuous martingale.
Since M2

t −Q∆n
t (M) is Σt-measurable by construction, we next consider

integrability. For all i :

E
[(
Mti −Mti−1

)2] ≤ E [(|Mti |+
∣∣Mti−1

∣∣)2] <∞,
since |Mt| is bounded by assumption, and thus E

[
Q∆n
t (M)

]
<∞. Then for

all t :
E
[∣∣∣M2

t −Q∆n
t (M)

∣∣∣] ≤ E [M2
t

]
+ E

[
Q∆n
t (M)

]
<∞,

and so M2
t −Q∆n

t (M) is integrable for all t.
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For the martingale condition, let t ≥ s. Since Q∆n
s (M) is Σs-measurable,

the measurability property of conditional expectations of book 6’s proposition
5.26 obtains:

E
[
M2
t −Q∆n

t (M)|Σs

]
= E

[
M2
t |Σs

]
−Q∆n

s (M)−E
[
Q∆n
t (M)−Q∆n

s (M)|Σs

]
.

The martingale property then follows if it can be proved that

E
[
Q∆n
t (M)−Q∆n

s (M)|Σs

]
= E

[
M2
t |Σs

]
−M2

s . ((1))

If ti ≤ s ≤ t < ti+1, then i(t) = i(s) = ti, and thus:

Q∆n
t (M)−Q∆n

s (M) = (Mt −Mti)
2 − (Ms −Mti)

2

= M2
t −M2

s − 2Mti (Mt −Ms) .

The result in (1) follows in this case because Mti is Σs-measurable, so
the measurability property of conditional expectations applies, and because
E [Mt −Ms|Σs] = 0 since M is a martingale. In detail:

E
[
Q∆n
t (M)−Q∆n

s (M)|Σs

]
= E

[
M2
t |Σs

]
−M2

sE [1|Σs]− 2MtiE [Mt −Ms|Σs]

= E
[
M2
t |Σs

]
−M2

s .

It is left to prove as an exercise that the same result is obtained if ti ≤ s <
ti+1 ≤ t, or, ti ≤ s < ti+1 and tj ≤ t < tj+1 where j > i+ 1.

Finally, continuity follows since both Mt and Q
∆n
t (M) are continuous,

by assumption and by remark 6.3, respectively.
3. Corollary: Given any partition as in 2, if t ≥ s :

E
[
Q∆n
t (M)−Q∆n

s (M)|Σs

]
= E

[
M2
t −M2

s |Σs

]
((2))

= E
[
(Mt −Ms)

2 |Σs

]
.

Applying the measurability property of conditional expectations the first
equality is just (1), while the second equality follows by expansion, remem-
bering that Mt is a martingale.

4. Given two partitions, ∆n and ∆′m as in 2, Nt ≡ Q∆n
t (M) −

Q
∆′m
t (M) is a continuous martingale, and∥∥∥Q∆n

t (M)−Q∆′m
t (M)

∥∥∥2

L2
= E

[
Q

∆n∆′m
t (N)

]
, ((3))
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where Q
∆n∆′m
t is defined as in 6.1 with the combined partition,

∆n∆′m ≡ ∆n ∪∆′m.
The process Nt is a continuous martingale because it is a difference of

M2
t −Q∆n

t (M) and M2
t −Q

∆′m
t (M), both continuous martingales by 2. Thus

again by 2, N2
t −Q

∆n∆′m
t (N) is a martingale and so by 5.11:

E
[
N2
t −Q

∆n∆′m
t (N)

]
= N2

0 −Q
∆n∆′m
0 (N) = 0.

Now (3) follows by substitution because E
[
N2
t

]
≡ ‖Nt‖2L2 .

5. With the notation of 4:

Q
∆n∆′m
t (N) ≤ 2Q

∆n∆′m
t (Q∆n) + 2Q

∆n∆′m
t (Q∆′m), ((4))

where Q
∆n∆′m
t (Q∆n) denotes the finite quadratic variation process

of the process Q∆n
s (M) using partition ∆n∆′m, and Q

∆n∆′m
t (Q∆′m) is

analogously defined.
By definition, Q∆n∆′m

t (N) equals a summation of
(
Nsi −Nsi−1

)2-terms
for {si} in the partition ∆n∆′m, plus a final term depending on t. But for
si ∈ ∆n∆′m, since (x+ y)2 ≤ 2x2 + 2y2 for all real x, y :(

Nsi −Nsi−1

)2
=
([
Q∆n
si −Q

∆n
si−1

]
− [Q∆′m

si −Q
∆′m
si−1 ]

)2

≤ 2
[
Q∆n
si −Q

∆n
si−1

]2
+ 2

[
Q∆′m
si −Q

∆′m
si−1

]2
.

The same result is true for the final term, and (4) follows by summation.
6. If δn → 0 and δ′m → 0 for the respective mesh sizes of the ∆n

and ∆′m partitions, then for every t :

E
[
Q

∆n∆′m
t (Q∆n)

]
→ 0, E

[
Q

∆n∆′m
t (Q∆′m)

]
→ 0. ((5))

By symmetry only the first limit need be proved. Denote the partitions
∆n∆′m = {sk} and ∆n = {ti}. Since ∆n∆′m refines ∆n, for given k there
is an i so that ti ≤ sk < sk+1 ≤ ti+1. Now if ti ≤ sk < sk+1 < ti+1 then
i(sk+1) = i(sk) = ti and:

Q∆n
sk+1

(M)−Q∆n
sk

(M) =
(
Msk+1 −Mti

)2 − (Msk −Mti)
2

=
(
Msk+1 −Msk

) [
Msk+1 +Msk − 2Mti

]
. ((*))

The same expression is obtained if ti < sk < sk+1 = ti+1, while if ti = sk <
sk+1 = ti+1 then:

Q∆n
sk+1

(M)−Q∆n
sk

(M) =
(
Msk+1 −Msk

)2
,
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which is again equivalent to (∗) with ti = sk. With sK denoting the final
term of ∆n∆′m less than or equal to t, it follows that tn ≤ sK ≤ t, and thus:

Q∆n
t (M)−Q∆n

sK
(M) = (Mt −Mtn)2 − (MsK −Mtn)2

= (Mt −MsK ) [(Mt +MsK − 2Mtn)] . ((**))

Since Q∆n∆′m
t (Q∆n) is a sum of such terms in (∗) and (∗∗) squared:

Q
∆n∆′m
t (Q∆n) ≤ Q∆n∆′m

t (M) supk
(
Msk+1 +Msk − 2Mt(k)

)2
,

where t(k) = sup{ti|ti ≤ sk}, and sK+1 ≡ t for notational ease. Taking ex-
pectations and applying the Cauchy-Schwarz inequality in book 4’s corollary
3.48:

E
[
Q

∆n∆′m
t (Q∆n)

]
((***))

≤
[
E
(
Q

∆n∆′m
t (M)

)2
]1/2 [

E
[
supk

(
Msk+1 +Msk − 2Mt(k)

)4]]1/2
.

As M is bounded and continuous it is uniformly continuous on [0, t]

and thus supk
(
Msk+1 +Msk − 2Mt(k)

)4 → 0 pointwise as δ′m → 0. Further,
since |Mt| ≤ C by the boundedness assumption, this supremum is bounded
by the integrable function (4C)4 . Thus by Lebesgue’s dominated convergence
theorem of book 5’s proposition 2.43:

E

[
sup
k

(
Msk+1 +Msk − 2Mt(k)

)4]→ 0

as δ′m → 0. Hence the proof is complete by (∗ ∗ ∗) once it is proved that
E
(
Q

∆n∆′m
t (M)

)2
is bounded as δ′m → 0.

To this end, let ∆n∆′m = {sk}Kk=0 where sK denotes the final term of
∆n∆′m less than or equal to t. For notational convenience let sK+1 ≡ t if
sK < t and sK+1 ≡ sK otherwise. Then:(

Q
∆n∆′m
t (M)

)2

=

[∑K+1

k=1

(
Msk −Msk−1

)2]2

=
∑K+1

k=1

(
Msk −Msk−1

)4
+2
∑K

k=1

(
Msk −Msk−1

)2 (
Q

∆n∆′m
t (M)−Q∆n∆′m

sk
(M)

)
.
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For the first term, note that by the tower property of conditional expectations,
book 6’s exercise 5.22 and (2) :

E
[(
Msk −Msk−1

)2]
= E

[
E
[(
Msk −Msk−1

)2 |Σsk−1

]]
= E

[
M2
sk
−M2

sk−1

]
.

Thus since |Mt| ≤ C :

E

[∑K+1

k=1

(
Msk −Msk−1

)4] ≤ 4C2E

[∑K+1

k=1

(
Msk −Msk−1

)2]
= 4C2E

[∑K+1

k=1

(
M2
sk
−M2

sk−1

)]
= 4C2E

[
M2
t

]
≤ 4C4.

For the second term, using the measurability property of conditional ex-
pectations, |Mt| ≤ C and (2) :

E
[(
Msk −Msk−1

)2 (
Q

∆n∆′m
t (M)−Q∆n∆′m

sk
(M)

)
|Σsk

]
=
(
Msk −Msk−1

)2
E
[(
Q

∆n∆′m
t (M)−Q∆n∆′m

sk
(M)

)
|Σsk

]
=
(
Msk −Msk−1

)2
E
[
M2
t −M2

sk
|Σsk

]
≤ 2C2

(
Msk −Msk−1

)2
.

Thus by the tower property of conditional expectations and (2) :

2E

[∑K

k=1

(
Msk −Msk−1

)2 (
Q

∆n∆′m
t (M)−Q∆n∆′m

sk
(M)

)]
≤ 4C2E

[∑K

k=1

(
Msk −Msk−1

)2]
= 4C2

∑K

k=1
E
[
E
[(
Msk −Msk−1

)2 |Σsk−1

]]
= 4C2

∑K

k=1
E
[
E
[
M2
sk
−M2

sk−1 |Σsk−1

]]
= 4C2E

[
M2
sK
−M2

s0

]
≤ 8C4.

Combining estimates obtains

E
(
Q

∆n∆′m
t (M)

)2
≤ 12C4,
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which by (∗ ∗ ∗) completes the proof that E
[
Q

∆n∆′m
t (Q∆n)

]
→ 0.

7. For every t, there exists 〈M〉t ∈ L2(S, σ(S), µ) such that 6.4
and 6.5 are satisfied, and each such 〈M〉t is unique µ-a.e.

By 4, 5 and 6 it will follow that for any sequence of partitions {∆n} of
[0, t] with δn → 0, the sequence of random variables {Q∆n

t (M)} converges in
L2(S, σ(S), µ). To see this, note that by (3) and (4) :∥∥∥Q∆n

t (M)−Q∆m
t (M)

∥∥∥2

L2
≤ 2E

[
Q∆n∆m
t (Q∆n)

]
+ 2E

[
Q∆n∆m
t (Q∆′m)

]
,

and that by (5) the expression on the right converges to 0 as δn → 0 and
δm → 0. Thus given ε > 0 there exists N so that for n,m ≥ N :∥∥∥Q∆n

t (M)−Q∆m
t (M)

∥∥∥2

L2
≤ ε.

In other words, {Q∆n
t (M)} is a Cauchy sequence in L2(S, σ(S), µ) and by

completeness (chapter 4, book 5) converges to a random variable we denote
〈M〉t .

As L1-convergence implies convergence in probability by Markov’s in-
equality (3.76, book 4), and Lp-convergence for any p ≥ 1 implies L1-
convergence by Hölder’s inequality (proposition 3.46, book 4), the proof is
complete.

8. The random variables 〈M〉t of 7 can be chosen so that 〈M〉t is
a continuous, increasing, adapted process on (S, σ(S),Σt(S), µ)u.c..

For this step, we must manage the L2-convergence in 7 more carefully.
For given t define the sequence of partitions: ∆(n) = {jt/2n}2nj=0. Since

Q
∆(n)
s (M) − Q

∆(m)
s (M) is a continuous martingale on [0, t] by 4, Doob’s

martingale maximal inequality in 5.37 provides:

E

[(
sup

0≤s≤t

∣∣∣Q∆(n)
s (M)−Q∆(m)

s (M)
∣∣∣)2
]
≤ 4E

[(
Q

∆(n)
t (M)−Q∆(m)

t (M)
)2
]
.

((6))
As {Q∆(n)

t (M)} is a Cauchy sequence by 7 that converges in L2(S, σ(S), µ),
there is an increasing sequence Nk so that for n ≥ Nk :

E

[(
Q

∆(n)
t (M)−Q∆(Nk)

t (M)
)2
]
≤ 1/2k.

By Chebyshev’s inequality in book 4’s proposition 3.33 and (6),

Pr

[
sup

0≤s≤t

∣∣∣Q∆(Nk+1)
s (M)−Q∆(Nk)

s (M)
∣∣∣ ≥ 1/k2

]
≤ k4/2k.
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These probabilities are summable in k, so the Borel-Cantelli lemma of book
2’s proposition 2.6 obtains that µ [lim supAk] = 0 where:

Ak ≡
{

sup
0≤s≤t

∣∣∣Q∆(Nk+1)
s (M)−Q∆(Nk)

s (M)
∣∣∣ ≥ 1/k2

}
,

Thus with probability 1,
{
Q

∆(Nk)
s (M)

}
converges uniformly to 〈M〉s for s ∈

[0, t]. As Q∆(Nk)
s (M) is Σs-adapted for all k, and pathwise continuous on

[0, t], it follows that 〈M〉s is adapted (corollary 1.10, book 5), and pathwise
continuous (Reitano (2010), proposition 9.51) on [0, t] with probability 1.

Applying this approach even more carefully, let {N1,k} be the subsequence
that produces uniform convergence of Q

∆(N1,k)
s (M) to 〈M〉s on [0, 1]. Then

since Q
∆(N1,k)
2 (M) converges, there is an increasing subsequence {N2,k} ⊂

{N1,k} with N2,1 > N1,1 that produces µ-a.e. uniform convergence of Q
∆(N2,k)
s (M)

to 〈M〉s on [0, 2]. Continuing in this manner, we have a subsequence {Nn,k} ⊂
{Nn−1,k} with Nn,1 > Nn−1,1, that produces µ-a.e. uniform convergence of

Q
∆(Nn,k)
s (M) to 〈M〉s on [0, n]. Defining the diagonal sequence {Nk,k}, this

sequence produces µ-a.e. uniform convergence of Q
∆(Nk,k)
s (M) to 〈M〉s on

[0, n] for all n. On the exceptional set, we can define 〈M〉s ≡ 0 to have
continuity for all ω.

Finally, that 〈M〉s as constructed is increasing is proved as follows. Fix
an interval [0, n], then each process Q

∆(Nk,k)
s (M) is increasing over the par-

tition points of [0, n] included in ∆(Nk,k), though not necessarily increasing
between such points. However, these partition points form a dense set in
[0, n] as k → ∞, and since Q∆(Nk,k)

s (M) → 〈M〉s uniformly, it follows that
〈M〉s is increasing on this dense set, and by continuity, increasing for all s.

9. With 〈M〉t defined in 8, M2
t − 〈M〉t is a continuous martin-

gale.
By 2, M2

t − Q∆n
t (M) is a continuous martingale for any partition ∆n,

while by 8, M2
t − Q

∆(Nk,k)
t (M) → M2

t − 〈M〉t in L2(S, σ(S), µ) for all t.
Hence by proposition 5.32, M2

t − 〈M〉t is a martingale. Continuity then
follows since both M2

t and 〈M〉t are continuous.

Corollary 6.6 (Doob-Meyer Decomposition theorem 1) LetMt be a
bounded continuous martingale defined relative to the filtered probability space
(S, σ(S),Σt(S), µ)u.c., where by bounded is meant that |Mt| ≤ C <∞ for all
t. Then 〈M〉t = 0 if and only if Ms = M0 for all 0 ≤ s ≤ t with probability
1.
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Proof. IfMs = M0 for all 0 ≤ s ≤ t with probability 1 then for any partition
of [0, t], Q∆n

s (M) = 0 on this interval with probability 1. By 6.4, 〈M〉s = 0
for all such s.

By proposition 6.5, M2
t − 〈M〉t is a continuous martingale and thus:

E
[
M2
s − 〈M〉s |Σ0

]
= M2

0 ,

which by the linearity and measurability property of conditional expectations
(book 6, proposition 5.26) can be rewritten:

E
[
M2
s −M2

0 |Σ0

]
= E [〈M〉s |Σ0] .

Thus by (2) of the above proof:

E
[
(Ms −M0)2 |Σ0

]
= E [〈M〉s |Σ0] .

Taking conditional expectations with respect to F ≡ {∅,S} ⊂ Σ0 and using
book 6’s exercise 5.22 and the tower property of that book’s proposition 5.26:

E
[
(Ms −M0)2

]
= E [〈M〉s] . ((*))

Thus if 〈M〉t = 0, then since nonnegative and increasing, 〈M〉s = 0 for

all 0 ≤ s ≤ t and thus E
[
(Ms −M0)2

]
= 0 for all such s by (∗). Hence for

each such s, Ms = M0 with probability 1, and it follows that Ms = M0 for
all rational s with probability 1. Then by continuity, Ms = M0 for all s with
probability 1.

Remark 6.7 (On the Continuity of 〈M〉t) Note that while in the state-
ment of the Doob-Meyer decomposition theorem the process 〈M〉t is contin-
uous in t for all ω, this continuity is partially "rigged" in step 8. There we
simply defined 〈M〉t ≡ 0 on the set of measure 0 for which 〈M〉t need not be
the L2 limit of Q

∆(Nk,k)
t (M). This is a typical situation to achieve perfect

continuity, and it can be argued an unnecessary step. Had 〈M〉t been defined
in any other "increasing" way on this exceptional set of measure 0, the con-
vergence results of 6.4 and 6.5 would remain valid, but then the statement
would be modified so that 〈M〉t is continuous in t for almost all ω.

Remark 6.8 (On stochastic integration) Although stochastic integration
will be studied in some detail in book 8, this section on the Doob-Meyer de-
composition theorem provides a basis for a quick introduction. Let Mt be a
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bounded continuous martingale on (S, σ(S),Σt(S), µ)u.c., with M0 not nec-
essarily 0 or even constant. Also, let 0 = t0 < t1 · · · < tn = t be a partition
of the interval [0, t], for example with ti − ti−1 = t/n, though this is not
necessary as long as δn → 0 below. Then:

M2
ti −M

2
ti−1 −

[
Mti −Mti−1

]2
= 2Mti−1

[
Mti −Mti−1

]
,

and by summing and simplifying:

M2
t −M2

0 −
∑n

i=1

[
Mti −Mti−1

]2
= 2

∑n

i=1
Mti−1

[
Mti −Mti−1

]
.

SinceMt is also an L2-bounded martingale, M2
t −M2

0−
∑n

i=1

[
Mti −Mti−1

]2
converges in L2(S, σ(S), µ) by the above proposition as δn → 0 :

M2
t −M2

0 −
∑n

i=1

[
Mti −Mti−1

]2 →L2 M
2
t −M2

0 − 〈M〉t .

This implies that 2
∑n

i=1Mti−1

[
Mti −Mti−1

]
also converges in L2(S, σ(S), µ),

and not surprisingly given the Riemann-Stieltjes form of this summation
(book 3, definition 4.10):

2
∑n

i=1
Mti−1

[
Mti −Mti−1

]
→L2 2

∫ t

0
MsdMs. ((*))

In other words, the above result on quadratic variation provides an in-
sight to a framework for defining a so-called stochastic integral, and that
framework is one of L2-convergence. This derivation also provides the iden-
tity seen again in book 8 with a more formal derivation:∫ t

0
MsdMs =

1

2

[
M2
t −M2

0 − 〈M〉t
]
, (6.6)

and applicable more generally to continuous local martingales. A special case
of this is Mt = Bt, Brownian motion. By 2.90, v2(B (ω) ; Πn [0, t])→L2 t for
each fixed t, and since this is a continuous function it follows from example
6.13 of the next section that 〈B〉t = t and thus:∫ t

0
BsdBs =

1

2

[
B2
t − t

]
. (6.7)

Neither 6.6 nor 6.7 is to be interpreted as valid pointwise for ω ∈ S.
What this implies is that the two expressions in each of these identities are
L2-limits of the same sequence of functions, and thus equality here means
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that these two expressions are in the same L2-equivalence class. Recalling the
discussion in remark 5.121, these identities are to be interpreted as stating
that the given processes are equivalent.

From this somewhat informal derivation, since M ′t ≡ M2
t −M2

0 − 〈M〉t
is a continuous martingale and:

2

∫ t

0
Ms(ω)dMs(ω) = M ′t ,

it must also be the case that such stochastic integrals are continuous mar-
tingales.

Exercise 6.9 The reader may be wondering why an L2-framework was needed
to define the integral in (∗), when this appears to fit the Riemann-Stieltjes
framework of book 3’s chapter 4 quite well. But there is a detail that is
the subject of this exercise. Using that book’s proposition 4.52, determine
based in the results of this chapter why in general, it is not possible to define
integrals: ∫ t

0
Xs(ω)dMs(ω),

in the Riemann-Stieltjes sense. Here Xs(ω) denotes a continuous process,
generalizing Xs = Ms above.

The next result is needed for the generalization of the Doob-Meyer de-
composition theorem to local martingales in the next section. While it per-
haps appears intuitively obvious, it is technically a corollary to this theorem
and requires proof. The result states that the quadratic variation process
associated with a stoppedMt equals the stopped quadratic variation process
associated with Mt. Intuitively this means that once a process is stopped,
its quadratic variation process becomes constant. That this result is not im-
mediate, and requires the power of Doob’s optional stopping theorem, can
be appreciated by returning to the definition of the finite quadratic process
Q∆n
s (M) in 6.1.

Exercise 6.10 Show that the following result is not in general true for the
finite quadratic variation process Q∆n

t (M). That is, fixing n show that there
is a stopping time T so that:

Q∆n
t (MT ) 6=

[
Q∆n
t (M)

]T
≡ Q∆n

t∧T (M).

Hint: Consider T ≡ t with ti < t < ti+1.
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Corollary 6.11 Let Mt be a bounded continuous martingale defined on the
filtered probability space (S, σ(S),Σt(S), µ)u.c., and T a stopping time. Then
for all t :

〈M〉Tt =
〈
MT

〉
t
, (6.8)

and
χT>0 〈M〉Tt =

〈
χT>0M

T
〉
t
. (6.9)

Proof. Since M2
t − 〈M〉t is a continuous martingale by proposition 6.5,

Doob’s optional stopping theorem 1, part 2 of proposition 5.84 obtains that
when stopped by T, this process remains a continuous martingale. That is:(

M2 − 〈M〉
)T
t
≡M2

T∧t − 〈M〉T∧t ≡
(
MT
t

)2 − 〈M〉Tt ,
is a continuous martingale. And MT

t is also a bounded continuous mar-
tingale by Doob’s result, so

(
MT
t

)2 − 〈MT
〉
t
is a martingale by the above

theorem. By uniqueness of the quadratic variation process, 6.8 follows.
By another application of Doob’s optional stopping theorem 1, part 2 of

proposition 5.84:

χT>0

(
M2 − 〈M〉

)T
t
≡ χT>0M

2
T∧t−χT>0 〈M〉T∧t ≡

(
χT>0M

T
t

)2−χT>0 〈M〉Tt

is a continuous martingale. And χT>0M
T
t is also a bounded continuous mar-

tingale by Doob’s result, and so
(
χT>0M

T
t

)2 − 〈χT>0M
T
〉
t
is a martingale

by the above theorem. By uniqueness of the quadratic variation process, 6.9
follows.

6.3 Quadratic Variation of Continuous Local Mar-
tingales

With much of the hard work done above, the existence of a quadratic
variation process and the Doob-Meyer decomposition theorem can now be
extended to continuous local martingales.

Proposition 6.12 (Doob-Meyer Decomposition theorem 2) LetMt be
a continuous local martingale on the filtered probability space (S, σ(S),Σt(S), µ)u.c..
Then there is a unique continuous, increasing, adapted process 〈M〉t with
〈M〉0 = 0, so that M2

t − 〈M〉t is a continuous local martingale. In other
words, we have the decomposition in 6.3:

M2
t = 〈M〉t +M ′t ,
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where M ′t is a continuous local martingale.
Further, for every sequence of subdivisions {∆n} of [0,∞) with δn → 0,

there is uniform convergence in probability:

sup
s≤t

∣∣Q∆n
s (M)− 〈M〉s

∣∣→P 0. (6.10)

for all t.
Proof. Let {Tn} be an increasing sequence of stopping times that reduce Mt

with bounded MTn
t . This is possible by proposition 5.75. Since χTn>0M

Tn
t is

a bounded continuous martingale,
(
χTn>0M

Tn
t

)2
−
〈
χTn>0M

Tn
〉
t
is a con-

tinuous martingale for all n by proposition 6.5, and then

χTn>0

((
χTn+1>0M

Tn+1
t

)2
−
〈
χTn+1>0M

Tn+1
〉
t

)Tn
is a continuous martingale for all n by proposition 5.84. Now Tn ≤ Tn+1

and so:

χTn>0

((
χTn+1>0M

Tn+1
t

)2
−
〈
χTn+1>0M

Tn+1
〉
t

)Tn
≡ χTn>0χTn+1>0M

2
t∧Tn∧Tn+1 − χTn>0

(〈
χTn+1>0M

Tn+1
〉
t

)Tn
= χTn>0

(
MTn
t

)2
− χTn>0

(〈
χTn+1>0M

Tn+1
〉
t

)Tn
,

and so by uniqueness, χTn>0

(〈
χTn+1>0M

Tn+1
〉
t

)Tn
=
〈
χTn>0M

Tn
〉
t
. Thus〈

χTn+1>0M
Tn+1

〉
t

=
〈
χTn>0M

Tn
〉
t
for 0 < t ≤ Tn, and since

〈
χTn+1>0M

Tn+1
〉

0
=

0 for all n it follows that 〈M〉t can be unambiguously defined by:

〈M〉t =
〈
χTn>0M

Tn
〉
t
, t ≤ Tn. ((*))

As defined, 〈M〉t is therefore a unique continuous, increasing, and adapted
process with 〈M〉0 = 0.

To prove that M2
t − 〈M〉t is a continuous local martingale which is also

reduced by {Tn}, note that:

χTn>0

(
M2
t − 〈M〉t

)Tn
= χTn>0

(
M2
t

)Tn − χTn>0 〈M〉Tnt ,

=
(
χTn>0M

Tn
t

)2
−
〈
χTn>0M

Tn
〉
t
,
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where the last equality for
(
M2
t

)Tn follows as above, and that for χTn>0 〈M〉Tnt
follows from 6.9. But since χTn>0M

Tn
t is a bounded continuous martingale

by assumption,
(
χTn>0M

Tn
t

)2
−
〈
χTn>0M

Tn
〉
t
is a continuous martingale

by proposition 6.5.
Finally, to prove 6.10 let [0, t] be fixed. For given N define the hitting

time TN = inf{s| |Ms| ≥ N}, which is a stopping time by proposition 5.60,
and then the stopped process MTN

t is a bounded martingale by proposition
5.84. Further, by Doob’s martingale maximal inequality in 5.19:

Pr [TN ≤ t] ≡ Pr

[
sup

0≤s≤t
|Ms| ≥ N

]
≤ 1

N
E [|Mt|] .

SinceMt is µ-integrable by definition, for given δ choose N so that Pr [TN ≤ t] ≤
δ, and let T ≡ TN .

On {T > t}, it follows by definition that Q∆n
s (M) = Q∆n

s (MT ) and
hence also 〈M〉s =

〈
MT

〉
s
for s ∈ [0, t]. Thus given ε > 0 :

Pr

[{
sup
s≤t

∣∣Q∆n
s (M)− 〈M〉s

∣∣ > ε

}⋂
{T > t}

]
= Pr

[
sup
s≤t

∣∣Q∆n
s (MT )−

〈
MT

〉
s

∣∣ > ε

]
.

By construction:

Pr

[{
sup
s≤t

∣∣Q∆n
s (M)− 〈M〉s

∣∣ > ε

}⋂
{T ≤ t}

]
≤ δ.

Combining results obtains:

Pr

[
sup
s≤t

∣∣Q∆n
s (M)− 〈M〉s

∣∣ > ε

]
≤ Pr

[
sup
s≤t

∣∣Q∆n
s (MT )−

〈
MT

〉
s

∣∣ > ε

]
+ δ.

As MT
t is a bounded continuous martingale, proposition 6.5 assures that

Q∆n
s (MT ) −

〈
MT

〉
s
is a continuous martingale, and by Doob’s martingale

maximal inequality in 5.19:

Pr

[
sup
s≤t

∣∣Q∆n
s (MT )−

〈
MT

〉
s

∣∣ > ε

]
≤ 1

ε2

∥∥∥Q∆n
t (MT )−

〈
MT

〉
t

∥∥∥2

L2
.

However, the L2-norm converges to zero as n → ∞ by 6.4 of proposition
6.5. Hence, for every δ > 0 :

lim
n→∞

Pr

[
sup
s≤t

∣∣Q∆n
s (M)− 〈M〉s

∣∣ > ε

]
≤ δ,

which is 6.10.
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Example 6.13 (Brownian motion) We now formalize the observation in
remark 6.8 on stochastic integration. Let Bt be a 1-dimensional Brownian
motion defined on the filtered probability space (S, σ(S),Σt(S), µ)u.c.. Then:

〈B〉t = t. (6.11)

First by corollary 5.85, Bt is a continuous local martingale on (S, σ(S),Σt(S), µ)u.c.
and thus by uniqueness of proposition 6.12, 6.11 can be proved by simply
showing that Bt − t is a martingale. This was done in exercise 5.29.

The above result generalizes the results of remark 2.89 as noted there.
Specifically, that 〈B〉t can be defined as in (∗) above by:

〈B〉t ≡
〈
BTn

〉
t
, t ≤ Tn,

where Tn is a stopping time that bounds Bt, for example Tn = inf{t| |Bt| ≥
n}. With this definition, 6.10 also provides a generalization to the conver-
gence in probability statement of proposition 2.88. Specifically, for all t :

sup
s≤t

∣∣Q∆n
s (B)− s

∣∣→P 0,

which proves that the convergence in probability of proposition 2.88 is uni-
form.

The following result generalizes corollary 6.6 to local martingales.

Corollary 6.14 Let Mt be a continuous local martingale on the filtered
probability space (S, σ(S),Σt(S), µ)u.c.. Then 〈M〉t = 0 if and only if Ms =
M0 for all 0 ≤ s ≤ t with probability 1.
Proof. Left as an exercise. Hint: By (∗) of the prior proof, 〈M〉t =

〈
MTn

〉
t

for t ≤ Tn, where Tn → ∞ and MTn is a bounded continuous martingale.
Also,

〈
MTn

〉
t

= 〈M〉Tnt by corollary 6.16.

Corollary 6.15 Let Mt be a continuous local martingale on the filtered
probability space (S, σ(S),Σt(S), µ)u.c.. Then for real a :

〈aM〉t = a2 〈M〉t . (6.12)

Proof. Since M2
t − 〈M〉t is a continuous local martingale:

a2
[
M2
t − 〈M〉t

]
= (aMt)

2 − a2 〈M〉t

is a continuous local martingale. But (aMt)
2 − 〈aM〉t is a continuous local

martingale by proposition 6.12, and thus 6.12 follows by uniqueness.
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Corollary 6.16 Let Mt be a continuous local martingale on the filtered
probability space (S, σ(S),Σt(S), µ)u.c., and T stopping time. Then for all
t :

〈M〉Tt =
〈
MT

〉
t
, (6.13)

and
χT>0 〈M〉Tt =

〈
χT>0M

T
〉
t
. (6.14)

Proof. As in the proof of proposition 6.12, let Tn be a localizing sequence
for Mt so that χTn>0M

Tn
t is a bounded continuous martingale for all n. By

corollary 6.11, given a stopping time T, we have for all t :〈
χTn>0M

Tn
〉T
t

=
〈
χTn>0M

T∧Tn〉
t
,

χT>0

〈
χTn>0M

Tn
〉T
t

=
〈
χTn>0χT>0M

T∧Tn〉
t
.

Applying (∗) in the proof of proposition 6.12 to MT and χT>0M
T , both of

which are continuous local martingales by proposition 5.87:〈
MT

〉
t
≡
〈
χTn>0M

T∧Tn〉
t
, t ≤ Tn,〈

χT>0M
T
〉
t
≡
〈
χT>0χTn>0M

T∧Tn〉
t
, t ≤ Tn.

Combining this obtains:〈
MT

〉
t

=
〈
χTn>0M

Tn
〉T
t
, t ≤ Tn,〈

χT>0M
T
〉
t

= χT>0

〈
χTn>0M

Tn
〉T
t
, t ≤ Tn.

Now another application of (∗) yields that for any stopping time T :〈
χTn>0M

Tn
〉T
t

= 〈M〉Tt , t ≤ Tn.

Combining results obtains:〈
MT

〉
t

= 〈M〉Tt , t ≤ Tn,〈
χT>0M

T
〉
t

= χT>0 〈M〉Tt , t ≤ Tn.

Letting n→∞, the proof is complete since Tn →∞ with probability 1.

Example 6.17 If Mt is a continuous local martingale on the filtered prob-
ability space (S, σ(S),Σt(S), µ)u.c., then 〈M〉t exists for all t by proposition
6.12. If {Tn} is a localizing sequence for Mt, then by definition χTn>0M

Tn

is a continuous martingale for all n. As martingales are local martingales by
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corollary5.85,
〈
χTn>0M

Tn
〉
t
exists for all t for each n again by proposition

6.12.
It now follows from 6.14 that these latter variation processes can be ob-

tained by stopping and truncating the variation process for Mt :〈
χTn>0M

Tn
〉
t

= χTn>0 〈M〉Tnt .

Thus since Tn →∞, µ-a.e., it follows that for all t :〈
χTn>0M

Tn
〉
t
→ 〈M〉t , µ-a.e.

The final result applies to continuous local martingales withMt ∈ L2(S, σ(S), µ)
for all t, called L2-local martingales. This does not imply L2-boundedness.
An example of such a process is Brownian motion for which:

〈B〉t = E
[
B2
t

]
= t,

and thus Bt is an L2-local martingale but not L2-bounded. For this
example, 6.15 reduces to t = t.

Proposition 6.18 (L2 local martingales) Let Mt be a continuous local
martingale on the filtered probability space (S, σ(S),Σt(S), µ)u.c. with E

[
M2
t

]
<

∞ for all t. Then the quadratic variation process 〈M〉t defined above is in-
tegrable for all t, and:

E [〈M〉t] = E
[
Mt

2 −M2
0

]
. (6.15)

In addition, E [〈M〉t] is continuous and increasing in t.
Proof. Let {Tn} be an increasing sequence of stopping times that reduce Mt

with bounded MTn
t . This is possible by proposition 5.75. By (2) in the proof

of proposition 6.5 applied to the bounded continuous martingale χTn>0M
Tn

with s = 0 :

E
[
Q∆m
t (χTn>0M

Tn)|Σ0

]
= E

[
(χTn>0M

Tn
t )2 −

(
χTn>0M0

)2 |Σ0

]
,

since Q∆m
0 (MTn) = 0. Taking expectations and applying the tower prop-

erty of conditional expectations of book 6’s proposition 5.26 and that book’s
exercise 5.22 obtains for all m:

E
[
Q∆m
t (χTn>0M

Tn)
]

= E
[
(χTn>0M

Tn
t )2 −

(
χTn>0M0

)2]
.

As m→∞, Q∆m
t (χTn>0M

Tn)→
〈
χTn>0M

Tn
〉
t
in L2(S, σ(S), µ) by 6.4,

and hence also in L1(S, σ(S), µ) by the Cauchy-Schwarz inequality of book
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4’s corollary 3.48. Thus by proposition 4.20 of book 5,
∥∥∥Q∆m

t (χTn>0M
Tn)
∥∥∥
L1
→∥∥〈χTn>0M

Tn
〉
t

∥∥
L1
, and so:

E
[〈
χTn>0M

Tn
〉
t

]
= lim

m→∞
E
[
Q∆m
t (χTn>0M

Tn)
]

= E
[
(χTn>0M

Tn
t )2 −

(
χTn>0M0

)2]
. ((*))

Since Tn → ∞ as n → ∞, it follows that χTn>0M
Tn
t → Mt pointwise, and

by definition (χTn>0M
Tn
t )2 ≤ Mt

2 for all n. Since E
[
M2
t

]
<∞, Lebesgue’s

dominated convergence theorem of book 5’s proposition 2.43 obtains:

E
[
(χTn>0M

Tn
t )2 −

(
χTn>0M0

)2]→ E
[
Mt

2 −M2
0

]
.

But
〈
χTn>0M

Tn
〉
t

= χTn>0 〈M〉Tnt by corollary 6.16, and thus
〈
χTn>0M

Tn
〉
t
→

〈M〉t pointwise as Tn → ∞. As this sequence is nonnegative and increas-
ing, Lebesgue’s monotone convergence theorem of book 5’s proposition 2.21
applies to obtain:

E
[〈
χTn>0M

Tn
〉
t

]
→ E [〈M〉t] .

With (∗) this proves that 〈M〉t is integrable for all t, and 6.15 is satisfied.
Also, E [〈M〉t] is increasing in t because 〈M〉t is increasing in t. To prove

that E [〈M〉t] is continuous in t, recall that 〈M〉t is continuous in t and thus
if s → t, then 〈M〉s → 〈M〉t pointwise. Then E [〈M〉s] → E [〈M〉t] by
Lebesgue’s dominated convergence theorem, since E [〈M〉s] ≤ E [〈M〉r] for
all s by choosing r > max s.

Remark 6.19 Note that the L2 assumption of this proposition implies a
comparable L1 assumption of Mt for all t by the Cauchy-Schwarz inequality
of book 4’s corollary 3.48. Hence recalling remark 5.71, though local martin-
gales are not in general integrable for each (or any) t, L2-local martingales
are integrable for all t. This does not imply that Mt is a martingale based on
the discussion in the section When Local Martingales are Martingales, and

a stronger assumption is needed such as E
[
supn

∣∣∣XTn
t

∣∣∣] <∞ for each t.

6.4 Quadratic Variation of Continuous Semimartin-
gales

Semimartingales are an important class of stochastic processes for finance,
as they provide a logical general structure for asset prices. As such, we will
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be interested in studying their variation properties here, and an associated
stochastic integration theory in book 8. As will be seen, most of the hard
work has been done in the previous sections.

Definition 6.20 (Semimartingale) An adapted process Xt defined on a
filtered probability space (S, σ(S),Σt(S), µ)u.c. is a continuous semimartin-
gale if it can be written as:

Xt = X0 +Mt + Ft, (6.16)

where X0 is Σ0(S)-measurable, M0 = F0 = 0, Mt is a continuous local 
martingale, and Ft is a continuous adapted process of bounded variation in
the sense of 2.88 with p = 1. That is, v1(F ) < ∞ for all compact intervals 
[a, b].

Remark 6.21 In some texts, Xt de-
ned above is called a quasimartingale, a term introduced by Kiyoshi 
Itô (1915 —2008). Also, in some texts the decomposition in 6.16 is stated:

Xt = Mt + At,

where Mt is given as above, and v1(A) < ∞ for all compact intervals [a, b]. 
But then it is not required that A0 = 0. Notionally, At = X0 + Ft as above
and so A0 = X0.

Note that such decompositions are essentially unique. For example, if

Xt = Mt + At = Mt
′ + A′t,

then:
Mt− Mt

′ = A′t− At.

Now Mt− Mt
′ is a local martingale by exercise 5.78, and for all t :

〈
M −M ′

〉
t

=
〈
A′ −A

〉
t
.

But 〈A′ −A〉t = 0 by exercise 6.23 below, and so corollary 6.15 obtains that
for every t :

Mt −M ′t = M0 −M ′0 ≡ 0, µ-a.e.

Hence with probability 1, Mt = M ′t and At = A′t for all rational t. By
continuity it now follows that with probability 1, Mt = M ′t and At = A′t for
all t.
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Example 6.22 By proposition 6.12, if Mt is a continuous local martingale
on the filtered probability space (S, σ(S),Σt(S), µ)u.c., then M2

t is a contin-
uous semimartingale:

M2
t = M2

0 +M ′′t + 〈M〉t .

Here M ′′t ≡ M ′t −M2
0 is a continuous local martingale with M

′′
0 = 0, where

M ′t is given in that proposition and M
′
0 = M2

0 . In addition, 〈M〉t satisfies
〈M〉0 = 0 and is of bounded variation since it is a continuous, increasing,
and adapted process.

Exercise 6.23 With Ft given in the above definition, show that 〈F 〉t = 0
for all t in the following sense. For every sequence of partitions of [0, t] with
δn → 0, and with Q∆n

t (F ) defined in 6.1, show that for all t :∥∥∥Q∆n
t (F )

∥∥∥
L1
→ 0,

which implies convergence in probability:

Q∆n
t (F )→P 0.

Hint: Recall exercise 2.86. Fix t and show that if v1(F ) < ∞ on [0, t],
then v2(F ) = 0. Also, L1-convergence implies convergence in probability by
Markov’s inequality (3.76, book 4).

The implication of this exercise’s result is that the quadratic variation of
a continuous semimartingale Xt equals the quadratic variation of the local
martingale Mt.

Proposition 6.24 Let Xt be a continuous semimartingale on (S, σ(S),Σt(S), µ)u.c..
Then for all t, 〈X〉t as given in definition 6.2 exists, and:

〈X〉t = 〈M〉t . (6.17)

Further, for any sequence of partitions ∆n of [0,∞) with mesh size δn → 0,
and with Q∆n

t defined in 6.1, there is uniform convergence in probability for
all t:

sup
s≤t

∣∣Q∆n
s (X)− 〈M〉s

∣∣→P 0. (6.18)

Proof. Given t, the original partitions ∆n can be altered by the addition of
this point to such partitions on [0, t] :

0 = t0 < t1 · · · < tn = t,
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recalling remark 6.4 on notation. For s ≤ t:

Q∆n
s (X) ≡

∑n

i=1

(
Xti∧s −Xti−1∧s

)2
= Q∆n

s (M) + 2
∑n

i=1

(
Mti∧s −Mti−1∧s

) (
Fti∧s − Fti−1∧s

)
+
∑n

i=1

(
Fti∧s − Fti−1∧s

)2
.

Thus:

sup
s≤t

∣∣Q∆n
s (X)− 〈M〉s

∣∣ ≤ sup
s≤t

∣∣Q∆n
s (M)− 〈M〉s

∣∣+ sup
s≤t

[|I|+ II] ,

using II and III for the second and third expressions.
Since M is a continuous local martingale:

sup
s≤t

∣∣Q∆n
s (M)− 〈M〉s

∣∣→P 0 ((*))

by proposition 6.12. For the second term denoted II :

sup
s≤t

∣∣∣∑n

i=1

(
Mti∧s −Mti−1∧s

) (
Fti∧s − Fti−1∧s

)∣∣∣ ≤ v1(F ) supi
(
Mti∧t −Mti−1∧t

)
,

where v1(F ) denotes the bounded variation of F on [0, t]. Since M is con-
tinuous this term converges to 0 for all ω. Finally for III :

sup
s≤t

∣∣∣∑n

i=1

(
Fti∧s − Fti−1∧s

)2∣∣∣ ≤ v1(F ) sup
i

(
Fti∧t − Fti−1∧t

)
,

which again converges to 0 for all ω.
As Ms and Fs are continuous and hence uniformly continuous on [0, t],

given ε > 0 choose δ so that if the mesh size δn < δ, each of these suprema
is less that ε/3. Then by the above estimates and (∗) :

Pr

[
sup
s≤t

∣∣Q∆n
s (X)− 〈M〉s

∣∣ > ε

]
≤ Pr

[
sup
s≤t

∣∣Q∆n
s (M)− 〈M〉s

∣∣+ sup
s≤t

[|I|+ II] > ε

]
≤ Pr

[
sup
s≤t

∣∣Q∆n
s (M)− 〈M〉s

∣∣ > ε/3

]
→ 0,

which is 6.18.
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6.5 Covariation of Processes

It is natural to extend the above notions of quadratic variation to that of a
covariation between stochastic processes. We again utilize remark 6.4 on
notation of partitions.

Definition 6.25 (Covariation) Let Xt, Yt be processes defined on a fil-
tered probability space (S, σ(S),Σt(S), µ)u.c.. Given a finite or infinite par-
tition ∆n ≡ {tn}∞n=0 of [0,∞) with no accumulation points:

0 = t0 < t1 · · · < tn < · · ·

let δn ≡ maxi{ti−ti−1} and i(t) ≡ max{i| ti ≤ t}. Define the finite covari-
ation process Q∆n

s (X,Y ) on [0, t], also called the finite cross variation
process by:

Q∆n
t (X,Y ) =

i(t)∑
i=1

(
Xti −Xti−1

) (
Yti − Yti−1

)
+
(
Xt −Xti(t)

)(
Yt − Yti(t)

)
.

(6.19)
When tracking i(t) is unimportant, this can be more effi ciently denoted:

Q∆n
t (X,Y ) ≡

∑∞

i=1

(
Xti∧t −Xti−1∧t

) (
Yti∧t − Yti−1∧t

)
.

When it exists, the covariation process 〈X,Y 〉t , also called the cross
variation process or the bracket of X and Y, is defined by:

〈X,Y 〉t =
1

4
[〈X + Y 〉t − 〈X − Y 〉t] . (6.20)

Remark 6.26 Comparing with definition 6.2, perhaps the explicit defini-
tion of 〈X,Y 〉t was a surprise. Logically and consistently, one might have
expected the following, using a different notation to avoid confusion.

"When it exists, the covariation process associated with Xt and Yt,
denoted [X,Y ]t , is a process defined on (S, σ(S),Σt(S), µ)u.c. such that as
δn → 0 :

Q∆n
t (X,Y )→P [X,Y ]t

for every t."
One would then investigate when such a process exists, and what if any

formula could be derived for it. As will be seen below, 〈X,Y 〉t defined above
has the limit in probability property of such [X,Y ]t . Thus it is common to
see the definition structured this way, with the formula for 〈X,Y 〉t given
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in the definition, and then in the propositions one demonstrates that such
〈X,Y 〉t has the properties of the [X,Y ]t that could have been introduced.
The exercise below gives some insight as to why it is natural to jump to this
formula.

With the above definition as given, note that Q∆n
t (X,Y ) = Q∆n

t (Y,X)
by definition, and that by 6.12:

〈X,Y 〉t = 〈Y,X〉t . (6.21)

Also if 〈X〉t exists, then because 〈2X〉t = 4 〈X〉t by 6.12, it follows that

〈X,X〉t = 〈X〉t .

It is for this reason that some books use the notation 〈X,X〉t for the quadratic
variation process 〈X〉t as noted in remark 6.3.

Exercise 6.27 Prove that for any two processes Xt, Yt :

Q∆n
t (X,Y ) =

1

4

[
Q∆n
t (X + Y )−Q∆n

t (X − Y )
]
. (6.22)

With the quadratic variation work above, we can now relatively easily
derive several results. The first is existence for continuous local
martingales.

Proposition 6.28 Let Mt, Nt be continuous local martingales defined on
a filtered probability space (S, σ(S),Σt(S), µ)u.c.. Then for every t and se-
quence of partitions ∆n with δn → 0, there is uniform convergence in prob-
ability for all t :

sup
s≤t

∣∣Q∆n
s (M,N)− 〈M,N〉s

∣∣→P 0. (6.23)

Proof. First, M +N and M −N are continuous local martingales recalling
exercise 5.78, and thus 〈M,N〉s as given in 6.20 is well-defined by proposi-
tion 6.12. Using 6.22 and 6.20:

sup
s≤t

∣∣Q∆n
s (M,N)− 〈M,N〉s

∣∣ ≤ 1

4
sup
s≤t

∣∣Q∆n
s (M +N)− 〈M +N〉s

∣∣
+

1

4
sup
s≤t

∣∣Q∆n
s (M −N)− 〈M −N〉s

∣∣ .
Now given random variables X,Y and ε > 0 :

Pr [X + Y > ε] ≤ Pr [X > ε/2] + Pr [Y > ε/2] ,



356 CHAPTER 6 VARIATION OF STOCHASTIC PROCESSES

and thus it follows from 6.10 that:

Pr

[
sup
s≤t

∣∣Q∆n
s (M,N)− 〈M,N〉s

∣∣ > ε

]
≤ Pr

[
1

4
sup
s≤t

∣∣Q∆n
s (M +N)− 〈M +N〉s

∣∣ > ε/2

]
+ Pr

[
1

4
sup
s≤t

∣∣Q∆n
s (M −N)− 〈M −N〉s

∣∣ > ε/2

]
→ 0.

For the next result, recall book 3’s definition 3.23 of a function of bounded
variation. Using this book’s definition 2.84, this notion is equivalent to a
function having bounded strong 1-variation, or bounded strong total
variation, or bounded strong absolute variation, over every interval
[a, b].

Proposition 6.29 Let Mt, Nt be continuous local martingales defined on a
filtered probability space (S, σ(S),Σt(S), µ)u.c.. Then 〈M,N〉t is the unique
adapted, continuous, bounded variation process with 〈M,N〉0 = 0 such that
MtNt − 〈M,N〉t is a continuous local martingale.
Proof. As noted in the proof of proposition 6.28, 〈M,N〉t is well defined
and 〈M,N〉0 = 0 by 6.20. Also:

MtNt−〈M,N〉t =
1

4

([
(Mt +Nt)

2 − 〈M +N〉t
]
−
[
(Mt −Nt)

2 − 〈M −N〉t
])
,

and each of (Mt +Nt)
2 − 〈M +N〉t and (Mt −Nt)

2 − 〈M −N〉t is a con-
tinuous local martingale by proposition 6.12. Thus MtNt − 〈M,N〉t is a
continuous local martingale by exercise 5.78.

That 〈M,N〉t is continuous and adapted follows from the definition in
6.20 and proposition 6.12. This result also obtains that 〈M,N〉t is a dif-
ference of increasing functions, and thus is of bounded variation by book
3’s proposition 3.27. Finally, if Ct is another adapted, continuous, bounded
variation process with C0 = 0 such that MtNt − Ct is a continuous lo-
cal martingale, then subtraction obtains that 〈M,N〉t − Ct is a continu-
ous local martingale of bounded variation that vanishes at the origin. Since
bounded variation implies bounded weak variation, proposition 6.1 obtains
that 〈M,N〉t−Ct is constant over every interval [a, b] with probability 1. By
continuity, 〈M,N〉t − Ct = 0 for all t with probability 1 since it vanishes at
the origin.
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Finally, a few results on manipulating covariation processes, with some
proof details left as exercises.

Proposition 6.30 Let Mt, Nt, Ot be continuous local martingales defined
on a filtered probability space (S, σ(S),Σt(S), µ)u.c.. Then the covariance
process satisfies:

〈M,N〉t =
1

2
[〈M +N〉t − 〈M〉t − 〈N〉t] , (6.24)

〈M ±N,O〉t = 〈M,O〉t ± 〈N,O〉t . (6.25)

Proof. First, all quadratic and covariance processes exist by proposition
6.12 and the definition in 6.20. Details are left as an exercise, but for
example:

MtNt =
1

2

[
(Mt +Nt)

2 −M2
t −N2

t

]
.

Now show that MtNt−〈M,N〉t is a local martingale using these expressions
and prior results, and thus 6.24 results by uniqueness of 〈M,N〉t . As part
of this, justify why a sum of local martingales is a local martingale. A single
localizing sequence must be identified.

Corollary 6.31 Let Mt, Nt be continuous local martingales defined on a
filtered probability space (S, σ(S),Σt(S), µ)u.c.. Then for real a, b :

〈aM, bN〉t = ab 〈M,N〉t . (6.26)

Proof. Assigned as an exercise. Hint: Use uniqueness.

Corollary 6.32 Let {M (j)
t }nj=1, {N

(j)
t }nj=1, be continuous local martingales

defined on a filtered probability space (S, σ(S),Σt(S), µ)u.c.. Then Mt ≡∑n
j=1M

(j)
t and Nt ≡

∑n
j=1N

(j)
t are continuous local martingales, and:

〈M〉t =
∑n

i=1

∑n
j=1

〈
M (i),M (j)

〉
t
, (6.27)

〈M,N〉t =
∑n

i=1

∑n
j=1

〈
M (i), N (j)

〉
t
. (6.28)

Proof. Assigned as an exercise. Hint: First as above, justify the statements
about Mt and Nt, noting again that a single localizing sequence must be
identified for each. It is then suffi cient to prove by uniqueness thatM2

t −〈M〉t
and MtNt − 〈M,N〉t are local martingales.
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This result can be compared with book 4’s corollary 3.50.

Proposition 6.33 Let Mt, Nt be continuous local martingales defined on a
filtered probability space (S, σ(S),Σt(S), µ)u.c.. Then:

〈M,N〉2t ≤ 〈M〉t 〈N〉t . (6.29)

Proof. Given real λ, 〈M + λN〉t ≥ 0, but by 6.28 and 6.26:

〈M + λN〉t = 〈M〉t + 2λ 〈M,N〉t + λ2 〈N〉t .

This polynomial is minimized (why) when λ = −〈M,N〉t / 〈N〉t , and the
result follows.

Proposition 6.34 Let Xt = X0+ Mt+At, Yt = Y0+ Nt+Bt, be continuous
semimartingales defined on a filtered probability space (S, σ(S),Σt(S), µ)u.c..
Then for every t and sequence of partitions ∆n with δn → 0:

〈X,Y 〉t = 〈M,N〉t . (6.30)

That is, with Q∆n
s (X,Y ) defined in 6.19, there is uniform convergence in

probability for all t:

sup
s≤t

∣∣Q∆n
s (X,Y )− 〈M,N〉s

∣∣→p 0. (6.31)

Proof. Left as an exercise. Hint: Follow the structure of the proof of
proposition 6.24.
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